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PREFACE. 


THE main object of this work and the contents of it will be 
found specified in the Introductory Chapter. It is intended for 
the student who aims at acquiring such a knowledge as can only 
be got by a study of the subject in the historical order of its 
development, for the investigator who is specially interested in 
this branch of mathematics and wishes to become acquainted 
with the various lines of attack opened up by previous workers, 
and for the general working mathematician who requires guide- 


books and books of reference concerning special domains. 
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Capetown, SourH AFRICA, 
19th July, 1905. 
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CHAPTER I. 


INTRODUCTION. 


THE way in which the material for a history of the theory of 
Determinants has been accumulated is quite similar to that 
which has been observed in the case of other branches of science. 

In the middle of the eighteenth century one of the indepen- 
dent discoverers of the fundamental idea, viz., CRAMER, was 
fortunate enough to attract attention to it, and in time it became 
the common property of mathematicians in France and else- 
where. As it slowly spread it naturally also received accretions 
and developments, and of the dozen or so of writers who thus 
handled it in the sixty years that followed Cramer’s publication 
there were of course a few who by a more or less casual refer- 
ence kept alive the memory of some of their predecessors. It 
was then taken up by Caucay, and, thanks to the prestige of 
his name and to the inherent excellence of his extensive mono- 
graph, its position as a theory of importance became more firmly 
assured. The thirty years that followed Cauchy’s memoir 
resembled the sixty that preceded it, save that the number 
of contributors was considerably larger. Then another great 
analyst, Jaconi, the most noteworthy of those contributors, 
produced in Germany a monograph similar in extent and value 
to Cauchy’s, and the importance of the subject in the eyes of 
mathematicians became still more enhanced. As a consequence, 
the single decade following gave rise to quite as many new 
contributions as the preceding three decades had done, and 
closed with the appearance of the first separately published 


elementary treatise on the subject, viz, Sporriswoope’s. The 
M.D. A 
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preface to this contains the first notable historical sketch of 
the theory, and includes references to the writings of twelve 
outstanding mathematicians, beginning with Cramer (1750) 
and ending with the author's own contemporaries, Cayley, 
Sylvester and Hermite. In the same year (1850) there also 
occurred something out of the ordinary, for the correspondence 
between Leibnitz and the Marquis de |’Hopital having been 
published from manuscripts in the Royal Library at Hanover, 
the striking discovery was made that more than half-a-century 
before Cramer’s time the fundamental idea of determinants had 
been clear to Lerpnitz, and had been expounded with consider- 
able fulness by him in a letter to his friend. So strongly 
attractive had the subject now become to mathematicians that 
in the single year succeeding the publication of Spottiswoode’s 
short treatise a greater number of separate contributions to 
the theory made their appearance than in the whole sixty-year 
period from Cramer to Cauchy. The wants of students every- 
where had to be attended to: a second edition of Spottiswoode 
was consequently prepared for Crelle’s Journal in 1853; a text- 
book by Brioschi was published at Pavia in 1854; French and 
German translations of Brioschi in 1856; and an elementary 
exposition by Bellavitis in 1857. So far as historical material 
is concerned, the last-mentioned work was of little account ; 
that of Brioschi resembled Spottiswoode’s, the number of 
references, however, being greater. Of quite a different char- 
acter was the text-book by BALrzer, which was published at 
Leipzig the year after the German translation of Brioschi had 
appeared at Berlin, an important part of the new author’s 
plan being to deal methodically with the history of the subject 
by means of footnotes. On the enunciation of almost every 
theorem a note with historical references was added at the 
foot of the page, the result being that in the portion (thirty- 
four pages) devoted expressly to the pure theory of determinants 
about as many separate writings are referred to as there are 
pages. This was a marked advance, and although during the 
next twenty years the publication of text-books became more 
frequent—in fact, if we include those of every language and 
of every scope, we shall find an average of about one per 
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year—Baltzer’s dominated the field; enlarged editions of it 
appeared in 1864, 1870, and 1875, and the historical notes 
grew correspondingly in number. Of the other text-books 
only one, Giinther’s, which was published in 1875, sought to 
follow the historical line taken by Baltzer and to add to the 
supply of material. Then in 1876 another new departure took 
place, this being the year in which the first writings were 
published which dealt with the history alone, the one being 
an academic thesis by E. J. Mellberg printed at Helsingfors, 
and the other a memoir presented by F. J. Studnitka to the 
Bohemian Society of Sciences. 

About this time, while engaged in writing my own so-called 
“Treatise on the Theory of Determinants,” I had occasion to 
look into the question of the authorship and history of the 
various theorems, and I was reluctantly forced to the conclusion 
that much inaccurate statement prevailed in regard to such 
matters and that the whole subject was worthy of serious 
investigation. A resolution was accordingly taken to set about 
collecting the titles of all the writings which had appeared on 
the theory up to the end of 1880. The task was not an easy 
one, as will readily be understood by those who know how 
scanty and defective are the bibliographical aids at the disposal 
of mathematicians, and how often the titles given by investi- 
gators to their memoirs are imperfect and even misleading in 
regard to the nature of the contents. The outcome of the 
search was published in 1881 in the October number of the 
Quarterly Journal of Mathematics (vol. xviii. pp. 110-149) 
under the title of “A List of Writings on Determinants.” It 
contained 589 entries arranged in chronological order. Some 
three or four years afterwards, when there had been time to 
test the completeness of the earlier portion of the list, the 
writings included in it were taken up in historical succession 
and suitable abstracts or reviews of them made for publication 
in the Proceedings of the Royal Society of Edinburgh; the 
first contribution of this kind was presented to the Society 
in the beginning of the year 1886. At the same time there 
was being prepared an additional list of writings containing 
omitted titles, 84 in number, belonging to the period of the 
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first list, and 176 titles belonging to the further period 1881— 
1885. This second list appeared in 1886 in the June number 
of the Quarterly Journal of Mathematics (vol. xxi. pp. 299- 
320). In 1890 a collection was made of the contributions, just 
mentioned, which had up to that date been printed in the 
Edinburgh Proceedings, and with the consent of the Society 
was published separately. Unfortunately in that year all this 
train of work had to be laid aside on account of the pressure 
of official duties, and ten years elapsed before it could be 
resumed. It was thus not until March 1900 that a second 
series of analytic abstracts began to appear in the Edinburgh 
Proceedings, and that the preparation of a third list of writings 
was methodically undertaken. The period to be covered by this 
list was the fifteen years 1886-1900; and as the number of 
writers interested in the subject had in these years continued 
to increase, and as closer examination of the literature of the 
previous periods had led to new finds, the resulting compilation 
was more extensive than the first two put together. It was 
presented to the South African Association for the Advancement 
of Science at its inaugural meeting in April 1903 and was pub- 
lished in the Report; it is also to be found in the Quarterly 
Journal of Mathematics for December 1904 and February 
1905 (vol. xxxvi. pp. 171-267). The number of titles in the 
three lists is about 1740; they furnish, it is hoped, an almost 
complete guide to the literature of the theory of determinants 
from the earliest times to the close of the nineteenth century. 

From these later labours it became manifest that it was 
undesirable in the way of separate publication to issue merely 
another volume as a continuation of, and similar to, that of 
the year 1900. The better course clearly was to reproduce the 
material of that volume along with the intercalations necessi- 
tated in it by the existence of subsequently discovered papers, 
and to follow this up in such a way as to give finally within 
the compass of a reasonably sized volume a full history of the 
subject in all its branches up to about the middle of the 
nineteenth century. This is what is here attempted. 

The plan followed is not to give one connected history of 
determinants as a whole, but to give separately the history of 
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each of the sections into which the subject has been divided, 
viz., to deal with determinants in general, and thereafter in 
order with the various special forms. This will not only tend 


_ to smoothness in the narrative by doing away with the necessity 


of frequent harkings back, but it will also be of material im- 
portance to investigators who may wish to find out what has 
already been done in advancing any particular department of 
the subject. To this end, also, each new result as it appears 
will be numbered in Roman figures; and if the same result be 
obtained in a different way, or be generalised, by a subsequent 
worker, it will be marked among the contributions of the latter 
with the same Roman figures, followed by an Arabic numeral. 
Thus the theorem regarding the effect of the transposition of 
two rows of a determinant will be found under Vandermonde, 
marked with the number xi., and the information intended thus 
to be conveyed is that in the order of discovery the said theorem 
was the eleventh noteworthy result obtained: while the mark 
XI. 2, which occurs under Laplace, is meant to show that the 
theorem was not then heard of for the first time, but that 
Laplace contributed something additional to our knowledge of 
it. In this way any reader who will take the trouble to look 
up the sequence XI, XI. 2, x1.3, &., may be certain, it is hoped, 
of obtaining the full history of the theorem in question. 

The early foreshadowings of a new domain of science, and 
tentative gropings at a theory of it, are so difficult for the 
historian to represent without either conveying too much or 
too little, that the only satisfactory way of dealing with a 
subject in its earliest stages seems to be to reproduce the exact 
words of the authors where essential parts of the theory are 


~ concerned. This I have resolved to do, although to some it 


vw 


may have the effect of rendering the account at the commence- 
ment somewhat dry and forbidding. 


CHAPTER IL. 


DETERMINANTS IN GENERAL, FROM THE YEAR 1693 TO 1779. 


THE writers here to be dealt with are seven in number, viz., 
Leitnitz, Fontaine, Cramer, Bézout, Vandermonde, Laplace, 
Lagrange. Of these the first two exercised no influence on 
the development of the theory; the real moving spirit was 
Cramer; Lagrange alone of the others may have been un- 
affected by this particular part of Cramer’s work. 


LEIBNITZ (1693). 


[Leibnizens mathematische Schriften, herausg. v. C. I. Gerhardt. 
1 Abth. ii. pp. 229, 238-240, 245. Berlin, 1850.] 


In the fourth letter of the published correspondence between 
Leibnitz and De L’Hospital, the former incidentally mentions 
that in his algebraical investigations he occasionally uses 
numbers instead of letters, treating the numbers however as if 
they were letters. De L’Hospital, in his reply, refers to this, 
stating that he has some difficulty in believing that numbers 
can be as convenient or give as general results as letters, 


Thereupon Leibnitz, in his next letter (28th April 1693), pro- 
ceeds with an explanation :— 


“Puisque vous dites que vous avés de la peine & croire qu’il soit 
aussi general et aussi commode de se servir des nombres que des 
lettres, il faut que je ne me sois pas bien expliqué. On ne scauroit 
douter de la generalité en considerant qu'il est permis de se servir 
de 2, 3, ete, comme d’a ou de 8, pour veu qu’on considere que ce 
ne sont pas de nombres veritables. Ainsi 2.3 ne signifie point 6 mais 
autant qu’ab. Pour ce qui est de la commodité, il y en a des tres 
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grandes, ce qui fait que je m’en sers souvent, sur tout dans les calculs 
longs et difficiles ou il est aisé de se tromper. Car outre la commodité 
de l’épreuve par des nombres, et méme par l'abjection du novenaire, 
jy trouve un tres grand avantage méme pour l’avancement de |’Analyse. 
Comme c’est une ouverture assez extraordinaire, je n’en ay pas encor 
parlé & d’autres, mais voicy ce que c’est. Lorsqu’on a besoin de 
beaucoup de lettres, n’est il pas vray que ces lettres n’expriment point 
les rapports qu'il y a entre les grandeurs qu’elles signifient, au lieu 
qu’en me servant des nombres je puis exprimer ce rapport. Par 
exemple soyent proposées trois equations simples pour deux inconnues 
a dessein d’oster ces deux inconnues, et cela par un canon general. 
Je suppose 
10+1lz+12y = 0 (1) 
et 20+ 21a+22y = 0 (2) 
et 304+ 3lz+32y = 0 (3) 


ou le nombre feint estant de deux characteres, le premier me marque 
de quelle equation il est, le second me marque a quelle lettre il 
appartient. Ainsi en calculant on trouve par tout des harmonies qui 
non seulement nous servent de garans, mais encor nous font entrevoir 
d’abord des regles ou theoremes. Par exemple ostant premierement 
y par la premiere et la seconde equation, nous aurons : 


+10.224+11. 222 
maha on (4)" 
—12.20-12.21.. 
et par la premiere et troisieme nous aurons: 
+10.32411. 322 
= 0 (5) 
—12.30-12.31.. 


ou il est aise de connoistre que ces deux equations ne different qu’en ce 
que le charactere antecedent 2 est changé au charactere antecedent 3. 
Du reste, dans un méme terme d’une méme equation les characteres 
antecedens sont les mémes, et les characteres posterieurs font une 
méme somme. I] reste maintenant d’oster la lettre « par la quatrieme 
et cinquieme equation, et pour cet effect nous aurons T 


Foe eed eae. <8 
a 1 a dk, 
ees ee ce 


qui est la derniere equation delivrée des deux inconnues qu’on vouloit 
oster, et qui porte sa preuve avec soy par les harmonies qul se remar- 
quent par tout, et qu’on auroit bien de la peine 4 decouvrir en 
ae 


* This is written shortly for +10.22+11.227=0) 
—12.20-12.21”=0 
+The author here slightly changes his notation. What is meant to be indi- 


cated is 
10.21.32 + 11.22.30 + 12.20.31 = 10.22.31 + 11.20.32 + 12.21.30. 
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employant des lettres a, 6, c, sur tout lors que le nombre des ss 
et des equations est grand. Une partie du secret de l’analyse consiste 
dans la caracteristique, c’est & dire dans l’art de bien employer les notes 
dont on se sert, et vous voyés, Monsieur, par ce petit echantillon, 
que Viete et des Cartes n’en ont pas encor connu tous les a 
En poursuivant tant soit peu ce calcul on viendra a un theoreme genera 
pour quelque nombre de lettres et d’equations simples qu’on puisse 
prendre. Le voicy comme je l’ay trouvé autres fois : 

“ Datis aequationibus quotcunque sufficientibus ad _tollendas quanniates, 
quae simplicem gradum non egrediuntur, pro aequatione prodewnte, primo 
sumendae sunt omnes combinationes possibiles, quas ingreditur una tantum 
coeficiens uniuscujusque aequationis: secundo, eae combinationes opposita 
habent signa, si in eodem aequationis prodeuntis latere ponantur, quae 
habent tot coefficientes communes, quot sunt unitates in numero quantitatum 
tollendarum unitate minuto: caeterae habent eadem signa. 

“J’avoue que dans ce cas des degrés simples on auroit peut estre 
decouvert le méme theoreme en ne se servant que de lettres a Yordinaire, 
mais non pas si aisement, et ces adresses sont encor bien plus necessaires 
pour devouvrir des theoremes qui servent 4 oster les inconnues montées 
a des degrés plus hauts. Par exemple, . ’ 


It will be seen that what this amounts to is the formation of 
a rule for writing out the resultant of a set of linear equations. 
When the problem is presented of eliminating w and y from the 
equations 
a+be+cy = 0, d+ex+fy=0, gthx+ky =0, 

Leibnitz in effect says that first of all he prefers to write 10 
for a, 11 for b, and so on; that, having done this, he can all 
the more readily take the next step, viz., forming every possible 
product whose factors are one coefficient from each equation,* 
the result being 

10. 21.32, 10.22.31, 11. 20232, 

11.22.30, 12.20.81, 12.21.30; 


and that, then, one being the number which is less by one than 
the number of unknowns, he makes those terms different in 
sign which have only one factor in common. 

The contributions, therefore, which Leibnitz here makes to 
algebra may be looked upon as three in number :— 

(1) A new notation, numerical in character and appearance, 
for individual members of an arranged group of magnitudes; 
the two members which constitute the notation being like the 


* Of course, this is not exactly what Leibnitz meant to say. 
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Cartesian co-ordinates of a point in that they denote any one of 
the said magnitudes by indicating its position in the group. (1.) 

(2) A rule for forming the terms of the expression which 
equated to zero is the result of eliminating the unknowns from 


a set of simple equations. (i1.) 
(3) A rule for determining the signs of the terms in the said 
result. (1II.) 


The last of these is manifestly the least satisfactory. In 
the first place, part of it is awkwardly stated. Making those 
terms different in sign which have only as many factors alike as 
is indicated by the number which is less by one than the 
number of unknown quantities is exactly the same as making 
those terms different in sign which have only two factors 
different. Secondly, in form it is very unpractical. The only 
methodical way of putting it in use is to select a term and 
make it positive; then seek out a second term, having all its 
factors except two the same as those of the first term, and make 
this second term negative; then seek out a third term, having 
all its factors except two the same as those of the second term, 
and make this third term positive; and so on. 

Although there is evidence that Leibnitz continued, in his 
analytical work, to use his new notation for the coefficients of 
an equation (see Letters xi., xii., xiii. of the said correspondence), 
and that he thought highly of it (see Letter viii. “ chez moi c’es+ 
une des meilleures ouvertures en Analyse”), it does not appear 
that by using it in connection with sets of linear equations, or 
by any other means, he went further on the way towards the 
subject with which we are concerned. Moreover, it must be 
remembered that the little he did effect had no influence on 
succeeding workers. So far as is known, the passage above 
quoted from his correspondence with De L’Hospital was not 
published until 1850. Even for some little time after the date 
of Gerhardt’s publication it escaped observation, Lejeune Dirich- 
let being the first to note its historical importance. It is true 
that during his own lifetime, Leibnitz’s use of numbers an place 
of letters was made known to the world in the Acta Hrudi- 
torum of Leipzig for the year 1700 (Responsio ad Dn. Nie. 
Fatii Dwillerit imputationes, pp. 189-208); but the particular 
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application of the new symbols which brings them into con- 
nection with determinants was not there given. 

In a subsequent volume of Leibnizens mathematische Schrif- 
ten,—the third volume of the second Abtheilung,—published at 
Halle in 1863, the following equivalent of the above ‘théoreme 
général’ appears (pp. 5-6) :— 

“Tnveni Canonem pro tollendis incognitis quotcunque aequationes 
non nisi simplici gradu ingredientibus, ponendo aequationum numerum 

excedere unitate numerum incognitarum. Id ita habet. 

Fiant omnes combinationes possibiles literarum coefficientium ita ut 
nunquam concurrant plures coefficientes ejusdem incognitae et ejusdem 
aequationis. Hae combinationes affectae signis, ut mox sequetur, 
componuntur simul, compositumque aequatum nihilo dabit aequationem 
omnibus incognitis carentem. 

Lex signorum haec ist. Uni ex combinationibus assignetur signum 
pro arbitrio, et caeterae combinationes quae ab hac differunt coefficien- 
tibus duabus, quatuor, sex etc. habebunt signum oppositum ipsius 
signo: quae vero ab hac differunt coefficientibus tribus, quinque, 
septem etc. habebunt signum idem cum ipsius signo. Ex. gr. sit 

10+1la+12y=0, 204+212+22y=0, 304+312+32y =0; 
fiet +10.21.32-10.22.31-11. 20.32 

+11.22.30+12.20.31-—12.21.30 =0. 
Coefficientibus eas literas computo, quae sunt nullius incognitorum, ut 
10, 20, 30.” 


Although Gerhardt, the editor, states that the original manu- 
seript of Leibnitz, from which this is taken, bears no date, it is 


very probable to date farther back than 1698, and not impossible 
to belong to 1678.* 


FONTAINE (1748). 


{Mémoires donnés 4 l’Académie Royale des Sciences, non im- 
primés dans leurs temps. Par M. Fontaine+ de cette 
Académie. 588 pp. Paris, 1764.] 


' (eRe : 
These memoirs of Fontaine’s, sixteen in number, cover a con- 
siderable variety of mathematical subjects: it is the seventh of 


*See also GrRHARDT, K.I., Leibniz tiber die Determinanten, Sttzungsb. ..... 
Akad. d. Wiss. (Berlin), 1891, pp. 407-423. 


+The full name is Alexis Fontaine des Bertins. The very same collection was 
issued in 1770 under the less appropriate title Traité de calcul différentiel et 
intégral. Wandermonde is said to have been a pupil of Fontaine’s (v. Nouv 
Annales de Math., v. p. 155). d 
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the series which indirectly concerns determinants. There is 


~ not, however, even the most distant connection between it and 


the work of Leibnitz. The heading is “Le calcul intégral. 
_Seconde méthode,” the sixth memoir having given the first 
method. The date is indicated in the margin. 

The matter which concerns us appears as a lemma near the 
beginning of the memoir (p. 94). The passage is as follows :— 


“Soient quatre nombres quelconques 
al, a2, a3, a4, 
et quatre autres nombres aussi quelconques 
al, a2, ad, a4; 
faites al a2 — al a2 = wl, 
a2 a3 - a2 03 = a2, 
a3 a4 — a3 a4 = a3, 
al a3 — alo3 = a?l, 
a2 a4 — a2 o4 = a72, 
al a4 — al o4 = al, 
vous aurez a1 a2 — a7] a2 + 1 a3 = 0.” 
Manifestly this is the identity which in later times came to be 
written 
|aybg| - |@gb4| — 12g] - lag] + |@,b4|- |a2b3| = 9, 
and which, so far as we know, appeared first in its proper con- 
nection in the writings of Bézout. (XXIIL) 
It is curious to note that Fontaine was not satisfied with the 
lemma in this form, but proceeded to take “autant de nombres 
quelconques que lon womitae mie ae, ss; 010, ..., and 
wrote the identity one hundred and twenty-six times before 
he appended “et cetera,” the 126th being 
26 a7 — a6 a7 + a6 a8 = 0. 


CRAMER (1750). 
- [Introduction a l’Analyse des Lignes Courbes algébriques. 
(Pp. 59, 60, 656-659.) Genéve, 1750.] 


The third chapter of Cramer's famous treatise deals with the 
different orders (degrees) of curves, and one of the earliest 
theorems of the chapter is the well-known one that the equation 
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of a curve of the nth degree is determinable when 4n(n+8) 
points of the curve are known. In illustration of this theorem 
he deals (p. 59) with the case of finding the equation of the 
curve of the second degree which passes through five given 
points. The equation is taken in the form 


A+By+Ca+Dyy+Exy+anx = 0; 


the five equations for the determination of A, B, C, D, E are 
written down; and it is pointed out that all that is necessary 
is the solution of the set of five equations, and the substitution 
of the values of A, B, C, D, E thus found, “Le calcul véritable- 
ment en seroit assez long,” he says; but in a footnote there is 
the remark that it is to algebra we must look for the means of 
shortening the process, and we are directed to the appendix for 
a convenient general rule which he had discovered for obtaining 
the solution of a set of equations of this kind. The following is 
the essential part of the passage in which the rule occurs :— 


“Soient plusieurs inconnues 2, y, 2, v, &¢., et autant d’équations 


Al = Zz+Y1y+ Xiz+ V+ &e, 

A? = Zz + Vy + X24 Vv + &e. 

AS = 282+ Y3y 4+ X8z4 Vv + &e, 

At = Ztz4+ Y4y + X44 V4v + &e. 
&e. 


ou les lettres Al, A2, A3, At &e., ne marquent pas, comme a l’ordinaire, 
les puissances d’A, mais le prémier membre, supposé connu, de la 
prémiére, seconde, troisiéme, quatriéme, &c. équation.” 


[Here the solutions of the cases of 1, 2, and 3 unknowns are given, 
and he then proceeds. | 


“L’examen de ces Formules fournit cette Régle générale. Le 
nombre des équations et des inconnues étant 7, on trouvera la valeur 
de chaque inconnue en formant » fractions dont le dénominateur com- 
mun a autant de termes qu'il y a de divers arrangements de n choses 
différentes. Chaque terme est composé des lettres ZYXV, &c., 
toujours écrites dans le méme ordre, mais auxquelles on distribue, 
comme exposants, les 2 prémiers chiffres rangés en toutes les maniéres 
possibles. Ainsi, lorsqu’on a trois inconnues, le dénominateur a 
[1x 2x3=] 6 termes, composés des trois lettres ZYX, qui recoivent. 
successivement les exposants 123, 132, 213, 231, 312, 321. On donne 
a ces termes les signes + ou —, selon la Régle suivante. Quand un 
exposant est suivi dans le méme terme, médiatement ou immédiate- 
ment, d’un exposant plus petit que lui, jappellerai cela un dérangement. 
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Qu’on compte, pour chaque terme, le nombre des dérangements: s'il 
est pair ou nul, le terme aura le signe +; s'il est impair, le terme 
aura le signe —. Par ex. dans le terme Z!Y2X? il n’y a aucun 
dérangement ; ce terme aura donc le signe +. Le terme Z®Y!X? 
a aussi le signe +, parce qu’il a deux dérangements, 3 avant 1 et 
3 avant 2. Mais le terme Z*Y?X1, qui a trois dérangements, 3 avant 
2, 3 avant 1, et 2 avant 1, aura le signe —. 

“Le dénominateur commun étant ainsi formé, on aura la valeur 
de z en donnant 4 ce dénominateur le numérateur qui se forme en 
changeant, dans tous ces termes, Zen A. Et la valeur d’y est la 
fraction qui a le méme dénominateur et pour numérateur la quantité 
qui résulte quand on change Y en A, dans tous les termes du 
dénominateur. Et on trouve d’une maniére semblable la valeur 
des autres inconnues.” 


it is evident at once that the new results here given are— 

(1) A rule for forming the terms of the common denominator 
of the fractions which express the values of the unknowns in a 
set of linear equations. (IV.) 

(2) A rule for determining the sign of any individual term in 
the said common denominator (and, included in the rule, the 
notion of a “dérangement’”). (111. 2) 

(3) A rule for obtaining the numerators from the expression 


_ for the common denominator. (V.) 


The problem which Cramer set himself at this point in his 
book was exactly that which Leibnitz had solved, viz, the 
elimination of 7 quantities from a set of 7+1 linear equations. 
The solution which Cramer obtained, and which, be it remarked, 
was the solution best adapted for his purpose, was quite distinct 
in character from that of Leibnitz. Leibnitz gave a rule for 
writing out the final result of the elimination; what Cramer 
gives is a rule for writing out the values of the » unknowns as 
determined from n of the 7+1 equations, after which we have 
got to substitute these values in the remaining (n + 1)th equation. 
The notable point in regard to the two solutions is, that Cramer's 
_ rule for writing the common denominator of the values of the 

nm unknowns (an expression of the nth degree in the coefficients) 
is exactly Leibnitz’s rule for writing the final result, which is an 
expression of the (n+1)th degree. Had either discoverer been 
aware that the same rule sufficed for obtaining both of these 
expressions, he could not have failed, one would think, to 
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note the recurrent law of formation of them. The result of 
eliminating w, x, y, z from the equations, 

a,w+b,a+teytd,z =e (r=, 2, 3, 4, 5) 
is, according to Leibnitz, if we embody his rule in a later 


symbolism, | Bote | =O 


whereas, according to Cramer, it is— 
| e204, | b | Axed | | dabsegals | a | ayb304e5 | mde 
* |dgbse,ds | * | dghsc,ds| *| dgbaCqds | *| dab,e,ds | ‘ 
and from the collocation of these the one natural step is to the 
identity 
— | O:¢gh,e5| = a, /egdcc,| +b, |ao¢,¢,d5|+. . . — €,|4ab3¢,d5|. 


> 


The fate of Cramer's rule was very different from that of 
Leibnitz’. It was soon taken up, and after a time found its way 
into the schools, where it continued for many years to be taught 
as the nutshell form of the theory of the solution of simultaneous 
linear equations. Indeed Gergonne is reported* to have said, 
“Cette méthode était tellement en faveur, que les examens aux 
écoles des services publics ne roulaient, pour ainsi dire, que sur 
elle; on était admis ou rejeté suivant qu’on la possedait bien ou 
mal.” 

Finally, the exact difference between Cramer’s notation for the 
coefficients of the unknowns and the notation of Leibnitz should 
be noted, and in connection therewith the fact that when dealing 
with the subject of elimination between two equations of the mth 
and nth degrees in # Cramer uses a notation closely resembling 
that which Leibnitz employed, viz., [17] [13], &. 


BEZOUT (1764). 

[Recherches sur le degré des équations résultantes de l’évanouis- 
sement des inconnues, et sur les moyens quil convient 
d’employer pour trouver ces équations.—Hist, de U Acad. 
Roy. des Sciences, Ann. 1764 (pp. 288-338), pp. 291-295.] 


The object of Bézout’s memoir is sufficiently apparent from 
the title; we may therefore at once give those portions of it 


* By Studnitka. But see Kliigel’s Worterbuch d. reinen Math,, Suppl. IT. p. 67. 
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which directly concern our subject. On p. 291 is the commence- 


__ ment of the following passage :— 


“M. Cramer a donné une régle générale pour les exprimer toutes 
débarrassées de ce facteur: j’aurois pu m’en tenir a cette régle ; mais 


_ Pusage m’a fait connoitre que quoiqwelle soit assez simple, quant aux 


lettres, elle ne Pest pas de méme a l’égard des signes lorsqu’on a 
au-dela d’un certain nombre d’inconnues & calculer; .. . 


Lemme I. 


s 


“Si Yon a un nombre n d’équations du premier degré qui renferment 
chacune un pareil nombre d’inconnues, sans aucun terme absolument 
connu, on trouvera par la régle suivante la relation que doivent avoir 
les coéfficiens de ces inconnues pour que toutes ces équations aient lieu. 

“Soient a, 6, c, d, &c., les coéfficiens de ces inconnues dans la 

premiere équation. 

a’, b’, ¢, d’, &e., les coéfficiens des mémes inconnues dans 
la seconde équation. 

a’, b’, ce’, d’, &c., ceux de la troisiéme & ainsi de suite. 

“*Formez les deux permutations ab & ba & écrivez ab— ba; avec ces 
deux permutations & la lettre c formez toutes les permutations possibles, 
en observant de changez de signe toutes les fois que ¢ changera de 
place dans ab & la méme chose a l’égard de ba ; vous aurez 

abe — ach + cab — bac + bea — cba. 
Avec ces six permutations & la lettre d, formez toutes les permutations 
possibles, en observant de changer de signe a chaque fois que d changera 
de place dans un méme terme ; vous aurez 


abed — abde + adbe — dabe — achd + acdb — adcb + dach 
+ cabd — cadb + cdab — deab — bacd + bade — bdac + dbac 
+ bead — beda + bdca — dbea — chad + chda — cdba + dcba 


& ainsi de suite jusqu’é ce que vous ayez épuisé tous les coéfficiens de 
la premiere equation. 

“ Alors conservez les lettres qui occupent la premiére place ; donnez 
& celles qui occupent la seconde, la méme marque qv’elles ont dans 
la seconde équation; a celles qui occupent la troisitéme, la méme 
marque qu’elles ont dans la troisiéme équation, & ainsi de suite ; égalez 
enfin le tout 4 zéro et vous aurez l’équation de condition cherchée. 

“‘ Ainsi si vous avez deux équations et deux inconnues comme 


az +by =0 
wxz+b'y=0 


Véquation de condition sera ab’ —ba’=0 ou ab’-a’b=0... .” 


In the same way the next two cases are given; then— 
. mais comme ces équations de condition doivent servir de 


. 


formules pour l’élimination dans les équations de différens degrés, il 
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convient de leur donner une forme qui rende les substitutions le moins 
pénibles qu’il se pourra ; pour cet effet, je les mets sous cette forme: 
ab’ -ab=0 
(ab’ -ab)c’ +(a"b -ab")c +(ab" -a'l')e=0 
[(ab’ ae ab) cl" 4b (ad = ab’) (oh aie (a’b" = a’'b'\e ja” 
SE [(a’b me ab’) c’” fis (ab a2 ab) e' = (a0 = ad” \¢ Ja’ 
ae [(a’”’b | ab’”’) ¢” ae (ab” — a’b) ree se. (ab =e ab" \e jd 
aie [(a’'b"” oe. a’”}’) Cc” + (a”"b" ae ab”) e ae (ab! ie ab") e”'\d = 0. 
Cette nouvelle forme a deux avantages: le premier, de rendre les 
substitutions & venir, plus commodes; le deuxiéme, c’est d’offrir une 
régle encore plus simple pour la formation de ces formules. 

“En effet, il est facile de remarquer 1°, que le premier terme de 
Pune queleonque de ces équations, est formé du premier membre de 
Péquation précédente, multiplié par la premiére des lettres qu’elle ne 
renferme point, cette lettre étant affectée de la marque qui suit immé- 
diatement la plus haute de celles qui entrent dans ce méme membre. 

“2°, Le deuxieme terme se forme du premier, en changeant dans 
celui-ci la plus haute marque en celle qui est immédiatement au-dessous 
& réciproquement, & de plus en changeant les signes. 

‘3°, Le troisieme, se forme du premier, en changeant dans celui-ci 


la plus haute marque en celle de deux numéros au-dessous & réciproque- 
ment, & de plus en changeant les signes. 

“4°. Le quatriéme, se forme du premier, en changeant dans celui-ci 
la plus haute marque en celle de trois numéros au-dessous & réciproque- 


ment, & changeant les signes, & toujours de méme pour les suivans. 
“Par exemple, .. . 


“Daprés ces observations, il sera facile de voir que I’équation de 
condition pour cing inconnues et cing équations, sera b 
The latter part of this we are drawn to at once, as it enunciates 
quite clearly the Recurrent Law of Formation to which attention 
has above been directed. It has to be observed, however, that 
the three ‘equations of condition’ are not in the form got by 
merely following the ‘rule, and that by deriving each ‘terme,’ 
not from the first but from the preceding ‘terme’ we should 
obtain, viz. : 
ab’ —av’b = 0, 
(abo —a’b)c” —(ab” —a’b)e +(a'b” —@'b')e = 0, 
[(ab’ —a’b)e” —(ab” —a’b)e +(a’b” —a'b’)c]d” 
—[(ab’ ab)” —(ab” —a’’b)e +(a'b” —a”"b’)e]d” 
+[(ab” —a’"b)e” —(ab” —a’"b)e” +(a"D” —a'"b") eld’ 
—[(wb"— aD)" — (Wb — ab’) + (ab — a”’b")e']d = 0. 


Sra eee 


be Seka a" 
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The notable point in regard to the earlier portion is, that 
Bézout throws his rule of term-formation and his rule of signs 
into one. In the case of finding the resultant of 


a, +b,y +¢,2=0 (F=1, %, 3) 


his process consists of four steps, viz. :— 


(1) a, 

(2) ab —ba, 

(3) abe —acb +cab'—bac+bea-—cba, 

(4) aybyes— 4g, + €,a9b, — b,403 +0, C3 — Cyd 9My. 
The first term of (2) is got from (1) by affixing b, and the second 
is got from the first by advancing the b one place and changing 
the sign. The first term of (3) is got from the first term of (2) 
by affixing c, the second term is got from the first by advancing 
e a place and changing the sign, and the third is got from the 
second by advancing ¢ a place and changing the sign; the last 
three are got from the second term of (2) in the same way as 
the first three are got from the first term of (2). 

It will thus be seen that while Leibnitz and Cramer direct us 
to find the permutations in any way whatever, and thereafter 
to fix the sign of each in accordance with a rule, Bézout requires 
the permutations to be found by a particular process, and 
attention given to the question of sign throughout all this 
process, so that when the terms have been found their signs 
have likewise been determined. 

Bézout’s contributions to the subject thus are— 

(1) A combined rule of term-formation a (1. 2)-+(111. 8) 

rule of signs. 

(2) The recurrent law of formation of the new functions. (V1) 


VANDERMONDE (1771). 


[Mémoire sur l’élimination. Hist. de 0 Acad. Roy. des Sciences 
(Paris), Ann. 1772, 2° partie (pp. 516-532). | 


This important memoir of Vandermonde and that of Laplace, 
which is dealt with immediately afterwards, both appear in the 
History of the French Academy of Sciences for 1772, Laplace's 

M.D. B 
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memoir occupying pp. 267-376, and Vandermonde’s pp. 516-532. 
There is, however, a footnote to the latter, which states that it 
was read for the first time to the Academy on 12th January 1771. 
The part of it which concerns us is the first article, which 
treats of elimination in the case of equations of the first degree. 

Vandermonde here writes :— 
ee 


‘ , , 1 
Je suppose que l’on représente par Lei &e., 2, 


: ; 3 &c., &c., autant de différentes quantités générales, dont l'une 


quelconque soit une autre quelconque soit : &¢., & que le produit 
o) ’ 


B 


3 wats Sos a. 
des deux soit désigné & Vordinaire par pees 
“Des deux nombres ordinaux a & a, le premier, par exemple, 
va 1 . . oe : a 
désignera de quelle équation est pris le coéfficient ~ & le second 
a 


’ 
désignera le rang que tient ce coéfficient dans l’équation, comme on le 


verra ci-aprés. 
“Je suppose encore le systéme suivant d’abréviations, & que Von 


fasse 
a|B_aB a B 
a|6 a.b b.a’ 
Ble e Biyo Bly ply 
a|b|c¢ a.ble b.ela’c.ald’ 
«|Ply|é_« Blyl8_« Bly|8 2 Biy|s « Blyis 
a|ble|d a.ble|d b.cl[dla‘c.dlalb d.albje 
SLB fede 6 78 iain 
a|bljc|dje| a.ble|dje ° 
“Le symbole |_| sert ici de caractéristique. Les seules choses 


| 


& observer sont Vordre des signes, et la loi des permutations entre 
les lettres a, b, ¢, d, &e., qui me paroissent suffisamment indiquées 
ci-dessus. 

“Au lieu de transposer les lettres dy 0,6; Oy. SO On pouvoit les 
a ? 4 rye : 
laisser dans lordre alphabétique, & transposer au contraire les lettres 
a, B, 7; ®, &e., les résultats auroient été parfaitement les mémes ; ce 
qui a lieu aussi par rapport aux conclusions suivantes. 

7p ? , 5 a fs ‘ 

Premiérement, il est clair que a représente deux termes différens, 

2) oe ) 4 ° I 
Yun positif, & lautre négatif, résultans d’autant de permutations 


Nal > Uae Bie ie 
§ ae >* 
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possibles de a & b; que Aan en représente six, trois positifs & trois 
c 


 neégatifs, résultans d’autant de permutations possibles de a, b, & c; 
‘ me El7is 
. a|b\el|d 
___ “Mais de plus, la formation de ces quantités est telle que l’unique 
_ changement que puisse résulter d@’une permutation, quelle quelle soit, 
faite entre les lettres du méme alphabet, dans l’une de ces abréviations, 
~ sera un changement dans le signe de la premiére valeur. 

“La démonstration de cette vérité & la recherche du signe résultant 
dune permutation déterminée, dépendent généralement de deux pro- 
positions qui peuvent étre énoncées ainsi qu'il suit, en se servant de 
nombres pour indiquer le rang des lettres. 

“La premiére est que 


1[2/3]...|m[mall...2 
1|2/3|...]m|m+1]|...2 
_,1]| 2 | 38 |...|n—m+1|n-m+2|n—m+3|-.,| 0 
meowmymeijms2|...) oa ,f I [| 8 foc. [m—1 


le signe - n’ayant lieu que dans le cas ou n & m sont l’un & Vautre 
des nombres pairs. 
“La seconde est que 


. 1/2|3|...|m|m+1]|...|n 
| T/2/3|...|m|m+1|...|n 
: _  1{2]3]|...,[m—-1| m |m+1|[m4+2]...|n 
Z ~  1f2]38]...]m=-1[m4+1[ m “[m+2]...|n 


“Ji sera facile de voir que, la premiére équation supposée, celle-ci 
na besoin d’étre prouvée que pour un seul cas,.comme, par exemple, 
- celui de m=n -— 1, c’est-a-dire, celui ott les deux lettres transposées sont 
les deux dernieéres. 
“Au lien de démontrer généralement ces deux équations, ce qui 
__ exigeroit un calcul embarrassant plutét que difficile, je me contenterai 
de développer les exemples les plus simples: cela suffira pour saisir 

_ Yesprit de la démonstration. 


” 


(24 pages are occupied with verifications for the case of 


/ a|B o- alBly a|Bly|6 
——, of ———, and of — +. 
z alo? ” alble a|ble|a) 
“On verra qu’en général la démonstration de notre seconde équation 
pour le cas n=a, dépend de cette méme équation pour le cas n=a — |, 
: : : LT) 1/2 
quel que soit a: d’ou il suit que puisque rts =-% | ? elle est 
généralement vraie. 


Lae, 
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“De ce que nous avons dit jusqu’ici a swit que 


al Biyior. . 0 

GAD Oa ae tae, ee 
si deux lettres quelconques du méme alphabet sont égales entr’elles; car 
quelque part que soient les deux lettres égales, on peut les transposer 
aux deux derniéres places de leur rang, ce qui ne fera au plus que 
changer le signe de la valeur ; alors, de leur permutation particuliére, 
il ne peut, d’une part, résulter aucun changement, puisqu’elles sont 
égales; d’autre part, selon notre seconde équation ci-dessus, il doit 
en résulter un changement de signe ; cette contradiction ne peut étre 
levée qu’en supposant la valeur zéro... . 

“Tout cela posé ; puisque l’on a identiquement, 


1[t)2.1 1p 2 eee 
THRs Lee cs tee 
2/1/22 1|2 2 2 1/2 

[1j2_2 12 21/2 2 1/2 4 
PEM ry R oie ey re 


si l’on propose de trouver les valeurs de £1 et de £2 qui satisfont aux 
deux équations 


al 1 1 
ese tee SSG 

2 2 
loo 0. 


(Three equations with three unknowns are similarly dealt with.) 


“Tl est clair que ces valeurs n’ont point de facteurs inutiles: mais 
pour les rendre aussi commodes qu’il est possible dans les applications 
& particuliérement dans celles ot l’on veut faire usage des loga- 
rithmes, il sera bon d’y employer le plus qu’il se pourra, la multiplication 
des facteurs complexes. J’observe donc 1° que si ’on substitue dans 


le développement de ee les valeurs des Ae on 718 on 
; c a C a| bv 
aura, en réduisant & ordonnant, d’aprés les observations meas 
a|B y 8 a8 yy Pree 8 
a|b ¢c|d ale b|d'ald ble 
a|B\7l8_} «18 y/8 «|B y/0 
a|b|ecld b|c ald bjd ale 
Se Ou 
tr; d alb 


SN 
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side méme i a dans le développement des aH Z| A les 
valeurs des “ y a|Bly|8 Sdui 

a|Bleldle en ehele on aura, en réduisant & ordon- 
nant, d’aprés les observations ci-dessus, 


alB y[slelg a Pee a dl 
a|b cldle|f ale bldlelf ald bl\clelf 
a|B y|slel¢ aes been b ik | 
“ble aldlelf~ Bla’ alelelf* ble alelalf 
eon oh OB eee Revie | had ba 
Te[d alblelf cle alblalf* elf aleldle 
a ge 
a|ble|dle|f dje alb|c|f dlf alb{cle 
| Za 
elf alblela 
{och Se eee ee 
ale blcld|f~ alf Blclal 
ae 


 blf ale ldle 


“La loi des permutations & des signes est assez manifeste dans ces 
exemples, pour qu’on en puisse conclure des développemens _pareils 
pour les cas de huit & dix lettres, &c., du méme alphabet ; alors, en 
employant les premiers développemens pour les cas d’un nombre 
impair de ces lettres, on aura les formules d’élimination du premier 
degré, sous la forme la plus concise qu’il soit possible. 

“Si on veut exprimer ces formules, généralement pour un nombre 
n d’équations 


1 1 1 1 1 1 

1.€1+2.€24+3.63+...+m.ém+... +n.&n4+(n+1)=0 

2 2 2 2 2 2 

1.€14+2.€24+3.€8+ ... +m.ém+... +n. &n+(n+1)=0 
&e. 


la valeur de l’'inconnue queleonque £m, sera renfermée dans |’équation 
suivante, 4 une seule inconnue 


1 gt Re a eee |n-m|n-m+1|n—m+2|\n—-m+3)...]) a _ 
m+1|\m+2\m+3}...... San an OS es ae a a eee 


a8 


le signe + ayant lieu seulement dans le cas ot m & n sont impairs 
Yun & J’autre.” 
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Taking this up in order, we observe first that Vandermonde 
proposes for coefficients a positional notation essentially the same 


as that of Leibnitz, writing : where Leibnitz wrote 12 or 1,. 


Then he defines a certain class of functions by means of their 
-recurrent law of formation—a law and class of functions at once 
seen to be identical with those of Bézout. A special symbolism is 
used for the first time to denote the functions; thus, the expression 


152.3, 1,228) 4 192,38, — 1,2, et ee 
which occurs in Leibnitz’s letter, Vandermonde would have 
denoted by 


| 8” 
and the result of eliminating a, y, z, w from the set of equations 


1a+2,y+3,2+ 4,w =0 (T2423) 4) 


1/2/83 
T/2 


by 
1|2|3]| 4 
1{/2/3|4 

It is next pointed out that permutation of the under row of 
indices produces the same result as permutation of the upper 
row, that the number of terms is the same as the number of 
permutations of either row of indices, and that half of the terms 
are positive and half negative. 

The part which follows this is a little curious. The proposition 
is brought forward that if in the symbolism for one of the 
functions a transposition of indices takes place in either row, 
the same function is still denoted, the only change thereby 
possible being a change of sign. The demonstration is affirmed 
to be dependent on two theorems, neither of which is proved, 
as the proofs are said to be troublesome to set forth. Now it 
will be seen that the second of these theorems is to the effect 
that the transposition of any two consecutive indices causes a 
change of sign, and that consequently this alone is sufficient 
for the required demonstration. The first of the auxiliary 
theorems, in fact, is an immediate deduction from the second, the 
particular permutation which it concerns being produced by 
(n —m-+1)(m—1) transpositions of pairs of consecutive indices. 
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Passing over the illustrations of these propositions, we come 
next to the theorem that if any two indices of either row be 
equal the function vanishes identically, and we note particularly 
that the basis of the proof is that the interchange of the two 


indices in question changes the sign of the function, and yet 


leaves the function unaltered. 

Upon this theorem the solution of a set of simultaneous linear 
equations is then with much neatness made to depend. In more 
modern notation Vandermonde’s process is as follows:—It is 
known that 


a, | bye,| + b,|¢,a,| + C | @,b,| = |a,b,c,| = 0, 
and A, | bycg| + b,| 64_| + ¢2|4,b,| = | @,b,c,| = 0, 
| by Cs | | C4, | 
+ 6,2 +¢=0 
*|@yb,| *{a,5,| © * 
biC, | | C,As | 
and 4 V2 b, + = 0 
*| db. | - *| a,b, | sae 


hence, if the equations 
a,e+by+e= 
at + boy +c, =0 
be given us, we know that 


is a solution. 

This result, moreover, is generalised ; the solution of 

Ply AT Mgt. «FT nila t+Tn41=9 (f01, 2... 

being fully and accurately expressed in symbols, although the 
numerators of the values of 2, 7,..., @, are not in so simple a 
form as Cramer's rule for obtaining the numerator from the 
denominator might have suggested. 

Lastly, and almost incidentally, Vandermonde makes known 
a case of the widely general theorem nowadays described as 
the theorem for expressing a determinant as an aggregate of 
products of complementary minors. His case is that in which 
the given determinant is of the order 2m, and one factor of each 
of the products is of order 2. 

Summing up, therefore, we must put the statement of our 
indebtedness to Vandermonde as follows :— 
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(1) A simple and appropriate notation for the new functions, 


1/2|3 fa 

C.9., 12/3 (VIL) 
(2) A new mode of defining the functions, viz, using sub- 
stantially Bézout’s recurring law of formation. (VIII.) 


(3) The remark that the ordinary algebraical expression of 
any of the functions is obtainable by permutation of either series 


of indices. (IX.) 
(4) The remark that the positive and negative terms are equal 
in number. Cx) 
(5) The theorem regarding the effect of interchanging two 
consecutive indices. (XE) 
(6) The theorem (with proof) regarding the effect of equality 
of two indices belonging to the same series. (XII) 


(7) A reasoned-out solution of a set of m simultaneous linear 
equations, by means of the new functions as above defined. (XIII) 

(8) Expression of any of the new functions of order 2m 
as an aggregate of products of like functions of orders 2 and 
2m —2. (XIV.) 

In addition to this, we must view Vandermonde’s work as a 
whole, and note that he is the first to give a connected exposition 
of the theory, defining the functions apart from their connections 
with other matter, assigning them a notation, and thereafter 
logically developing their properties. After Vandermonde there 
could be no absolute necessity for a renovation or reconstruction 
on a new basis: his successors had only to extend what he had 
done, and, it might be, to perfect certain points of detail. Of 
the mathematicians whose work has thus far been passed in 
review, the only one fit to be viewed as the founder of the theory 
of determinants is Vandermonde. 


LAPLACE (1772). 


[Recherches sur le caleul intégral et sur le systme du monde. 
Hist. de l Acad. Roy. des Sciences (Paris), Ann. V7 208 
partie (pp. 267-376) pp. 294-304, Gwvres, viii. pp. 365—406.] 


In the course of his work Laplace arrives at a set of linear 
equations from which quantities have to be eliminated. 


ie: 
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This he says can be accomplished by means of rules which 
mathematicians have given :— 


“Mais comme elles ne me paroissent avoir été jusqwici démontrées 
que par induction, et que d’ailleurs elles sont impracticables, pour peu 
que le nombre des équations soit considérable ; je vais reprendre de 
nouveau cette matiére, et donner quelques procédés plus simples que 
ceux qui sont déja connus, pour éliminer entre un nombre quelconque 
d’équations du premier degré.” 


Taking 7 homogeneous linear equations with the coefficients 


la, 20; 'e, 


he first gives Cramer's rule for writing out what he, Laplace, 
calls the Resultant, using in the course of the rule the term 
variation instead of Cramer’s term “dérangement.” Then he 
gives the “perhaps simpler” rule of Bézout, and shows that 
of necessity it will lead to the same result as Cramer’s. 

The theorem in regard to the effect of transposing two letters 
is next enunciated, and the blank left by Vandermonde is filled, 
for a proof of the theorem is given. The exact words of the 
enunciation and proof are— 


‘Si au lieu de combiner d’abord la lettre w avec la lettre }, ensuite 
ces deux-ci avec la lettre c, et ainsi de suite ; c’est-d-dire, si au lieu de 
combiner les lettres a, b, c, d, e, &c., dans l’ordre a, b, ¢, d, e, &c., on les 
efit combinées dans l’ordre a, ¢, b, d, e, &c., ou a, d, b, ¢, e, &e., ou 
a, e, b, c, d, &e., ou &e., je dis qu’on auroit toujours eu la méme 
quantité a la différence des signes pres. 

“Pour démontrer ce Théoreme nommons en général, résultante, la 
quantité qui résulte de lune quelconque de ces combinaisons, en sorte 
que la premiere résultante soit celle qui vient de la combinaison suivant 
Vordre a, b, ¢, d, e, &e., que la seconde résultante soit celle qui vient de la 
combinaison suivant l’ordre a, ¢, b, d, e, &e., que la troisidme résultante 
soit celle qui vient de la combinaison suivant l’ordre a, d, b, ¢, ¢, &c., 
et ainsi de suite; cela posé, il est clair que toutes ces résultantes 
renferment le méme nombre de termes, et précisément les mémes, 
puisqu’elles renferment tous les termes qui peuvent résulter de la 
combinaison des n lettres a, 0, ¢, d, e, &c., disposées entre elles de 
toutes les maniéres possibles; il ne peut done y avoir de différence 
entre deux résultantes, que dans les signes de chacun de leurs termes ; 
or, il est visible que la premiere résultante donne la seconde, si l’on 
change dans la premiére } en ¢, et réciproquement ¢ en b; mais ce 
changement augmente ou diminue d’une unité le nombre des variations 
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de chaque terme; d’ou il suit que dans la seconde résultante, tous les 
termes dont le nombre des variations est impair, auront le signe +, 
et les autres le signe — ; partant, cette seconde résultante n’est que la 


premiére, prise négativement. 

“Tl est visible pareillement que... .” &c. 

The proof is thus seen to consist in establishing (1) that 
the terms of the one “resultant” must, apart from sign, be the 
same as those of the other; and (2) that the terms of the 
one resultant are either all affected with the same sign as 
the like terms of the other, or are all affected with the opposite 
sign, the comparison of sign being made by comparing the 
number of variations. 

After this, the theorem that when two letters are alike 
the resultant vanishes is established in a way different from 
Vandermonde’s, but not more satisfactory, viz., by considering 
what Bézout’s rule would lead to in that case. 

Application is then made to the problem of elimination, and to 
the solution of a set of linear simultaneous equations, the mode of 
treatment being again different from Vandermonde’s, but this 
time with better cause. He says— 


‘Je suppose maintenant que l’on ait les trois équations 
O = lam + Up’ + Top’, 
O = 2am + 2D.’ + ep", 
O = 8am + bu) + Feu", 


je forme d’abord la résultante des trois lettres a, 5, c, suivant Pordre 
a, b, ¢, ce qui donne, 


1a.7b.3¢ — 14.20.36 + 1¢.2a.3b — 1b.2a3¢ + 10.26.30 — 1¢,2),8q 
ou 1a.[?0.3¢ — 26.80] + 2a.[2c.3b — 10.3¢] + 8a.[1b.% — 1670]; 


je multiplie ensuite la premiére des équations précédentes par 
*b.2¢ — *c.8b, la seconde par 1¢.3b — 10.2¢, la troisiéme par 10.2c — 1¢.20, 
et je les ajoute ensemble, ce qui donne, 


0 = — p[!a.(*b.8 — 208) + 20.002) — U8) + 8a(1B.2¢ — 16.26)] 
+ p'[1b.(2b.8¢ — 7¢.3b) + °b.(10.8b — 1B,8¢) + 9(1b.2¢ — 1¢.2b)] 
+p" [70.70.86 — 26.80) + 2¢.(16,8b - 10.8c) + 8¢(1b.2%¢ — 1¢,2b)]5 


or, il suit de ce que nous venons de voir, que les coéfficiens de By eb pe”, 
sont identiquement nuls, puisqwils ne sont que la résultante des trois 


l| 
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lettres a, b, c, dans laquelle on écrit }, ou ¢, par-tout ot est a; done, 
on aura pour |’équation de condition demandée, 


0 = 1a.(%.8¢ — 20.8) + 2a.(10.8) — 10.8c) + 8a.(1d.2¢ — 16,28); 


c’est-a-dire, la résultante de la combinaison des trois lettres a,-?,-C 
égalée 4 zéro. On démontreroit la méme chose, quel que soit le 
nombre des équations. 

“Pour montrer l’analogie de cette matidre, avec l’élimination des 
équations du premier degré, je suppose que I’on ait les trois équations, 


Vy = tape + bp! + lop”, 

2 = 2a.p + 2p! + 2p", 

3p = Sam + 8b! + Fey". 
Je multiplie, comme ci-devant, la premiére par (2b.8¢ — 2c.8b), la seconde 
par (1c.8b — 1b.8c), et la troisitme par (1b.2¢ — 1¢.°b), je les ajoute en- 
semble, et j’observe que les coéfficiens de p’ et de »”, sont indentique- 
ment nuls dans l’équation qui en resulte; d’ou je conclus, 


__ Ip.(?b.3¢ — 7¢.2b) + 2p.(1e.2b — 10.3c) + 3p.(1b.2¢ — 16.2) 
~ 1a(?b.3e = 7¢.8b) + 2a('0.3b — 1.8c) + 8a(1b2c = 1.26)? 
on voit done que le numérateur de l’expression de p, se forme du 


dénominateur, en y changeant a en p; on aura ensuite yp’ ou p”, en 
changeant dans l’expression de p,” &e. 


This mode of treatment leaves nothing to be desired. It is 
that which is most commonly employed in the text-books of the 
present day. 

The next point taken up is the most important in the memoir, 
and requires special attention. It is introduced as “a very 
simple process for considerably abridging the calculation of the 
equation of condition between a, b, ¢,” &c.—that is to say, the 
calculation of a resultant. It is, however, something of much 
more value than this, involving as it does a widely general 
expansion-theorem to which Laplace’s name has been attached, 
but of which we have already seen special cases stated by 
Vandermonde. The theorem may be described as giving an 
expansion of a resultant in the form of an aggregate of terms 
each of which is a product of resultants of lower degree. 
Laplace’s exposition is as follows :— 


“ Je suppose que vous ayez deux équations, 
OS ap + 4h > 0 = 2an + *b.p'; 


écrivez +ab, et donnez l’indice 1 a la premiére lettre, et indice 2 a 
la seconde ; l’équation de condition demandée sera + 1a.*b — 1b.2a = 0. 
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“Je suppose que vous ayez trois équations; écrivez +ab, combinez 
ce terme avec la lettre ¢ de toutes les maniéres possibles, en changeant 
le signe de chaque terme chaque fois que ¢ change de place, vous 
aurez ainsi +abe—acb+cab; donnez dans chaque terme J'indice 1 & 
la premiére lettre, l’indice 2 & la seconde, l’indice 3 a la troisiéme, et 
vous aurez +1a.7b.3¢ — 1a.2c.°b + 1¢.2a.°b; cela posé, au lieu de +1a.7b.%¢ 
écrivez + (1a.2b — 1b.2a).3¢; au lieu de — 1a.%¢.3b écrivez — (10.3b — 10.3a).2¢; 
et au lieu de + 1¢.2a.%b écrivez + (?a.°b — 7b %a).1¢; V’equation de condition 
demandée sera 


0 = (1.2 - 1b2a).%¢ - (10.8) — 1.2a).2¢ + (20.20 — °b.3a).10, 


“Je suppose que vous ayez quatre équations, écrivez + abe — acb + cab, 
et combinez ces trois termes avec la lettre d, en observant 1° de 
n’admettre que les termes dans lesquels ¢ précéde d; 2° de changer 
de signe dans chaque terme toutes les fois que d change de place, 
et vous aurez 


+ abed — achd + acdb + cabd — cadb + cdad ; 


donnez ensuite lindice 1 & la premiére lettre, indice 2 & la seconde, 
&¢c., et vous aurez 


+ 10.7b .8c.4d — 10.2¢.3b.4d + 1a.2¢.3d.4b 
+ 1¢.20.3b.4d — 1¢.%0.3d.4b + 1¢.2d.3a.40 ; 
cela posé, au lieu de +1a.2b.3c.4d écrivez 
+(1a.2b — 10.2a).(8c.4d — ®d.4c), 
et ainsi des autres termes, et l’équation de condition sera 
O = (10.7b - 16.2a).(c4d - 3d4c) — (a8) — ").3a).(2e.4d — 2d.4c) 
+(1a.4b — 1b.4a).(2c.8d — 2d.8c) + (20.8) — *b.8a).(te.4d — 1d.4c) 
— ?a.4b — %b.4a).C¢.8d - 1d.8c) + (Ba.4d — 8b.4a).(1e2d — Tq.2c). 


“Je suppose que vous ayez cing équations, écrivez les six termes 
+abed—achd+... relatifs & quatre équations, et combinez-les avec 
la lettre ¢ de toutes les maniéres possibles, en observant de changer 
de signe chaque fois que ¢ change de place; donnez ensuite Vindice 
1, &., &, ....; au lieu du terme +1a.%c,3).4¢.5d écrivez 


(14.35 — 1b.8q).(e5d — 2d'e) 4a &e: sew, 
“Lorsqu’on aura six équations, on combinera les termes 


+ abcde — abced + &e., 


relatifs 4 cing équations avec la lettre f, en observant 1° de n’admettre 
que les termes dans lesquels ¢ précdde f; 2° de changer de signe 


lorsque f change de place: on transformera ensuite, par la régle 
PLeCedente,—. 5.” 
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Notwithstanding the multiplicity of instances, the rule here 
illustrated is not made altogether clear. This is due to two 
causes,—first, the linking of one case to the case before it; and, 
second, the want of explicit notification that the letters b,d, f.. 
are combined in one way, and the intervening letters ¢, e,... in 
another. For the sake of additional Sieketioss let us see all the 
steps necessary in the case of the resultant of the five equations 


Oy +b, + 6,3 + dtl, + C0; = 0 (r= 1, 2, 3, 4, 5), 
and supposing, as we ought to do, that the case of four equations 
has not been already dealt with. These steps are— 


1°. Combining b with a subject to the condition that a 
precede b: result— 


ab. 
2°. Combining ¢ with this in every possible way, the sign 
being &e.: result— 
abe—acb+cab. 
3°. Combining d with each of these terms subject to the 
condition that ¢ precede d: result— 
abed — achd + acdb + cabd — cadb + cdab. 
4°. Combining e with each of these terms in every possible 
way: result— 
abcde — abced + abecd — aebed + eabed 
—achbde+acbed—.........500- 
5°. Appending indices: result— 
@,0,0,0,€,—0,0,0,6 det. ...... 
6°. Changing abn into (dmb»a—OmMn), ed, into (c,d,—d,c,), 
&e.: result— 

(Gb, — by Gy) (Cg1, — Age )es — (yb, — by) (Cds — ges )ey + 
This is the required resultant in the required form. 

It is of the utmost importance to notice what is accomplished 
in 1°, 2°, 3°, 4° is simply (a) the finding of the arrangements of 
a, b,c, d, e subject to the conditions that a precede b, and ¢ 
precede a, and obtaining each arrangement with the siyn which 
it ought to have in accordance with Cramer's rule. The number 
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of necessary directions might thus be reduced to three, viz., 
(a), (5), (6), in which case (1), (2), (3), (4) would take their proper 
places as successive steps of a methodic and expeditious way of 
accomplishing (a). 

Laplace appends a demonstration of the accuracy of this 
development of the resultant of the nth degree, the line taken 
being that if the multiplications were performed the terms found 
would be exactly the 1.2.3....1 terms of the resultant, and would 
bear the signs proper to them as such. 

He then goes on to deal with a rule for obtaining a like 
development in which as many as possible of the factors of 
the terms are resultants of the third degree. 

To do so succinctly he is obliged to introduce a notation for 
resultants. On this point his words are— 

“Je désigne par (abc) la quantité 

abe — acb + cab — bac + bea — cha, 
et par (ab) la quantité ab-ba, et ainsi de suite; par (1a.2b.3c) 
jindiquerai la quantité (abc), dans les termes de laquelle on donne 1 
pour indice a la premiere lettre, 2 4 la seconde, et 3 a la troisiéme; 
par (1a.%b), je désignerai la quantité (ab) dans les termes de laquelle 


on donne 1 pour indice a la premiére lettre, et 2 A la seconde; et 
ainsi de suite.” 


We can but remark that here again he leaves little room for 
improvement: his symbolism is essentially that which is still in 
common use. 

The exposition of the rule is as follows :— 

“Je suppose maintenant que vous ayez trois équations, l’équation 


de condition sera 
0 = (1a.2b.3c), 


“Je suppose que vous ayez quatre équations; écrivez +abc, et 
combinez ce terme de toutes les maniéres possibles avec la lettre d, 
en observant de changer de signe lorsque d change de place, ce qui 
donne + abcd — abde + adbe — dabe; donnez V’indice 1 4 la premiere lettre, 
Pindice 2 a la seconde, &e., et vous aurez 


+ 10.b.8¢.4d — 1a.2b.8d.4¢ + 40.2d.8b.4¢ — 1d.2a.b.4e ; 
au lieu du terme +10,%).5¢.4d, écrivez + (1a.70.5c).4d; au lieu de 


es ae he — (1a."b.4c).8d, et ainsi de suite, et vous formerez 
equation de condition 


O = (14.70.%c).4d — (10.2b.4c).8d + (40,8b.40).2d — (7a.5b.4c).3d, 


a 
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“Je suppose que vous ayez cinq équations, combinez les termes 
+abed —abde+ &c., relatifs & quatre équations avec la lettre ¢ en 


_ observant 1° de n’admettre que les termes dans lesquels d précéde e; 


° . 
2° de changer de signe lorsque e change de place, et vous aurez 
+ abede — abdce + abdec + &e, 


donnez lindice 1 & la premiere lettre, l’indice 2 a la seconde, &c., 
et vous aurez 

+ 14.7b.3¢.4d.5e — 10.b.3d.4e.5e + 10,2b3.d.4e.5¢ + &e. ; 
ensuite, au lieu de + 1a.2b.3¢,4d.5e, écrivez + (1a.7b.%c).(4d.5e) ; au lieu 
de — 1a.°b.3d.4e.5¢, écrivez — (1a,7b.4e).(2d.5e), et ainsi de suite; et en 
égalant 4 zero la somme de tous ces termes, vous formerez Véquation 
de condition demandée. 

“Je suppose que vous ayez six équations, combinez les termes 
+ abcde — &c., relatifs & cinq équations avec la lettre f, en observant 
1° de wadmettre que les termes ot e¢ précéde f; 2° de changer de 
signe lorsque f change de place: donnez ensuite 1 pour indice & la 
premicre lettre, . 

“Si vous avez sept équations, combinez les termes + abcdef — &c. 
relatifs 4 six équations avec la lettre g de toutes les maniéres possibles ; 
pour huit équations, combinez les termes relatifs a sept avec la lettre h, 
en n’admettant que les termes dans lesquels g précéde h, et ainsi du 
reste. 


The really important point in all this is in regard to the 
manner in which the letters are brought into combination. It 
will be seen that the set begun with is abc, consequently a 


_ precedes b, and b precedes ¢ throughout: then d is combined 
in every possible way with this: e is combined subject to the 


condition that d precede e; f is combined subject to the condition 


_ that e precede f: g is combined in every way possible: / is 


combined subject to the condition that g precede h: and so on. 
It would appear therefore that the lettres are to be combined in 
every possible way are d and every third one afterwards, and 
that each of the other letters is conditioned to be preceded 
by the letter which immediately precedes it in the original 
arrangement abedefghi .... Condensing these directions after 


the manner of the former case, we should draft the rule as 


follows :— 
(a) Find every possible arrangement of abcdefghi . . . subject 


to the conditions that in each arrangement we must have a, b, ¢ 
in their natural order; d, e, f in their natural order; g, h, 4% 


in their natural order; and so on. 
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(b) Prefix to each arrangement its proper sign in accordance 
with Cramer’s rule. 

(c) Append in. order the indices 1, 2, 3,... to the letters 
of each arrangement. 


(d) Change dmbnc, into (AmpC), Aexfy into (d,ezfy), We. 
Without saying anything as to the verification of the 
developments thus obtained, Laplace concludes as follows :— 


“On décomposeroit de la méme maniere l’équation R en termes 
composés de facteurs de 4, de 5, &c., dimensions.” 


To show how this could be effected would have been a tedious 
matter, if the method of exposition used in the previous cases 
had been followed, viz., multiplying instances with wearisome 
iteration of language until the laws for the combination of 
the letters could with tolerable certainty be guessed. On 
the other hand, had Laplace condensed his directions in the 
way we have indicated, the rule for the case in which as 
many as possible of the factors are of the 4th degree could have 
been stated as simply as that for either of the two cases he 
has dealt with. The only changes necessary, in fact, are in 
parts (1) and (4), and merely amount to writing the letters 
in consecutive sets of four instead of two or three. 

Further, when the rule is condensed in this way, the 
problem of finding the number of terms in any one of the 
new developments—a problem which Laplace solves in one case 
by considering how many terms of the final development each 
such term gives rise to—is transformed into finding the number of 
possible arrangements referred to in part (1) of the rule. Where 
the highest degree of the factors of each term is 2 and the 
resultant which we wish to develop is of the nth degree (which 
is the case Laplace takes), the number of such arrangements 


is evidently (1.2.3....n)/(1.2), s being the highest integer | 


in n/2; if the highest degree of the factors is 3, the number 
of arrangements is 
12.3500 
(1.2.3y (1.2)” 
where s is the highest integer in n/83 and ¢ the highest integer 
in (n—8s)/2; and so on. 


Dal i lima 


5 


4 


i< 


DETERMINANTS IN GENERAL (LAGRANGE, 1773) 33 


The facts in reduction of the claim which Laplace has to 


__ the expansion-theorem now bearing his name are thus seen to be 


oo 


(1) that the case in which as many as possible of the factors of 
the terms of the expansion are of the 2nd degree had already 


been given by Vandermonde; (2) that Laplace did not give 


_ 4 statement of his rule in a form suitable for application to 
5 all possible cases, and, indeed, was not sufficiently explicit in the 
' statement of it for the first two cases to enable one readily 


to see what change would be necessary in applying it to 
the next case. Notwithstanding these drawbacks, however, 


‘there can be no doubt that if any one name is to be attached 


to the theorem it should be that of Laplace. 
The sum of his contributions may be put as follows :— 


(1) A proof of the theorem regarding the effect of the 


_ transposition of two adjacent letters in any of the new functions. 


(x02) 

(2) A proof of the theorem regarding the effect of equalizing 

- two of the letters, (XiI. 2) 

(3) A mode of arriving at the known solution of a set of 

_ simultaneous linear equations. (XIII. 2) 

(4) The name resultant for the new functions. (XV.) 

(5) A notation for a resultant, e.g. (4a.7c.%b). (vir. 2) 

(6) A rule for expressing a resultant as an aggregate of terms 

composed of factors which are themselves resultants. (XIV. 2) 
(7) A mode of finding the number of terms in this aggregate. 

(XVI) 


LAGRANGE (1773). 


{Nouvelle solution du probleme du mouvement de rotation d’un 
corps de figure quelconque qui n’est animé par aucune force 
accélératrice. Nouv. Mém. del Acad. Roy... . (de Berlin). 
Ann. 1773 (pp. 85-128). G@uvres, iii. pp. 577-616]. 


The position of Lagrange in regard to the advancement of the 


: subject is quite different from that of any of the preceding 


mathematicians. All of those were explicitly dealing with the 
problem of elimination, and therefore directly with the functions 


afterwards known as determinants. Lagrange’s work, on the 


ie 


M.D. Cc 
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other hand, consists of a number of incidentally obtained 
algebraical identities which we nowadays with more or less 
readiness recognise as relations between functions of the kind 
referred to, but which unfortunately Lagrange himself did not 
view in this light, and consequently left behind him as isolated 
instances. With him a, y, 2 and a’, y’, # and x", y’, 2” occur 
primarily as co-ordinates of points in space, and not as 
coefficients in a triad of linear equations; so that 


(xy 
when it does make its appearance, comes as representing six 
times the bulk of a triangular pyramid and not as the result of 
an elimination. In days when space of four dimensions was less 
attempted to be thought about than at present, this circumstance 
might possibly account for no advance being made to like 
identities involving four sets of four letters Ls Yy ie WE 
vy’, 2, ws; &e. 

In this first memoir the algebraical identities are brought 
together and stated at the outset as follows :— 


(ger le / yl! 


P+ yea" + za'y" —ax2'y" —yax'2’ — zyx"), 


“ LEMME. 
“1. Soient neuf quantités quelconques 
vy, % 2, y', z, 2’, y’, 2’ 
je dis qu’on aura cette équation identique 
(xy'2!" + year” + 2c0'y!" — xaly!” — yz!" — gy'ax'")? 
= (P+ Y + 2?) (al? 4 of? 4 2) (a2 4 y/’2 4 22) 
+2 (aa! + yy! + 22’) (wa! + yy! + ee) (aa + yy” + 22") 
— (0? + 9? + 22) (xa! + y/y!” + dai)? 
— (2? + y'? + 2/2) (ace! + yy! + ge'")2 
— (2 of + 22) (ona! + yy! 4 2a" )2, 


‘“‘Corollaire 1, 


(Ta : Sa PI . 
‘2. Done si Yon a entre les neuf quantites précédentes ces six 
équations 


we +y? +22 = q, wa! + y'y” + 2'2" = b, 
g2 ab yy a 22 = OM oa” ae yy” ae ae!" =— b’, 
9/2 +y'2 at 32 = w”, ax! ae yy! ait ae! = be 
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et qu’on fasse pour abréger 
Saye" — ay", nada" a2", (aay — 2", 
B=,/(aa‘a” + 2bb'b" — ab? — ab? — a"b'"2) ; 
aE +yn t+ 2¢= B. 
On aura de plus les équations identiques suivantes 
wEt+ynt+2Z(=0, w'E+y"n+2"C=0, 
&+77+ (C=a'a” — B2, 
¥ 6-2 =ba' -a'e", oy’ C-2’'n =a" — ba", 
#€-a(=by -a'y", 2-2" G=a"y' — by’, 
an —YE=b2 -a'2", 2 —y"E=4''2 — be", 
qui sont trés faciles 4 vérifier par le calcul. 


on aura 


“Corollaire 2. 
“3. Sion prend les trois équations 
aE +yn t2f = B, 
aa + yy’ +22 = b”, 
we” + yy” + 22" = 0, 


) 
>) 


Is, 


et qu’on en tire les valeurs des quantités z, y, z, on aura par les 


formules connues 
BY’ -2y") +6 (ne - -, ) + b"(y" — 2") 
E(y'2" — zy’) AE n (2x Se a 2) ae C(a’y ici -y ey 
_B 7a U2) +b(G@ — e ) +0'(E2" — Ge’) 


— Ely Zz 2) zy’) Ag (Za v7 a a2”) + ¢( ay!" — yYa'y 
_ Bey" = 2") + 0 ey =) 4 oy). 
es 24 Hy) + (2x oes a2 v2") a C(a’y” = — yx yi 


donc faisant les substitutions de l’Art. préc. et supposant pour abréger 


Ve 


a=a a’ — 0}? 


on aura i Bes (ab as bb’) ar a (a'b! os bb’) at" 
“3 = z . 
_ By + (ab — bb’) y! + (a’b’ — bb") y" 
a 
ie BE+ (a"b” oe bb’) 2 Js (ab! a bb’) a» 
a 


In regard to the first identity here (the so-called lemma), the 
important and notable point is that the right-hand member is 
the same kind of function of the nine quantities a+ y¥?+2’, 
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aa + yy’ + 22’, wat" + yy" +22", wal +yy +e, e®+y2+2%, 
wa" yy" +22", wat" +yy" +22”, Ce yy +22", we+y?4+27% 
as the left-hand member is of the nine a, y, z, «’, Y 25 LEV see 
Indeed, without this distinguishing characteristic, the identity 
would have been to us of comparatively little moment. Possibly 
Lagrange was aware of it; but, if so, it is remarkable that he 
did not draw attention to the fact. It is quite true that 


Lagrange’s identity and the modern-looking identity 


| ey 2 |? jo +y? 42% oa’ +yy +22 oa” +yy" +22” 
Gon y oe — a + yy + ee gi? + fs + 72 ea + yy +22" 
a” a Ce 000" - yy” at ee” oa” == yy + aoa gi? =f CT i aL of/2 


are essentially the same; but no one can deny that the latter 
contains on the face of it an all-important fact which is hid in 
the former, and which in Lagrange’s time could be made known 
only by an additional statement in words. 

The second identity 

wE+Yynt+ZF=0 

is a simple case of one of Vandermonde’s, viz., that regarding 
the vanishing of his functions when two of the letters involved 
were the same. 

The third identity 

2 +74+ C=a'a’ —b? 

is in modern notation 
yy? 


VA GH 


2 ge 2 


a’ A 


fr ae ge? +y'2 42/2 0" + y’y” +2’ 
yy wa” + yy” + 2/2" a! fy"? 42/2 
and is thus seen to be a simple special instance of a very im- 
portant theorem afterwards discovered. 
The fourth identity 
y S=2y = bz! —a2", 
may be expressed in modern notation as follows :— 
y @ 


[za] |a’y’” 


Le 


| 
} 


Cara id UP SPP. 


LE YY +e" gl 
we py? 42/2 a! | 
and, quite probably, has also ere this been generalised in the 
like notation. 
The fifth identity 
we BE+ (a"b" — bb’)a’ + (a/b! — bb)” 


a 
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is not so readily transformable, the determinantal theorem which 
it involves being indeed completely buried. Multiplying both 
sides by a; then doing away with a, which seems perversely 
introduced “pour abréger” when no like symbol of abridgment 
takes the place of a”b”—bb’ or of a’b’—bb”; and transposing, we 


have BE = w(a'a” —b?) — v'(a"b” — bb’) + x’ (bb” —a’b’), 
— a2 b” b’ 

ee _D 

ie A sl 


that is, finally, 
ce we +yy’ +22 ~ on” +yy" +22” 
we wt tay 422 ole + yy" +22" 
eo te td’y” +22" ol ty’? 42/2 

which we recognise as an instance of the multiplication-theorem 
on putting 


eA LeLs 


ley?"|.|y'2"| = 


a Y\¥ Zz Da oe 
a’ y 2 x @) y / y” 
a” y” of! 0 2g 2’ 


for the left-hand member. 


LAGRANGE (1773). 


{Solutions analytiques de quelques problémes sur les pyramides 
triangulaires. Nouv. Mém. del Acad. Roy. . . . (de Berlin). 
Ann. 1773 (pp. 149-176). Cuvres, iii. pp. 659-692. | 


In this memoir also there is a preparatory algebraical portion, 
the subject being the same as before, and the author’s standpoint 
unchanged. Indeed the two introductions differ only in that 
the second is a rounding off and slight natural development of 
the first. 

In addition to € 7, & we have now £7, &, &, 9, “ used as 


abbreviations for 2y”—y2", 72” -20",....; in addition to a, 
we have a’, a”, 8, 8’, 8”, standing for aa” —b”, aa’ —b”, b’b” —ab, 
awh bea bs and &, ¥, 2, XY¥,...-, AvA,.... 
are introduced, having the same relation to €, », ig ee ae 
Ba... . as these latter have to w, y, % @, YY... ++) 


a, a,.... Lagrange then proceeds :— 
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“3. Or en substituant les valeurs de &, &, &e., on 2%, #, &e., eb 
faisant pour abréger 


A — xy 2 de yea" = eaoy” ee wey” as ya 2" = zyx”, 
on trouve X= Ag, Y = Ay, Z = hz, 
xe = Ag, Ve = Ay’, Ti. =, Nee 
OO cs Rage Vie Ay”, i Az”, 


done mettant ces valeurs dans les derniéres équations ci-dessus, on 
: ; ; 
aura en vertu des six équations supposées dans Art. 1. 


A = A%, B= 4%, 

A’ = A’, B’ = A, 

A” = AQ”, B= A", 
“et de 1a il est facile de tirer la valeur de A? en a, a, a", b, &e.; car on 
aura d’abord aa 

ee = _ oa = ee 
et substituant les valeurs de a’, a” et B en a, a’, &e. (Art. 1) 
A? =aa‘a” + 2bb'b" — ab? — a'b’2 — ab" : 


on trouvera la méme valeur de A? par les autres équations. Si on 
remet dans cette équation les quantités a, y, 2, z', &e, on aura la 


méme équation identique que nous avons donnée dans le Lemme 
ci-dessus (p. 86). 


“4. Il est bon de remarquer que la valeur de A? peut aussi se 
mettre sous cette forme 


Ae tet wa' $00" 4 2 (Bb + B'b' + Bb") : 
3 3 


or si on multiplie cette équation par A? et qu’on y substitue ensuite 
A ala place de A’a, A’ a la place de Aa’ et ainsi de suite (Art. préc.) 
on aura 


ai AatAa'+A’a" +2(BB + BR 4B") 
. 4 


ou bien en mettant pour A, A’, &c., leurs valeurs en a, a’, &e. (Art. 2) 
At = aa'a” + 288’ RB" — a8? — aR’? — a” ae: 


d’ot Yon voit que la quantité A2 et son carré A* sont des fonctions 
semblables, l'une de a, a’, a’, b, b, b”, Vautre de 4,05 0", BB Be 
“5. De plus, comme l’on a (Art. 3) 


aye" ae yee" aE aay" ped axe'y"" oes ya 2" —_ aya" 


= 9/(aaa" + 2606" — ab? — a'b'? - a"h"2) =A, 
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a Lie? 3 , q ‘ 
et qu'il y a entre les quantités 2, y, 2, 2’, &e., et a, a’, a”, b, &e., les 


_mémes relations qu’entre les quantités & », 6 £, &e, et a, a’ a”, B, &e. 


(Art. 1), on aura done aussi 
&7'(" ale nCé" ts (En es ECy” — nC a Cy’ E" 
= J (aa'a” 28 2BB'B” as a3? as a B”2 eo a?) a A2, 
Done on aura cette équation identique et trés remarquable 


ere ree Pile ely = nb — OE" 


= (xy 2 + ya" ab aay” = xa'y” <4 ya” -* ay'a"’)2.” 


The remaining portion is of little importance ; its main contents 
are four sets of nine identities each, viz.:— 


1. w€+ae' E40" "=A, yEty'E'+y'E"=0, &e. 
2. w€+yn +26 =A, wWE+y'nt+7G =0, Ke. 
3, foe ga Lely oR 


? 


pete TUE ees 
A 
Besides the fact that Art. 3 contains a proof of the Lemma 
of the previous memoir, we have to note the new identity 
X= Aa, 


which in modern determinantal notation is 


> 


jae" | [ya 
jee’ | | ay’ | 
—a simple special instance of the theorem regarding what is 
nowadays known as “a minor of the determinant adjugate 
to another determinant.” 

The last two lines of Art. 4 by implication make it almost 
certain that Lagrange did not look upon 

aye" +yaa" +20'y” —a2'y" —yxe —2y'x" 

and ad a" +2bb’b" —ab? —a'b? —a’b” 
as functions of the same kind. 

The new theorem in Art. 5, which Lagrange justly characterises 


a 
ppee L: 
? 


= «| vy'2 


as “very remarkable,” is in modern determinantal notation 


LP 


2 


ly2"| jaa" | lary” | ‘oieaee 
| zy” | fae” | [ye ||P = |e y 2 
|y2 | jem’ | lay’ | a” yl” 2"), 
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—a simple instance of the theorem which gives the relation, 
as we now say, “ between a determinant and its adjugate.” 

In regard to the remaining identities which we have numbered 
(1), (2), (3), (4), we note that (1) and (3) are not new, although 
(3) is here given almost in the form desiderated above (pp. 36-37) ; 
(2) involves the fact that A is the same function of ROY A! i) Bas 
y", % @, 2”, as it isof a, Y; 2, @, Yow, a Ye 5 ae 
(4) may be transformed as follows :— 


ah = aE +b" +0'E", 


=/1a y Zz 
it! y zg 
b’ y Z! 


= |e +y? per yy go | 
ae +yy +227 y 2 


yy a 


wat” + yy” +22" y Z 


so that it may be considered as another disguised instance of 
the multiplication-theorem, the determinant just reached being 
equal to 


sae ae wy . OO | 
OA BENE Gap Ee) | 
ge” y” He | Zz ¢) ii | 


LAGRANGE (1778), 
Recherches d’Arithmétique. Nowy. Mém. de VAcad. Roy... . 
q 
(de Berlin). Ann. 1773 (pp. 265-312).] 


This is an extensive memoir on the numbers “ qui peuvent étre 


représentées par la formule B?+Ctu+Du2” At p. 285 the 
expression 


py? +2qyz+r22 
is transformed into Ps? + 2Qsa + Ra® 
by putting y=Ms+Na, 
and Z=M8+ nx, 


and Lagrange says— 


(73 


- ++. je substitue dans la quantité PR —Q? les valeurs de P, @ 
et k, et je trouve en effacant ce qui se détruit : 


PR — Q? = (pr - g) (Mn -Nm)?; Meee 


esa 
ip 7a 
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which we at once recognise as the simplest case of the theorem 


- connecting (as we now say) the discriminant of any quantice with 


the discriminant of the result of transforming the quantic by 
a linear substitution. 

Putting now in compact form all the identities obtained frou 
the three preceding memoirs of Lagrange, we have— 


(1) (tas = yan” + wae y”” ne, xe'y” ae yee” <2 zy'n’y 


= aw'a” + 2bb'b" — ab? — wb? — ab’, (XVIL) 

where a=e+y*+2", a= .... 
(2) &+7+P=a'a" —b*, where €=y'2" —2’y”, n=... . (XVII) 
(3) y€—2y= ba’ —a'e". (XIX.) 


(4) €<A=av+8"a’+ Bx”, where a=w'a”—b?, B”=... 
and A=ay'2" + y7/a" + 20'y" — ay" — ya'2" —zy'x". (XVM. 2) 
(5) X=Az, where X=7'€"—&'n”. (XX.) 
(6) (aya + yz a" + 20'y" —a7y" — ya's” — zyx" 
Sree eet rine fon nlf — Ge (XXL) 
(7) PR—Q?=(pr—q?)(Mn—Nm/), (XXII) 
if p(Ms+Na)?+2q(Ms+ Na) (ms+nzx)+r(ms+nxy? 
= Ps?+ 2Qsx+ Ra? identically. 


2 3 


BEZOUT (1779). 


[Théorie Générale des Equations Algébriques, §§ 195-223, 
pp. 171-187; §§ 252-270, pp. 208-223. Paris. ] 


In his extensive treatise on algebraical equations Bézout 
was bound, as a matter of course, to take up the question of 
elimination; and, as he had dealt with the subject in a separate 
memoir in 1764, one might not unreasonably expect to find 
the treatise giving merely a reproduction of the contents of 
the memoir in a form suited to a didactic work. Such, however, 
is far from being the case. He merely mentions the necessary 
references to the work of Cramer, himself, Vandermonde, and 
Laplace; and then adds— 


“Mais lorsqu’il a été question d’appliquer ces différentes méthodes 
au probléme de ’élimination, envisagé dans toute son étendue, je me 
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suis bientét appergu qu'ls laissoient tous encore beaucoup a desirer du 
cété de la pratique.” 


His main objection to the said methods is that when one has 
to deal with a set of equations of no great generality, with 
coefficients, it may be, expressed in figures— 


‘‘T] faut construire ces formules dans toute la généralité dont les 
équations sont susceptibles, et faire par conséquent le méme travail 
que si les équations avoient toute cette généralité. 

197). Au lieu done de nous proposer pour but seulement, de donner 

es formules générales d’élimination dans les équations du premier 
degré, nous nous proposons de donner une régle qui soit indifférem- 
ment et également applicable aux équations prises dans toute leur 
généralité, et aux équations considerées avec les simplifications qu’elles 
pourront offrir: une régle dont la marche soit la méme pour les unes 
que pour les autres, mais qui ne fasse calculer que ce qui est absolument 
indispensable pour avoir la valeur des inconnues que l’on cherche: une 
régle qui s‘applique indifféremment aux équations numériques et aux 
équations littérales, sans obliger de recourir & aucune formule. Telle 
est, si je ne me trompe, la régle suivante. 


“ Regle générale pour caleuler, toutes & la fois, ou séparément, les valeurs 
des inconnues dans les équations dw premier degré, soit littérales soit 
numériques. 


“(198). Soient wu, , y, x. &c., des inconnues dont le nombre soit n, 
ainsi qui celui des équations. 

“Soient a, 0, c, d, &c., les coéfficiens respectifs de ces inconnues 
dans la premiére équation. 

“a', 07, ¢, a’, &e., les coéfficiens des mémes inconnues dans la seconde 
équation. 

“a, b", ¢’, d’, &e., les coéfficiens des mémes inconnues dans la 
troisiéme équation : et ainsi de suite. 

“Supposez tacitement que le terme tout connu de chaque équation 
soit affecté aussi d'une inconnue que je représente par ¢. 

“Formez le produit uayzt de toutes ces inconnues écrites dans 
tel ordre que vous voudrez d’abord ; mais cet ordre une fois admis, 
conservez-le jusqu’a la fin de l’opération. 

“Echangez successivement, chaque inconnue. contre son coéfficient 
dans la premiére équation, en observant de changer le signe & chaque 
échange pair: ce résultat sera, ce que jappelle, une premiére ligne. 

‘“Echangez dans cette premidre ligne, chaque inconnue, contre son 
coéfiicient dans la seconde équation, en observant, comme ci-devant, de 
changer le signe a chaque échange pair: et vous aurez une seconde ligne. 

“Hchangez dans cette seconde ligne, chaque inconnue, contre son 
coéfficient dans la troisisme équation, en observant de changer le signe 
4 chaque échange pair: et vous aurez une froisime ligne. 
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“Continuez de la méme maniére jusqu’a la dernire équation 

_ inclusivement ; et la derniére ligne que vous obtiendrez, vous donnera 
les valeurs des inconnues de la maniére suivante. 

‘Chaque inconnue aura pour valeur une fraction dont le numérateur 

sera le coéflicient de cette méme inconnue dans la derniére ou 

_ n° ligne, et qui aura constamment pour dénominateur le coéfficient 

que l'inconnue introduite ¢ se trouvera avoir dans cette méme n° ligne.” 


; The application of this very curious rule is illustrated by a 
considerable number of varied examples, of which we select the 
second— 


(200). Soient les trois équations suivantes 


ax +by +cz +d =0, 


a2e+by+cz+d' =0, 

a’e+b'yte"z+d" = 0. 
“Je les écris ainsi 

az +by +cz +dt = 0, 

ax +by +c2+dt = 0, 


a’et+b'y+c"z2+d't= 0. 


Je forme le produit xyzt. 
Je change successivement z en a, y en b, z en ¢, ¢ en d, et observant 
la régle des signes, j'ai pour premiére ligne 


ayzt — bazt + cayt — daxyz. 


Je change successivement z en a’, y en b’, z enc’, t en d’, et observant 
la régle des signes, j’ai pour seconde ligne 


(ab — a’b) 2t — (ac —a'c) yt + (ad' —a'd) yz 
+ (be' — b’c) at — (bd' — b'd)xz+ (cd’ — cd) ay. 
Je change successivement # en a”, y en b”, z enc’, t en d”, et observant 
la régle des signes j’ai pour troisiéme ligne 
[(ab’ — a’b)c” — (ac — a’c)b" + (be — b'c)a’}t 
— [(ab’ — a'b) d” — (ad’ - a'd)b" + (bd' —V'd) a" lz 
+[(ac’ —a’'c)d” — (ad' - a'd)c” + (ed —c'd)a"|y 
—[(be’ — b'c)d” —(bd' — b'd)c" + (ed' — e'd)b" |x. 
Dot (198) je tire 
—[(bc' — b'c)d” — (bd' — V'd)c" + (ed’ - c'd)b"7 
~— (ab’ —a'b)e" — (ac! — ae) b" + (be - Ue) a"? 
+[(ac’ —a’c)d” — (ad' - a'd)e" + (ed’ - cd) a"! 
~~ (ab’ —a'b)c” — (ac’ —a’e) 6" + (bc —Uc)a"| 
,_ ~ [(ab' —a'b)d" — (ad' — a'd)b" + (bd -V'd)a") » 
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Among the other examples are included (1) one in which the 
coefficients in the set of equations are given in figures; (2) one 
in which some of the coefficients are zero; (3) one showing the 
simplification possible when the value of only one unknown is 
wanted ; (4) one showing the signification of the vanishing of 
one of the “lignes”; (5) one showing the signification of the 
absence of one of the unknowns from the last “ ligne”; and (6) 
one or two concerned with the allied problem of elimination. 

Bézout nowhere gives any reason for his rule; it is used 
throughout as a pure rule-of-thumb: its effectiveness being 
manifest, he leaves on the reader the full burden of its arbi- 
trariness. The unreal product xyzt at the very outset must 
have been a sore puzzle to students, and none the less so because 
of the certainty which many of them must have felt that a real 
entity underlay it. 

To throw light upon the process, let us compare the above 
solution of a set of three linear equations with the following 
solution, which from one point of view may be looked upon as 
an improvement on the ordinary determinantal modes of solution 
as presented to modern readers. 

The set of equations being 


ax +by +ez +d = a 
wa +b’y +c2+d =0 
aa+b'y+e"z+e ui 0| 
we know that the numerators of the values of “x, y, z, and the 
common denominator are 


lib ca la € a | abd abe 
—|b' ¢ da +la’ ¢ a —|a b’ d’ +|a Ue 
|p ears | ; ae a"), a a |. OO eos 
They are therefore the coefficients of ©, Y, z,¢t in the determinant 
bbe od 
a Ne ro dl’ 
a’ b” of arl> Oo A say. 
So Ee 


Thus the problem of solving the set of equations is transformed 
into finding the development of this determinant, In doing so 


' immediately above z, ¢ in A; and so on in all possible cases 
including even [xyzt], which of course is A itself. 
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let us use [xyz] to stand for the determinant of which wv, y, 2 is 


_ the last row, and whose other rows are the two rows immediately 


above a, y,z in A: similarly let [zt] stand for the determinant 
of which 2,¢ is the last row, and its other row the row C a 


> 


Then clearly we have 
[ey2t]=aly2t]—b[xz2t)+c[axyt]—d[ayz] (1) 


Developing in the same way the four determinants here on the 
right side, we have as our next step 


[xy2zt]= a(b[2t] —c[yt]+d[yz)) 
—b(a [zt] —e[at]+d[az]) 
+ e(a|yt]—b[ at] +d[xy]) 
— da'tyz]—b [wz] + fey) 
= (ab’—wb)2t]—(ac—a’e)yt]+ (ad —a’d)[yz] 
+(be’ —b’c)[ xt] —(bd’ — b’d)[xz] + (cd’ — ed) [xy]. 


. Again, developing the six determinants [zt], [yt], .... in the 


_ same way, and rearranging the terms, we have finally 


[wyzt|= {(ab’—a’b)e” —(ac’ —a’c)b’+(be —b’c)a\t 
— {(ab’—a’/b)d’ —(ad’ —a'd)b” + (bd —b'd)a”}z 
+ {(acd —a’e)d” —(ad’—a'd)c’ +(ed’ —¢d)a’}y 
— {(be’ —b’c)d” —(bd’ — W'd)c’ + (ed —c'd)b" tx. 


_ But the coefficients of a, y, z,t in [wy zt] were seen on starting 


to be the numerators and the common denominator of the values 
of x, y, z in the given set of equations: hence 
— {(be’ —b’c)d” —( bd’ —b’d)c” +(ed’ — c'd)b” } 
wre {(ab’—a’b)c” —(ac’ —u’c)b” + (be — be) a" 
y=. 

Now it is at once manifest that the successive developments 
here obtained of the determinant [wyzt] are letter by letter 
identical with the successive “lignes” obtained by Bézout from 
the unreal product xyzt; but that instead of having one arbitrary 
step succeeding another, as in the application of Bézout’s rule, 


there is here a fluent reasonableness characterising the whole 
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process.* As for the peculiarities requiring elucidation in the 
series of special examples above referred to, they are seen, when 
looked at in this light, to be but matters of course. 

Not only so, but it will be found that the translation of “LY 
into [xy], &., is an unfailing key to much that follows in Bézout 
in connection with the subject. For example, let us take the 
wide extension of the rule which is expounded later on in the 
treatise, in a section headed 


Considérations utiles pour abréger considérablement le 
culewl des coéfficients qui servent a Vélimination. 


There are in all fifteen pages (pp. 208-223, §§ 252-270) devoted 
to the subject. The contents of three paragraphs will give a 
sufficiently clear idea of the nature of the whole. The notation 
used is identical with that of Laplace, Ca, 
(ab’)=ab’—a’b, 
(ab’c’) = (ab’—a'b)c” — (ab”—a"b)e + (a’b”—a’b’)e, 


Two of the three selected paragraphs stand as follows :— 


“(264.) Cette maniére de procéder au calcul des inconnues, en les 
grouppant, n’est pas applicable seulement & notre objet ; elle peut en 
général étre appliquée dans toutes les équations du premier degré, 


* If the fact at the basis of the process were made use of nowadays, it would 
be advantageous, of course, in the first instance to simplify the determinant as 
much as possible. For example, the equations being (Bézout, p. 178) 

Qe +4y +5z=22 

3x + 5y +2z=30 |, 

5x + 6y +42=43 
we might proceed as follows :— 


2 4 5 —22 0 2116 
3. 5° %=80) i “sees 
D6 4: =43 |" ~~ iQ RS ores 9 
x y z t w. y 4 t 
0 0 9 0 0 0 1 0 
ee hel O45 le 1 0 0 -5 
= 0, Sea: sae OOS 
% y @ t [ae Yy z t 


=27{-t+0z-3y-5x}; 
whence x=5, y=3, z=0. 
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“Si l’on avoit, par exemple, les quatre équations suivantes 
ax +by +cz +dt +e =0, 
ax +b'y +cz +dt +e = 0, 
wae +b'y +c'2 +d"t +e’ = 0, 
wat byt clztd"t+e” = 0. 


En se rappellant que chaque inconnue a pour valeur le coéfficient 
quelle se trouve avoir dans la derniére ligne, divisé constamment par 
celui que l’inconnue introduite aura dans cette méme ligne, on verra 
bientot qu’on peut réduire le calcul A chercher le coéfficient de l'une 
queleonque des inconnues dans la derniére ligne; parce que de la 
méme maniére qu’on en aura calculé un, on calculera de méme tous 
les autres: ou méme, lorsqu’on en aura calculé un, on pourra en 
déduire tous les autres, lorsque les équations auront toute la généralité 
possible. Or pour avoir la valeur du coéfficient d’une des inconnues 
dans la derniére ligne, la question se réduit A calculer la valeur du 
produit des autres inconnues. Mais pour ne pas se tromper sur les 
signes, il faudra toujours ne pas perdre de vue, la place que cette 
inconnue est censée occuper dans le produit de toutes les inconnues. 
Ainsi, dans le cas présent, au lieu de calculer généralement la derniére 
ligne pour avoir ayztu, je calcule seulement cette dernidre ligne pour 
yetu: et pour lavoir de la maniére la plus commode, je grouppe en 
cette maniére yz. tu, et je procéde comme il suit, au calcul des lignes, 
observant que y est censé a la seconde place. 


Premiere ligne. —bz.tu—yz.du, 
Seconde ligne. +(be’).tw—bz.d'u+b’z.du+yz.(de’), 
Troisiéme ligne. — (be’) . d’’u + (be”’) .d’w—bz.(d’e”) —(b'c’) . du+b’z. (de) — bz. (de’), 
- Quatriéme ligne. +(be’) . (d’e’””) — (be’”’) . (d’e’”") + (be’”’) . (d’e”) + (b’c"”) . (de’”’) 
—(W'e’”). (de’) + (bc). (de’) ; 
_ eest le coéfficient de z dans la derniére ligne. 
“Pour avoir celui de uw, je calculerois de méme la valeur de xyz, 
_ en le grouppant ainsi, zy. zt, et je trouverois pour valeur du coéfticient 
de u dans la derniére ligne, la quantité 
(ab’).(c’d’”’) — (ab").(cd’”’) + (ab").(c'd") + (a’b").(cd’”) 
— (v’b).(cd”) + (ab). (cd’) ; 
D’oti je conclus 
_ +(be’).(d"e’”’) - (be). (d’e’”) + (be’”). (d’e”) +(b'e'") .(de”)—(V'e"””). (de””) + (b'"c””) .(de’) 
~ (ab’). (cd) —(ab”).('a'”) + (ab). (c'd”) + (a’b”) (ed) —(a’8'”) . (cd) +a”). (c’) 
_ et ainsi de suite. 

(265.) Si j’avois les cing équations suivantes— 
ax +by +cz +dr +e +f = 
wae +by +¢2 +d7 +et +f’ = 
a'a+b’y +e'2 +d'r +e't +f" = 
wat byte ztd'’ r+ ete fl’ 
ae + by +c% +d +e +f" = 


| 
Soo 9 2 
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Je calculerois, par exemple, le coéfficient de « dans la derniére ligne, 
en culculant yzr.tu, ou yz.rtu, ou yz.rt.u. 

Si j’avois six équations dent les inconnues fussent L, Y, 2, 7S Oot, 
je calculerois, par exemple, le coéfficient de z, en calculant ou yz .7s . tu, 
ou yzrs.tu, ou yzr. stu, et ainsi de suite. 


The next paragraph deals with an illustrative example. The 
twelve equations— 


Aa+A’a' + A’a” =0 
Ab + A’b’ + A"b" =0 
Ac+A’¢ +A”c" +Ba+B'a’ + Ba” =0 
+Bd+B' +B)” =0 
+Be+ Bc’ + Bc” =0 

+ Bd + Bid’ + B’d"” + Ca + Ca’ + C"a"” = 
+Cb4+C8' + Cb" =0 


+Ceo+C'c' +C'c" = 
+ Cd+C'd'+ Cd" +Da+D'a'+D"a" =0 
+ Db + Dt’ + Db" =0 
+De+D'e' + Dc’ =0 
Ad + A’d'+ A’d" + Da+D'a’+D"ae"=0 
are given, and what is required is the result of the elimination 
(équation de condition) of the twelve quantities—A, A’, A”, 
B, BBY, G,-C, 6%, DayeD. V Eis is found (the a’s in the last - 
equation being misprints for d’s) to be— 
(ab'c”).[(be'd” 3 — (ab’e’)(ab’d’”)] =0. 

The two paragraphs quoted (§§ 264, 265) show that Bézout 
could obtain with considerably increased ease and certitude any 
one of Laplace's expansions of numerator and denominator. 
What it accomplished in the illustrative example is virtually, in 
modern symbolism, the reduction of 


ON Ch Gt". 
b b’ lay? 
¢ 6 7G ea 
0 oO 
C to (old : 
dod Wad ee 
; b b’ b” 
C (oe Ce’ : 
df 1d eae 
b b U% 
CG ro Co 


d dl’ a’ : ‘ y ‘ : d ad’ dq” 
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tothe form | ab’e”|.| bed’ 8 — | ab’e” 5. | ab’d’” |, 
Although this can be done nowadays with ease by means of 


Laplace’s expansion-theorem in its modern garb, it may be safely 
affirmed that Laplace himself, using his own process, would 


not have succeeded in making the reduction. Considerable 


importance thus attaches from more than one point of view to 
_ Bézout’s curious “rule.” 
The only other section with which we are concerned bears the 
heading 


Méthode pour trouver des fonctions d'un nombre quelconque 
de quantités, qui soient zéro par elles-mémes. 


In the second paragraph of the section the principle is explained 
as follows :— 


“(216) Concevons un nombre 2 d’équations du premier degré renfer- 
mant un nombre x+1 d’inconnues, et sans aucun terme absolument 
connu. 

“Tmaginons que l’on augmente le nombre de ces équations de l’une 
dentr’elles; alors il est clair que ce que nous appellons la derniére 
ligne sera non seulement équation de condition nécessaire pour que 
ce nombre n+1 d’équations ait lieu; mais encore que cette équation 


' de condition aura lieu ; en sorte qu’elle sera une fonction des coéfficiens 


de ces équations, laquelle sera zéro par elle-méme. 
“Voila done un moyen trés-simple pour trouver un nombre n +1* 
de fonctions d’un nombre n+1 de quantités, lesquelles fonctions soient 


_ 2éro par elles-mémes.” 


For example, the pair of equations 


ax +by +cz =0 
sai eae 


is taken, the first equation is repeated, and for this set of three 


equations the éqguation de condition is found to be 
(ab’—a’b)e — (ac’—a’c)b + (be’—b’c)a = 0. 


“Or il est clair que la troisitme équation n’exprimant rien de 
différent de la premiére, cette derniére quantité doit étre zero par 
-elle-méme : donc si on a ces deux suites de quantités 


if Gea bene 
Gag gk 
on peut étre assuré qu’on aura toujours 
(ab’—a'b)e — (ac’-a'c)b + (be -—Uc)a = 0. 


* Should be n. 
M.D. D 
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“Ht si au lieu de joindre la premiére équation, c’efit été la seconde, 
nous aurions trouvé de méme 


(ab’ — a’'b)c! — (ac'—a'c)b’ + (be —b'c)a’ = 0.” 

Similarly in regard to the quantities 

OS tae Ve ae 
Oh, 0S. BER aes 
Oe Use Came 
the identity 
[(ab’—a’b)c” —(ac’ —a’c)b” + (be —b’c) ad 
—[(ab’—a’b)d” —(ad’ —a’'d)b” + (bd’ —b’'d) a’ Je 
+[(ac’ —a’c) d” —(ad’—a’d)c” +(ed’ —c'd)a’”]b 
—[(be’ —b’c)d” —(bd’ —b’d)c” +(ed’ —c'd)b” Ja = 0 
and two others are established, the general theorem of course 
being merely referred to as easily obtainable. 

Thus far there is in substance nothing new. What we have 
obtained is simply a different aspect of Vandermonde’s theorem, 
that when two indices of either set are alike the function 
vanishes, or, as we should now say, a determinant with two 
rows identical is equal to zero. Indeed the identities are used 
by Vandermonde in Bézout’s form when solving a set of simul- 
taneous equations. But what follows is important. 

By taking two of these identities 

(ab’—a’b)c —(ace’ —a’c)b +(be’—b’c)a =0 
(ab‘ — a/b) ¢ —(ac’—a’c)b’ + (be’ — b’c) a’ =0, 
multiplying both sides of the first by d’, both sides of the second 
by d, and subtracting, there is obtained in regard to the 
quantities ' 
eae (ioe CRE a 
O50, ts ae 
the identity 
(ab’—a’b)(ed’—c'd) — (ac’—a’c)(bd’ —b’'d) + (be —b’c\ad’—a'd) = 0, 


Similarly by taking the three next identities before obtained, 
which for shortness we may write in modern notation, 
| ab’c”|d — abd’ |e + |acd’|b — |be'd’”|a = 0, 
|ab’c” |d’ — | ab’d” é + |acd”|b’ — | be’d” | a’ = 0, 
| ab’c”’ | o= | ab’d” | e | acd’ | b” —_ | bed’ | Gu 0, 
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there is deduced in regard to the quantities 
, a,° “bi 6, d,; 
; a’, b’, ¢, ae e 
: ae Be a, 6 eo 
_ the identities 

| ab’c”’ |.| de’ | — | abd” |.| ce’ | + | acd” 
"| ab’e”|.|de” | — | abd’ |.| ce” | + |ac’d” 

lab’c’ |.|d’e”| — | ab’d’’ |. 


.|be’ | — |be'd’|.|ae’ | = 0, 
.|be” | — | bed” |.| ae” | = 0, 
ce”| + |ac'd”|.|b'e”| — |be'd” |.| ae’ | =-(), 
Finally these last three identities are taken, both sides of the 


first multiplied by /’, both sides of the second by —/’, both sides 


of the third by f and then by addition there is obtained in 
regard to the quantities 


et eT Meany: Saeeer y 
a. b’, ¢, Oe. é, fe 
a. b”, &, ad Ze”, 5 it 
the identity A 
|ab’e”|.| de'f”| — |ab’d”|.| ce’f’| + | ac'd"|.|be’f”| — |be'd”|.| ae’f"| = 0. 
The subject of what may appropriately be called vanishing 


aggregates of determinant-products is not pursued farther, the 
concluding paragraph being 


: 


(223) En voila assez pour faire connoitre la route qu’on doit tenir, 
pour trouver ces sortes de théorémes. On voit qu’il y a une infinité 
d’autres combinaisons & faire, et qui donneront chacune de nouvelles 
fonctions, qui seront zéro par elles-mémes : mais cela est facile 4 trouver 
actuellement.” * 


* It is very curious to observe, in passing, that although Bézout does not obtain 
all his vanishing aggregates directly by means of the principle which he so 
carefully states at the commencement, nevertheless every one of them can be 

so obtained. He does not extend the principle beyond the case where only one of 
the original equations is repeated. If, however, we take the equations 
ax +by +cz +dw =0, 
a’x+b'y+c'2+d'w=0, 
repeat both of them so as to have a set of four, and then proceed by the méthode 
pour abréger to find the équation de condition, we obtain 
|ab’|.| ed’| — |ac’|.|bd’| + |ad’|.|be’] + | be’|.|ad’| — | bd’|.| ac’| + | cd’|.|ab’| = 0, 
te. 2{|ab’|.|cd’| — |ac’|.|bd’| + |ad’|.|be’|} = 0. 
This is the identity near the foot of p. 51, and others are readily seen to be 
obtainable in the same way. 
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Our second list of Bézout’s contributions thus is :— 

(1) An unexplained artificial process for finding the numerators 
and denominators of fractions which express the values of the 
unknowns in a set of linear equations, or for finding the resultant 
of the elimination of ” quantities from n+ 1 linear equations,— 
a process especially useful when the coefficients have particular 
values. (1.3 + IL 4 + Iv. 2) 

(2) An improved mode of finding Laplace’s expansions, especi- 
ally (but not exclusively) useful when the coefficients have 
particular values. (XIv. 3) 

(3) A proof of Vandermonde’s theorem regarding the effect of 
the equality of two indices belonging to the same set. (XII. 3) 

(4) A series of identities regarding vanishing aggregates of 
products. (xx1ir 2} 


CHAPTER IIL 


DETERMINANTS IN GENERAL, FROM THE YEAR 1784 TO 1812. 


THE writers of this period are eight in number, viz., Hindenburg, 
Rothe, Gauss, Monge, Hirsch, Binet, Prasse, Wronski. Of these 
the first two and Prasse, belonging as they did to the so-called 
Combinatorial School, were not independent of one another; 
Hirsch was a mere expositor; and the others were authors who 
had not specially studied the subject, but who had attained 
results in it in the course of other investigations. 


HINDENBURG, C. F. (1784). 


[Specimen analyticwm de lineis curvis secundi ordinis, in 
delucidationem Analyseos Finitorum Kaestneriane, 
Auctore Christiano Friderico Riidigero. Cum praefatione 
Caroli Friderici Hindenburgii, professoris Lipsiensis. 
(pp. xiv-xlviii.) xlviii+74 pp. Lipsia.] 

One of the problems dealt with by Riidiger being the finding 
of the equation of the conic passing through five given points 
(“coeficientiwm determinatio Traiectoriae secwndi ordinis per 
data quinque puncta”), Hindenburg, in his preface, takes occa- 
sion to show how the generalised problem for 4n(n+3) points 
has been treated, pointing out that it is, of course, immediately 
dependent on the solution of a set of simultaneous linear 
equations. He directs attention to the labours of Cramer and 
Bezout, specially lauding the method of the latter given in the 
treatise of 1779. Then he says—“ Hacc de Opere Bezoldino in 
universam, quod plurimis adhue Lectoribus nostris ynotum 
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erit, dicta sufficiant. Nunc Regulam ipsam proponam.” ... . 
The seventeen pages which follow, contain a tolerably close 
Latin translation of the Régle générale pour calculer...., 


and the Méthode pour trouver... ., pp. 172-187, §§ 198-223, 
which have been expounded above. Oramer’s rule is next 
given, the second mode of putting it being in words, and the 
first as follows :— 
“Sint plures Incognite z y, x, w, &c. totidemque Aequationes 

simplices indeterminate 

Al=Zlz+ Yly+ Xle+ W1w + &c. 

A?=Z?2+ Y%y + X2n+ W2w 4+ &e. 

A’ = Z8z + Y3y + X°x+ Ww + &c. 

At = Z4z + Y4y + X4z + W4w + &e. 

&. &. &. &. &. &e. 


Erit, . . . ., positis terminorum signis, ut praecipitur in fine Tabulee, 
Doe eo: AYO OW VA. 
Permut:(1;2,°3,.45°5, G27... 2 4) 
= 2 VIL. 3 
Permit (1,253.4, Gate pias z) ( ) 


Le Ne XV We oo ee 
The similar expressions for Y, &, W, v, U, t are given, and then 
the “regula signorum.” After an illustrative example, the 
question of the sequence of the signs is taken up. 


“Quod si itaque +sg(1, 2, 3,..., n) denotet signorum vicissitu- 
dines, quibus hic afficiuntur Permutationum a numeris 12S ee 
singule species, et —sg(1, 2, 3, -.. n) signa contraria vel opposita : 
appatet fore 

sg(1, 2) = +s9(1) — sg(1) 


sg(1, 2,3) =-+sg(1,2) -sg(1,2) +s9(1, 2) 
sg(1, 2, 3, 4)= +s9(1, 2, 3) — sg(1, 2, 3) +sg(1, 2, 3) —sg(1, 2, 3) 


unde, quia sg(1) est +, facile eruitur 
sg(1, 2) esse + — 
S91, S38) ag Seren 
sg (1, 2,8) 4) Ss SSS eae 


+p = ee 
and it is pointed out that the first sign is always +, and the 
last + or — according as the number 1+24+3+ ...4 @S) 
is even or odd. 


id 
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Bearing in mind that Hindenburg wrote his permutations in 


_a definite order, this remark regarding the sequence of signs 


entitles us to view him as the author of a combined rule of 
term-formation and rule of signs, which may be formulated as 
follows :— 

Write the permutations of 1, 2,3,...,n in ascending order 
of magnitude as if they were numbers; make the first sign +, 
the second —, the neat pair contrary in sign to the first pair, 
the third pair contrary in sign to the second pair, the neat sia 
(1.2.3) contrary in sign to the first sia, the third six contrary 
im sign to the second sia, the fourth six contrary in sign to the 
third six, the next twenty-four (1.2.3.4) contrary wm sign to 
the first twenty-four, and so on. (ar. 4 + m1. 5) 


ROTHE, H. A. (1800). 


{Ueber Permutationen, in Beziehung auf die Stellen ihrer 
Elemente. Anwendung der daraus abgeleiteten Sitze auf 
das Eliminationsproblem. Sammlung combinatorisch- 
analytischer Abhandlungen, herausg. v. C. F. Hindenburg, 
li. pp. 263-305. ] 

Rothe was a follower of Hindenburg, knew Hindenburg’s 
preface to Riidiger’s Specimen Analyticum, and was familiar 
with what had been done by Cramer and Bezout (see his words 
at p. 305). His memoir is very explicit and formal, proposition 
following definition, and corollary following proposition, in the 
most methodical manner. 

The idea which is made the basis of it, that of place-index 
(“Stellenexponent”), is an ill-advised and purposeless modifica- 
tion of Cramer’s idea of a “dérangement.” The definition is 
as follows:—In any permutation of the first integers, the 
place-index of any integer is got by counting the integer itself 
and all the elements after it which are less than it. For 
example, in the permutation 

6, 4; 3, 9,8, 10, 1, 7, 2,5 

of the first ten integers, the place-index of 9 is 6, and that of 

7 is 3, The counting of the integer itself makes the place- 

index always one more than the number of “dérangements” 
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connected with the integer. This necessitates the introduction 

of a corresponding modification of Cramer’s “rule of signs,” viz. 
“3. Willkiihrlicher Satz. Jede Permutation der Elemente il. 2, 3, 
. , 7, werde mit dem Zeichen + versehen, wenn entweder gar keine, 

oder eine gerade Menge gerader Zahlen, unter ihren Stellenexponenten 


vorkommt ; mit dem Zeichen — hingegen, wenn die Menge der geraden 
Zahlen, unter den Stellenexponenten ungerade ist.” (III. 6) 


It is difficult to suggest any justification for the changes here 
introduced. The author himself refers to none. Indeed, in the 
very next paragraph he points out that to ascertain whether 
there be an even number of even integers among the place- 
indices is the same as to diminish each of the place-indices by 1, 
and ascertain whether there be an even number of odd integers, 
that is, whether the sum of the odd integers be even. He then 
concludes— 

“Man kann also auch die Regel so ausdriicken: Jede Permutation 

bekommt das Zeichen + wenn die Summe der um 1 verminderten 
Stellenexponenten gerade, — hingegen, wenn sie ungerade ist.” 
This is simply Cramer’s rule, and it is the only rule of signs 
employed henceforward in the memoir, the expression “die 
Summe der um 1 verminderten Stellenexponenten,” occurring 
over and over again as a periphrasis for “the number of 
derangements.” 

The next four pages are occupied with a very lengthy but 
thorough investigation of the theorem that two permutations 
differ in sign if they be so related that either ts got from the 
other by the interchange of two of the elements of the latter. 
Strictly speaking, however, the proposition proved is something 
more definite than this, viz.— 

If in a permutation of the integers 1.2,...4r there be 
d integers intermediate in place and value between any two, 
A and B, of the integers, the interchanging of the said two 
would inerease or diminish the number of inversions of order 
by 2d+1. (a1. 7) 

The proof consists in finding the sum of the place-indices for 
the given permutation in terms of d as just defined, ¢ the number 
of elements less than both A and B and situated between them, 
f the number of such elements situated to the right of B, and 


Va 
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_ e the number of elements between A and B in value and situated 

_to the right of B; then finding in like manner the sum of 
the place-indices for the new permutation; and finally comparing 
the two sums. The concluding sentence is as follows :— 


~ “Denn da...., so ist die Summe der Stellenexponenten der 
zweyten Permutation um d+e+1—e+d oder um 2d+1 grésser als 
bey der ersten Permutation; folglich gilt das auch bey der Summe 

_der um 1 verminderten Stellenexponenten, da bey beyden Permu- 
tationen 7 einerley ist. Also ist die eine Summe gerade, die andere 
ungerade, folglich haben nach (4) beyde Permutationen verschiedene 
Zeichen.” 


As immediate deductions from this, it is pointed out that 
The sign of any one permutation may be determined when 
the sign of any other is known, by counting the number of 
interchanges necessary to transform the one permutation into 
the other ; (111. 8) 
and that 
If one element of a permutation be made to take wp a new 
place, by being, as it were, passed over m other elements, the sign 
of the new permutation is the same as, or different from, that of 
_ the original according as m is even or odd. (111. 9) 
A third corollary is given, but it is, strictly speaking, a 
self-evident corollary to the second corollary, and is quite 
unimportant. 
Rothe’s next theorem is— 
The permutations of 1, 2, 3,...., n being arranged after the 
manner in which numbers are arranged in ascending order of 
magnitude, any two consecutive permutations will have the same 
sign, if the first place in which they differ be the (4n+3)" or 
(4n+4)" from the end, and will be of opposite sign if the said 
place be the (4n+1) or (4n+2)™ from the end. (111. 10) 
Thus if the permutations of 1, 2, 3,...., 10 be taken, and 
arranged as specified, two which will occur consecutively are 
8, 4, 9, 3, 10, 7, 6,5, 2, 1 
§ 4,075, 1, 2,3, 6,7, 10; 
and as the first place in which these differ is the 7" from the 
end, it is affirmed that the signs preceding them must be alike, 
The mode of proving the theorem will be readily understood by 


58 HISTORY OF THE THEORY OF DETERMINANTS 


seeing it applied to this illustrative example. Taking the 
permutation 
8, 4, 9. 5) dOnt 6.02. ode 
and interchanging 3 and 5 we have the permutation 
8,49, 5; 10-76. ele 
and thence by cyclical changes the permutation 
$,4,9; 5,12 oe lO, 
the number of alterations of sign thus being 
14+(54+4434+241) 
ie. 1+4(5x6), 
—an even number. 

Annexed to the theorem is the following corollary, which is 
not essentially different from Hindenburg’s proposition regarding 
the sequence of signs,— 

If the permutations of 1, 2, 3,..., n—1 be arranged after 
the manner im which numbers are arranged in ascending order 
of magnitude, and also in like manner the permutations of 
1, 233) 2s e cn then those permutations of the latter 
arranged set which begin with r, say, have in order the same 
signs as the permutations of the former arranged set, or different 
signs, according as r is odd or even. (itis) 

For example, arranging the permutations of 1, 2, 3, each with 
its proper sign in front, we have 

- 1, 2,3 

—1, 3,2 

—2,1,3 

+2, 3-1 (A) 

+3, 152 

—3, 2,1; 
then arranging those permutations of 1, 2, 3, 4 which begin with 
3 say, each with its proper sign, we have 

S104 

—3,1 


v 


aL 
= oy 
43,944 _ 
ses ehaes 

Deli 


—3 


a 
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and the two series of signs are seen to be identical, 3 being an 


odd number. Viewing this quite independently of the theorem 


¥ 


to which it is annexed, it is evident that a change of sign at any 


_ point in the series (A) implies a change at the corresponding 


point in the other series, and consequently attention need only 


be paid to the first sign of (B) as compared with the first sign 
of (A). Now the first sign of (A) must necessarily be always 


_ plus, there being no inversions; and the first sign of (B) depends 


on the changes necessary for the transformation of the natural 


_ order 1, 2, 3, 4, into 3,1, 2,4. The truth of the corollary is 


thus apparent. 

A second corollary is given, but it is of still less consequence, 
the difference between it and the first being that in the arranged 
set (B) the place whose occupant remains unchanged may be 
any one of the n places. (111. 12) 

The next few paragraphs concern the subject of “conjugate 
permutations” (verwandte Permutationen),—apparently a fresh 
conception. The definition is— 

Two permutations of the numbers 1, 2,3,..., n are called 
CONJUGATE when each number and the number of the place which 
at occupies in the one permutation are interchanged in the case 


of the other permutation, (XXIV.) 
For example, the permutations 
3, 8, 5, 10, 9, 4, 6,1, 7, 2 (A) 
S10, 1, 6,3, 7, 92a (B) 


are conjugate, because 3 is in the 1* place of (A) and 1 is in the 
3” place of (B), 8 is in the 2"! place of (A), and 2 is in the 8" 
place of B, and so on in every case. 

The first theorem obtained is— 

Conjugate permutations have the same sign. (111. 13) 

This is proved in a curious and interesting way, a special 
conjugate pair being considered, viz., the pair just given as an 


example. To commence with, a square divided into 10x10 


equal squares is drawn, the vertical rows of small squares being 
numbered 1, 2, 3, &c. from left to right, and the horizontal rows 
1, 2, 3, &e. from the top downwards. The permutation 


oa oulU, 9, 46,1, 7,02 
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is then represented by putting a dot in each of the horizontal 
rows, in the first under 3, in the second under 8, and so on; so 
that if the rows be taken in order, and the number above each 
dot read, the given permutation is obtained. For the represen- 
tation of the conjugate permutation nothing further is necessary : 
we obtain it at once if we only turn the paper round clockwise 
until the vertical rows are horizontal, and read off in order the 
numbers above the dots. In the next place the number of 
“dérangements” belonging to the permutation 3, 8, 5,....is 
indicated by inserting a cross in every small square which is 
to the left of one dot and above another; thus the two crosses 
in the first horizontal row corre- 


spond to the two “dérangements ” L234 5.67 Boa 

32, 31; the six crossesin thesecond 1|x|x = a 

horizontal row to the six “dérange-  ?|*|X|_|x/*|x|x}- |_| 

ments” 85, 84, 86, 81, 87, 82; and ‘ aS Oe Cs 

so on. Then it is observed that if a Rac OF Kes ad BE es 
ge COR re KR 

we turn the paper and try to indi- 6ixteto he Clore 

xX | xX , 

cate the “dérangements” of the 7 | }}7}-}— alias 

conjugate permutation by inserting ae are ey 

a cross in every small square which 9) |x a tom 

is to the right of one dot and above 10) | Piva 


another, we obtain exactly the same 
crosses as before. The signs of the two permutations must thus 
be alike. 

Immediately following this, the 24 permutations of 1, 2, 3, 4 
are given in a column, each one having opposite it, in a parallel 
column, its conjugate permutation. The existence of self- 
conjugate permutations, eg., the permutation 3, 4, 1 2, is thus 
brought to notice, and the substance of the following theorem 
in regard to them is given :— 


If Un be the number of self-conjugate permutations of the first 
n integers, then 


Un = Un_st+(m~—-1)U,_. (XXV.) 
where U,=1 and U,=2. 


This, however, is the only one of his results which Rothe does 
not attempt to prove. 


yy 
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In the second part of the memoir, which contains the applica- 


2 tion of the theorems of the first part to the solution of a set 


of linear equations, there is not so much that is noteworthy. 
Methods previously known are followed, the new features being 


_ formality and rigour of demonstration. 


The coefficients of the equations being 


0 Bs 2 SN iS ee 8 
Agee lh wine Sy nt 
pl. r2, 3 a ane a 


it is noted, as Vandermonde had remarked, that the common 
denominator of the values of the unknown may be got in two 
ways, viz., by permuting either all the second integers of the 
couples, 11, 22, 33,...., 77, or all the first integers: but this is 
supplemented by a proof, that if any term be taken, e9., 

16. 24.33.47 .51, 68.79.82. 95 
with the cowples so arranged that the first integers are in 
ascending order, and the sign be determined from the number of 
inversions in the series of second integers, then the sign obtarned 
will be the same as would be got by arranging the couples so as 
to have the second integers in ascending order, and determining 
the sign from the inversions in the series of first integers. The 
proof rests entirely on the previous theorem, that conjugate 


permutations have the same sign; indeed the new proposition 


is little else than another form of this theorem. (111. 14) 

The desirability of an appropriate notation for the cofactor, 
which any one of the coefficients has in the common denominator, 
is recognised,* and the want supplied by prefixing { to the 
coefficient in question ; for example, the cofactor of 32 is denoted 


by £32. 

It is thus at once seen that the denominator itself is equal to 
In.f{ln + 2n.f2n+....+n.frn, 

or ml .fnl + n2.f{n2+....4+nr.inr. (vi. 2) 


Also by this means one of Bezout’s (or Vandermonde’s) general 
theorems becomes easily expressible in symbols, viz., 
In.flm + 2n.f2m+....+7n.frm = 0, (XID 4) 


* Lagrange’s use of a corresponding letter from a different alphabet must not be 


forgotten. 
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the proof of which is given as follows. In all the terms of f lm, 
every one of the integers except one occurs as the first integer 
of a couple, and every one of the integers except m occurs as the 
second integer of a couple: consequently, in every term of 
1n.f1m the first places of the couples are occupied by the 
integers from 1 to r inclusive, while in the second places m is 
still the only integer awanting and n occurs twice. Suppose 
then all the terms of 


In.f{lm + 2n.f2m+.... +rn.irm 


so written that the first integers of the couples are in ascending 
order of magnitude, and let us attend to a single term 


in which the two couples, having 1 for second integer, are the 
p® and gq. If we inquire from which of the expressions 
lu. Alm, 20:f2m, .. . . this term comes, we see that it is a 
term of both pn.fpm and qn.fqm, and must, therefore, occur 
twice. Further, we see that in pn.fqm it has the sign of the term 


secede UE as aah ce uel” QIU eee eee 


of the common denominator, and that in qn.fpm, it has the 
sign of the term 


Siew DUS TR SAB ae! eh Oe Den 


of the common denominator. But these two terms of the 
common denominator have different signs: consequently 


In.f{lm+ 2n.f2m+...., + rn.frm 


consists of pairs of equal terms with unlike signs, and thus 
vanishes identically. (XII 4) 
These preparations having been attended to, the set of r 
equations with r unknowns is solved by Laplace’s method; and 
a verification made after the manner of Vandermonde. It 
is also pointed out, that if the solution of a set of equations, 
say the four 
Ax, + dite + Cas-+ da, =s, 
CH, + fitg+ GX3+ ha,=s, 
ta, +ha,+ las+ ma, =8, 
NL TP Oy + pay + Qh, = 8,4 
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~ be x, = As, + Bs,+ Cs,+ Ds, 

; ®_= Es,+ Fs,+ Gs,+ Hs, 

x, = Is,+ Ks,+ Ls,+ Ms, 

| x,=Ns,+ Os,+ Ps,+ Qs,} , 
_ then the solution of the set 


WY + CYot+ Ys +NY =r, 
by + fYyat kyst oyp=rz 
CH +IY2 + Yet Pys=%s 
dy, +hy,+mys+qys=r4! 
which has the same coefficients differently disposed, will be 
y, = Av, + Ev, + Iv,+Nr, 
Y= Bu, + Fv, + Kv,+0v, 
Y3= Cv, + Gv, + Lv,+ Pr, 
y,= Dv,+Hv,+ Mr, + Qr,} ; (XXVL) 
and hence, that the solution of a set having the special form 
ax, + bx, + cx,+dx,=8, 
bax, + Cta+ fatz+ 9a, = 8, 
cat, + fr,+ha,+ Ww,=83 
Ax, + Ytg+ ist Jry=8, 
will itself take the form, viz. 
As, +Bs,+Cs,+Ds,=a, 
Bs, +Es,+Fs,+Gs,=a, 
Cs,+Fs,+Hs,+ Is,=a, 
Ds,+Gs,+I1s, +Js,=a,) . (XXvI. 2) 


GAUSS (1801). 


[Disquisitiones Arithmetice. Auctore D. Carolo Friderico 
Gauss. 167 pp. Lips. Werke, I. (1863) Gottingen. | 


The connection of Gauss with our theory was very similar to 
that of Lagrange, and doubtless was due to the fact that 
Lagrange had preceded him. The fifth chapter of his famous 
work, which is the only chapter we are concerned with, bears 
the title “De formis wequationibusque indeterminatis secundt 
gradus,” and its subject may be described in exactly the same 
words as Lagrange used in regard to his memoir Recherches 
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d’Arithméique (1773: see above), viz. “les nombres qui peuvent 
étre représentés par la formule B+ Ctu+ Du2.” 

Gauss writes his form of the second degree thus— 

axa + 2bay + cyy ; 
and for shortness speaks of it as the form (a, b, c). The 
function of the coefficients a, b, c, which was found by Lagrange 
to be of notable importance in the discussion of the form, Gauss 
calls the “determinant of the form,’ the exact words of his 
definition being 

‘“Numerum }b-ac, a cuius indole proprietates forme (a, 0, c) 
imprimis pendere in sequentibus docebimus, determinantem huius forme 
uocabimus.” (xv. 2) 
Here then we have the first use of the term which with an 
extended signification has in our day come to be so familiar. 
It must be carefully noted that the more general functions, to 
which the name came afterwards to be given, also repeatedly 
occur in the course of Gauss’ work, é.g., the function aéd— By in 
his statement of Lagrange’s theorem (XXII.) 

b’b'— ae’ =(bb—ac)(ad—Byy. « 
But such functions are not spoken of as belonging to the same 
category as bb—ac. In fact the new term introduced by Gauss 
was not “determinant” but “determinant of a form,” being thus 
perfectly identical in meaning and usage with the modern term 
“ discriminant.” 

Notwithstanding the title of the chapter Gauss did not confine 
himself to forms of two variables, A digression is made for the 
purpose of considering the ternary quadratic form (“formam 
ternariam secundi gradus”), 

cece + aoc" + ""00'"90"” 4+ Dae" ae” + 2b ara” + 2b’ ca’, 
or as he shortly denotes it 
OO ene 
Go we) 
In the matter of nomenclature the following paragraph of this 
digression is interesting,— 


“Ponendo bb —a'a” = A, OU =a en AS 00" Gal = A”, 
ab —b'6"=B, ab! - bh" = By 620" = 05) ae B 
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~ oritur alia forma 
: e A’ A F 
2 Bea B’) : 
— quam forme 
i a a a 
d 6 “ a4 eS 
_ adjunctam dicemus. Hine rursus inuenitur, (XXVII.) 


_ denotando breuitatis caussa numerum 
‘f abb + a’b'b' +.a"b'b" — aa'a” — 2bb'b" per D, 
BB-A'A”=aD, BB’-AA”=a'D, B’B’—AA’= a’D, 
AB-BB” =bD, A’B’-BB" =D, A”’B’-—BB' = b’D, 
unde patet, forme F adjunctam esse formam 


ie aD, sok 
bD, UD, b’D/. 
Numerum D, a cuius indole proprietates forme ternarie f imprimis 
pendent, determinantem huius forme uocabimus ; (Xv. 2) 


hoc modo determinans forme F sit=DD, sive equalis quadrato 
determinantis forme f, cui adjuncta est.” 
In this there is no advance so far as the theory of modern 
determinants is concerned, the identities given being those 
numbered (xx) and (xxi) under Lagrange. On the same page, 
_ however, an extension is given of Lagrange’s theorem (xxii), 
regarding the determinant of the new form obtained by effecting 
a linear substitution on a given form. Gauss’ words in regard 
to this are— 
“Si forma aliqua ternaria f determinantis D, cuius indeterminate 


sunt 2, 2’, x” (puta prima=z, &c.) in formam ternariam g determinantis 
E, cuius indeterminate sunt y, ¥’, y”, transmutatur per substitutionem 


— talem a = ay +Py +yy’, 
a = a’y + By’ i= yy"; 
a” —_ ay ve By’ ot yy" 


ubi nouem coefficientes o, 6, &c. omnes supponuntur esse numeri 
integri, breuitatis caussa neglectis indeterminatis simpliciter dicemus, 
f transire in g per substitutionem (S) 


ae soe 
/ ft / 
easy 
”r vy ” 
MN 


atque f aplicare ipsam g, siue sub f contentam esse. Ex tali itaque 
suppositione sponte sequuntur sex equationes pro sex coéfficientibus 
d M.D. E 


66 HISTORY OF THE THEORY OF DETERMINANTS 


in gy, quas apponere non erit necessarium: hine autem per calculum 
facilem sequentes conclusiones euoluuntur : 


“T. Designato breuitatis caussa numero 
apy” se By‘a” ane ya' Bp" ae ya" ve ay’ ae Ba'y” 
per & inuenitur post debitas reductiones 


B=teDy 5 > 6 is aos eee 


” 
. 


When freed from its connection with ternary quadratic forms 
the theorem in determinants here involved is 
TE ApS ay ay? + @ya4? + dg tg? + Wy Ay + 2D, a9 dy + QWyaga, , 
Ay = G89? + A,B? + A289? + 298) 8o + 201 8985+ 202898, , 
Ag = Ay Vo? + Gy V1" + Ago? + Wy V2+ Wye + Wsyor1» 
Bo = A Boo + Mr V1 + FoBeV2 + Op (Bye + Bor) +B, (Bova + Boo) + ba (Bos + ByYo)> 
By = Gy ¥q Aq + Ay V1 + Ay’Vq My + Do (Yr42+ Yo) +O (Vota + Voto) + Bo(-Y941 +712), 
By = Gg oBy + Oy 04 8y + Mg Qtaf8y + Dg (44 By + AB) + By (198 + 48) + By (ay8, + 2485), 
then > 
A,B,?+A,B,?+ A,B,?— A,A, A, — 2B,B,B, 
= (Abe +ab? +b? —aya,a, —2b,b,b,) 
x (apBy7> cE Boyids + 0,0, — YoPras— ays ax Borys)”. 
As thus viewed it is an instance of the multiplication-theorem, 
the product of three determinants (in the modern sense) being 
expressed as a single determinant. 


The multiplication-theorem is also not very distantly connected 
with the following other statement of Gauss :— 


“Si forma ternaria f formam ternariam /’ 
formam f”: implicabit etiam f ipsam /”. 
s1 transeat 


J implicat atque haec 
Facillime enim perspicietur, 


fin f’ per substitutionem J’ in f” per substitutionem 


a, B; Y 5, €, ¢ 
ae B, aif 8, é, ci 
ate. Bp. ay 8", ee, e 


f transmutatum iri per substitutionem 


a8 +88 +78", ac +Be tye", af +80 +0" 
ad ae ps’ ie Og ale aL pe ae en, a’ ¢+ Be at ye" 


ai b+ B'S + "8", we + Bel + ye", a+ BC so A ai (XVI. 3) 
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MONGE (1809). 


[Essai d’application de l’analyse a quelques parties de la géométrie 
élémentaire. Journ. del’ Ee. Polyt., viii. pp. 107-109.] 


Lagrange, as we have already seen, was led to certain identities 
_ regarding the expression 

aye” + yee" + 220'y" —a2'y"” — ya — zy’a” 
in the course of investigations on the subject of triangular 
pyramids. The position of Monge is that of Lagrange reversed. 
From the theory of equations he derives identities connecting 
such expressions, and translates them into geometrical theorems. 


The simpler of these identities, as being already chronicled, 
we pass over. At p. 107 he takes the three equations 


awt+betey+dz+te,=0 
au + bae+e,y +d,z+e,=0 
aju+be+c,y+d,z+e,=0, 


and eliminating every pair of the letters u, x, y, z, obtains the 


six equations 
Bu+ ax+ P=0 (1) 


ye+By+tQ=0 (2) 
éy+ yz+M=0 (3) 
az+ du+N=0 (4) 
yu-— ay+ S=0 (5) 


Bz— dx+R=0 (6) ; 
the ten letters . 
: a, 8, y, 6, M, N, P,Q, RS 


being used to stand for the lengthy expressions which we 
nowadays denote by 
| Dredg], |2%%5|, | A ybots|, | 4,b90s |, 
| @ybe05|5 | OyC2¢3 |» |Crdoes|, —| Ayes |, | 1225], | OyUyes |. 
Then, taking triads of these six equations, eg., the triads (1), (2), 
(5) he derives the identities 
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aQ+ 8S— yP=0 
6P+ aR—BN=0 
—yN+ 6S+aM=0 
—PM+ yR+ 6Q=0), 
or 
—|b, cod. laqls@,| + |a,Codl,|. |bydoeg| — |abod4| . |eydyes| = 0 
| 245203] . | Cydees| + | b,¢ods| . |40s€3| — |A4Cy,| . | b,c,¢4] = 0 (XXIII. 3) 
—|a,bad,| . | bycoes| + |a,bzcg| . [b,Aees| + |b e,d,| . |a,b,¢4| = 
—|a,¢d,|. |@,b,¢s| ++ la bye] . \yCn¢5| — | a45,¢5| . |a,2y¢5] = 0 
which in their turn, he says, by processes of elimination, may 
be the source of many others. For example, each of the four 
being linear and homogeneous in a, 8, y, 6, these letters may 
all be eliminated with the result 
RS+QN—PM=0, 
or 
| 4C5¢3 |.| Dydoes| — | dyAs¢5|.| D,Cy¢,| — | €,dees |. | 415,¢, | = 0. 
Also, eliminating P from the first and second, S from the first 
and third, Q from the first and fourth, and so on, we have 
—- ByN+6aQ+ BdS+ayR=0, 
aBM+-yéP—ByN — 6aQ=0, 
aBM—yéP+ BdS—ayR=0, 


&e. &e. 
2.€. 
—|a,¢d, |- | a:bads | . | by Cae | — | ayb5¢5 |. | b,Cods | . | aya1,¢z | =i 
+| a,¢,ds |. | 25.65 |. |b de, | 4 bcos | . | a,b,d,| . | Ay Cols | 
Xe. We. (XXVIII) 


Monge does not pursue the subject further. His method, 
however, is seen to be quite general; and we can readily believe 
that he possessed numerous other identities of the same kind. 
This is borne out by a statement in Binet’s important memoir of 
1812. Binet, who was familiar with what had been done by 
Vandermonde, Laplace, and Gauss, says (p. 286):—<M. Monge 
ma communiqué, depuis la lecture de ce mémoire, d’autres 
théorémes trés-remarquables sur ces résultantes; mais ils ne 
sont pas du genre de ceux que nous nous proposons de donner ici,” 
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HIRSCH (1809). 


' [Sammlung von Aufgaben aus der algebraischen Gleichungen, 
von Meier Hirsch (pp. 103-107). xvi+360 pp- Berlin] 


» The 4th Chapter Von der Elimination u. s. w., contains 
five pages on the subject of the solution of simultaneous linear 
equations. These embrace nothing more noteworthy than a 
5, statement, without proof, of Cramer’s rule, separated into three 
parts (iv., ili.2, v.), and carefully worded. 


BINET (May 1811). 


[Mémoire sur la théorie des axes conjugués et des momens 
dinertie des corps. Journ. de Ecole Polytechnique, ix. 
(pp. 41-67), pp. 45, 46.]* 


In this well-known memoir, in which the conception of the 
moment of inertia of a body with respect to a plune was 
first made known, there repeatedly occur expressions, which 
at the present day would appear in the notation of determinants, 
There is only one paragraph, however, containing anything new 
in regard to these functions. It stands as follows :— 


“Le moment d'inertie minimum pris par rapport au plan (C) a pour 
valeur Dk? = f? x 


ABC - AF2- BE? - CD?+2DEF 
g°(BC— F*) + />(AC — FE) + (AB — D®) + 2gh( BF — CD) + 2gi(DF - BE) + 2hi(DE— AF ) 


Si, dans le numérateur, 
ABC — AF? — BE? —- CD? + 2DEF 
on remplace A, B, C, &c. par =ma®, Xmy*, &e. que ces lettres 
représentent, on a 
Lma*=my?=Zmz22 — Zima? (Zmyz)? — Lmy? (Zmaz)? 
— Lmz (Zmay)? + 2inayZmxzZinyz, 


et l’on peut s’assurer que cette expression est identique a 


oe 


Smm'm' (ay'2" + yea" + 22'y" — aay” — ya 2 — zyx be 


* An abstract of this is given in the Nowy. Bull. des Sciences par la Société 
Philomatique, ii. pp. 312-316. 
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par une transformation analogue, on peut ramener la quantité 
g?(BC-F*) +h? (AC- EH?) +7 (AB - D?) 
+ 2gh(EF — CD) + 29i(DF — BE) + 244(DE- AF), 
a celle-ci he 
mun’ [g(y2' — zy’) + h(zx' — wz’) + 1 (ay! — ya’) |. 
Now the numerator referred to would at the present day 
be written 


yg 3 aes Ly 
De Bee 
Ee 
and since Sma*, &c. stand for Me +M, 07 +My07+ ..., &., 
the first identity may be put in the form 
Ma? + Mey? +My +... MLYTM RY, + MylYo+. . MLZ+MzXyzy+ Mylexgt. . | 
MY FM XY, + MgXoYot. . mY? +IyY? + Myo? +... MYZ+ MY {A+ MYxyt. . 
MZ +My Hy Pb MyWyeqt. . MYS+ MY 2% +MYxg +. . Mz* +My? + Mz? +. . 
2 2 
A eae CL a 
= MMMe/Y Yr Yol Hmmms|yY Y, Ys) +... (XVII 2) 
i ES Nga See 
where @, Y,... are for convenience written instead of 2’, 
y", ++. It will been seen that this is an important extension 


of a theorem of Lagrange, the latter theorem being the very 
special case of the present obtained by putting m= Ni, 
and m,=m,=...=0,—a fact which is brought still more 
clearly into evidence if, instead of the left-hand member of the 
identity, we write the modern contraction for it, viz. 


ME My, Moly Mey 


MY MY, MeY_ MsYs 
MZ MZ, MeZy MsZ, 


X 1Y YW Yo Ys 


2B Pe ee 


tf a. 1a, 7 


Again the denominator 
g(BC—F?) +22 AC— KH?) +7 (AB—D?) 
+ 2gh( EF — CD) +2yi(DF— BE)+2hi(DE— AF) 


being in modern notation 


ede 
Cs ae sees 
hk DB FE 
4 EP 
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the second identity may be written 


OE h a 
9 ma +ma? +... maeytmay, +... mazt+myayz,+... 
h meytmayy,t... my? +my2 +... MYZ+MY, 2, +... 
Bt maz+mrye,+... myz+my a+... mer+mz? +... 
|g @ x, g & 2)? G % W, 
Z=mm|h y yx) +mm,|h y ysl +mym,|h y, yo| +.. (XXIX.) 
d 2-2, 4 @ By % 7R,0'e,, 


This is also an important theorem, and is not so much an 
extension of previous work as a breaking of fresh ground. 


BINET (November 1811). 


{Sur quelques formules d’algébre, et sur leur application A des 
expressions qui ont rapport aux axes conjugués des corps. 
Nouv. Bull. des Sciences par la Société Philomatique, ii. 
pp. 389-392. ] 

In this paper Binet returns to the consideration of the first of 
the two identities which have just been referred to, writing it 
now in the form 


Oe 


Lay's" — as y+ yea" — ya's" + 20'y” — 2a" P 
= Lar Dy*dX2? — Da? (Lyz)? — Dy? (Laz)? — De?( Lay)? + 2aylazdyz. 
He puts it in the same category as the identity 
3(y’2—zy' P= Dy'De?—(Byz), 
_ which he speaks of as being then known. Further, he says 


“Ces deux formules sont du méme genre que la suivante 


a ely — allyl" toc 2y! acu! yl el ¢yz a! — ye ll y'all — ye L 
Sap tthy PIE PLP Fa th arnaltt 


SS way" — uae! yl" pay’ uy play!" aly!” 4 acy'wal" — parte | a 
‘ ye al ys we ty ae a ay!” ¢ aly — cay pay ae ay We 
= Du? LaDy? Dz? — Du2Za? (Lyz)? — DuP Dy? (Zaz)? — Du? Zz? (ay)? 
— Da?Dy?( Luz)? - La?Ze? (Duy)? — Ly? Za? (Lux)? 
+ 22u?ZayLazyz + 22a DuyLuzLyz + 2y?ZuxLuzLaz 
+ 232? SuaLuyZay + (Lua)? (Dyz)? + (Luy)? (Zaz)? + (Luz)? (Lay)? 
— 2QDua2ayDyzZzu — WuyLyeLeaLou — 2uyZyeZazZzu,” 
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—a result which in modern notation would take the form 


U Ui “Uy Us P w-U, Us - UP 

k By Wy vy: zs e By “by “Gey, eee 
YW Ya Ys BP. Ys Uy 

Ah, Big % | ae ee Pe 


Wu? +.. uatua,t.. UYAUY+.. uztuyz,t.. 

UBF Ue, +. +a ob. ey toy,+.. w2+aze,4+.. 

UYTUY+.. CYA DY+.. yt Yr +.. yetye,t+.. 

USE Ue +. U+HAz+.. yetyyyt.. P42? 4+.. 
It is thus clear that, in November 1811, Binet was well on’ 
the way towards a great generalisation. He even says that the 
three identities may be looked upon 


(XVII. 3) 


“comme les trois premitres d’une suite de formules construites 
d’aprés une méme loi facile A saisir.” 
He merely indicates, however, the mode of proof he would adopt 
for the results obtained, and refers to possible applications of 
them in investigations regarding the Method of Least Squares 
(Laplace, Connaissance des Tems, 1813) and the Centre of 
Gravity (Lagrange, Mém. de Berlin, 1783). The mode of proof 
need not be given here, as it turns up again in the far more 
important memoir in which the theorem in all its generality 
falls to be considered. 


PRASSE (1811). 


[Commentationes Mathematicx. Auctore Mauricio de Prasse. 
120 pp. Lips., 1804, 1812. (Pp. 89-102; Commentatio vii*: 
Demonstratio eliminationis Crameriane.)] 


Of previous writings the one which Prasse’s most resembles 
is Rothe’s. There is less of it, and it shows less freshness; but 
there is the same stiff formality of arrangement, and the same 
effort at rigour of demonstration, 


“Separate copies of the Demonstratio climinationis Orameriane are also to 
be found, bearing the invitation title-page : 

Ad memoriam K regelio-Sternbachianam in auditorio philosophorum die xviii 
Julii Mpcccxt. h. ix celebrandam invitant ordinum Academie Inps. Decani 
Senrores cceternque adsessores... . Demonstratio eliminationis Crameriane. 

It is these copies which fix the date. See Nature, xxvii. pp. 246, 247. 


‘l 
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The definition of a permutation (variatio) being given, the. 
first problem (which, however, is called a theorem) is propounded, 


~ viz., to tabulate the permutations of a, B,y,6,... (“Variationum 


ex elementis a, B, y, -.. constructarum et in Classes com- 
binatorias digestarum Tabulam parare”). The result is 


a 8 Y 5} 
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The first row of the permutations involving two letters is 
got by taking the first letter of the previous row and annexing 
each of the others to it in succession and in the order of 
their occurrence ; the second row is got in like manner from the 
second letter; and soon. Similarly the first row of permutations 
involving three letters is got from a8 the first obtained 
permutation of two letters, the second row from ay the next 
obtained permutation of two letters, and so on.* 

The second problem (and on this occasion actually so 
designated) is somewhat quaint in its indefiniteness, viz., to 
prefix to each permutation the sign + or the sign —, so that 
the sum of all the permutations involving the same number of 
letters (>1) may vanish (“Singulis Variationibus, omissis 
repetitionibus, signa + et — ita praefigere, ut summa secunde 
et cujuslibet classis insequentis evanescat”’). There is no 
indefiniteness or multiplicity about the solution, which in 
substance is:—Make the permutations in every row of the 
preceding table alternately + and —, the first sign of all 
being +, and the first permutation of every other row having 
the same sign as the permutation from which it was derived. 
In this way the table becomes 


ta, —£, ie Ys - 5} 
+aB, -—ay, +a6 
- Ba, +By, -B8 
+ya, —yB, +75 
—da, +68, —dy 


+ aBy, Se a6 
—ayB, +ayé 
+adB, —ady 
— Bay, + Bad 
ate Bya, - By6 
-— Boa, +Bdy 
+yaB, —yad 
= Ba, = yB6 
+yda, — dB 
— a8, + day 
+080, — oBy 
~ dya, +dyB 


ne 


* It will be seen that the order in which the permutations come to hand in this 
Process of tabulation is the order in which they would be arranged according 
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+aByd 
— apdy 
— ayBo 
+aydB 
+ adBy 
— adyB 
— Bays 
+ Bady 
+ Byad 
— Byda 
~ Bday 
+ Boya 


+aBe 
— yad8 


—yBad 
+vBoa 
+7daB 
— yépa 


— daBry 
+ dayB 
+ 6Bay 
— 6Bya 
— dyaB 
+ dyBa 


A proof by the method of mathematical induction (so-called) is 
given that with these signs the sum of all the permutations 
of any group vanishes. 

Up to this point the essence of what has been furnished is a 
combined rule of term-formation and rule of signs. (II. 5+ 111 15) 
In connection with it Bezout’s rule of the year 1764 may be 
recalled. 

The third problem is to determine the sign of any single 
permutation from consideration of the permutation itself. The 
solution is:—Under each letter of the given permutation put 
all the letters which precede it in the natural arrangement and 
which are not found to precede it in the given permutation ; 
and make the sum + or — according as the total number of 
such letters is even or odd. 


to magnitude if each permutation were viewed as a number of which a, f, y, 6 
were the digits, a being <B<y<6 (‘‘ordo lexicographicus,” “‘lexicographische 
Anordnung ” of Hindenburg). 
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“Exemp. Date complexiones sint he : 
eyo, — daey, eOya,  dfey. 
Literze secundum I subjiciantur 


AaaaQa a. BB aaa, aang 
BBB By PBB Bp. 
uy vs YY Y 
6 6 
quarum numeri sunt 
9 6 9 7 
qui complexionibus datis preefigi jubent signa 
= =f = eee 


The proof that this rule of signs, which is manifestly nothing 
else than Cramer’s, leads to the same results as the previous 
rule, is quite easily understood if a particular permutation be 
first considered. For example, let the sign of the particular 
permutation d6ay be wanted. Following the first rule, we 
should require to note four different members, viz., 


(1) the no. of the column in which dBay occurs in the 4th group, 


(2) ~ " 68a P Std. 
(3) ” » 68 »” 2nd oe) 
(4) ”? ”? 6 » 1 st ” 


The first of these numbers being 1, we should infer that in fixing 
the sign of dGay in the fourth group there had been no change 
from the sign of 68a in the third group; the second number 
being also 1, we should make a like inference ; the third number 
being 2, we should infer that in fixing the sign of §@8 in the 
second group there had been 1 change from the sign of 6 in the 
first group; and finally, the fourth number being 4, we should 
infer that in fixing the sign of 6 in the first group there had 
been 3 changes from the sign of a in that group. The total 
number of changes from the sign of a in the first group being 
thus 8+1+0+0, de. 4, the sign would be made +. Now the 3 
in this aggregate is simply the number of letters in the first 
group which precede 6, the 1 is simply the number of letters 
taken along with 6 before @ comes to be taken along with it 
to form 48 in the second group, and the two zeros correspond. 
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_ to the fact that 68a on the third group and éGay on the fourth 
group have no permutation standing to the lett of them. Conse- 
quently to count the number of changes (8+1+0+0) from the 
_ sign of a in accordance with the first rule is the same as to count 
_ the number of letters placed under the given permutation, thus, 


dBay 
Gi. 
B 
tf 


in accordance with the second rule. 

Another point of resemblance between Rothe and Prasse 
is thus made manifest, viz., that they both refused to accept 
Cramer’s rule of signs as fundamental, preferring to base their 
work on a rule equally arbitrary, and then to deduce Cramer's 
from it. 

In case it may have escaped the reader, attention may likewise 
be drawn to the fact that Prasse prefixes a sign not only to 
permutations involving all the letters dealt with, but also to 
any permutation whatever involving a less number; so that in 
reckoning the sign of ad@, say, the full number of letters from 
which a, 6, 8 are chosen must be known. 

A theorem like Hindenburg’s is next given, viz., If the permuta- 
tions of any group be separated into sub-groups (1) those which 
begin with a, (2) those which begin with B, and so on, then the 
series of signs of the 3rd, 5th, and other odd sub-groups is 
identical with the series of signs of the 1st sub-group, and the 
signs of any one of the even sub-groups is got by changing each 
sign of the first sub-group into the opposite sign. (111. 16) 
It is more extensive than Hindenburg’s in that it is true of 
permutations which involve less than all the letters, provided 
such permutations have had their signs fixed in accordance with 
Prasse’s rule. The proof depends, of course, on the first rule 
of signs, and consists in showing that if the theorem be true 
for any group it must, by the said rule, be true for the next 
group. It will be remembered that Hindenburg gave no proof. 

Following this is Rothe’s theorem regarding the interchange 
of two elements of a permutation, or rather an extension of the 


78 HISTORY OF THE THEORY OF DETERMINANTS 


theorem to signed permutations involving less than the whole 
number of letters. The proof is as lengthy as Rothe’s, even more 
unnecessary letters than Rothe’s ¢, f, e being introduced. (111. 17) 

The last theorem is Vandermonde’s (x1I.); and this is followed 
by two pages of application to the solution of simultaneous linear 
equations. 

No reference is made by Prasse to Hindenburg, Rothe, or 
Vandermonde. 


WRONSKI (1812). 


[Réfutation de la Théorie des Fonctions Analytiques de Lagrange. 
Par Hoené Wronski. (pp. 14, 15,..., 182,133.) 136 pp. Paris.] 


In 1810 Wronski presented to the Institute of France a memoir 
on the so-called Technie de lV Algorithmie, which with his usual 
sanguine enthusiasm he viewed as the essential part of a new 
branch of Mathematics. It contained a very general theorem, now 
known as “ Wronski’s theorem,” for the expansion of functions, — 
a theorem requiring for its expression the use of a notation for 
what Wronski styled combinatory sums. The memoir consisted 
merely of a statement of results, and probably on this account, 
although favourably reported on by Lagrange and Lacroix, was 
not printed. The subject of it, however, turns up repeatedly in 
the Réfutation printed two years later; and from the indications 
there given we can so far form an idea of the grasp which 
Wronski had of the theory of the said swms. 

At page 14 the following passage occurs :— 

“Soient X,, Xj, X,, &c. plusieurs fonctions d’une quantité variable. 


Nommons somme combinatoire, et désignons par la lettre hébraique sin, 
de la maniére que voici 


pa) ae eGR AD Cera A’X,], (Xv. 3) (vir. 4) 
la somme des produits des différences de ces fonctions, composés de la 
maniére suivante: Formez, avec les exposans G0, 0, os a 5 Des 


différences dont il est question, toutes les permutations possibles ; 
donnez ces exposans, dans chaque ordre de leurs permutations, aux 
différences consécutives qui composent le produit 

AX, .AX,. AX, ... AX,: 


donnez de plus, aux produits séparés, formés de cette maniére, le signe 
positif lorsque le nombre de variations des exposans a, b, ¢, etc., 
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 considérés dans leur ordre alphabétique, est nul ou pair, et le signe 

' négatif lorsque ce nombre de variations est impair; enfin, prenez la 

~ somme de tous ces produits séparés.—Vous aurez ainsi, par exemple, 
w[A'X,] = AX, 

w[A°X, . A°K,] = A*X, . A’X, - AK A Kas 


The new name, combinatory swum, and the new notation, did not 
_ originate in ignorance of the work of previous investigators, for 
memoirs of Vandermonde and Laplace are referred to. The only 
fresh and real point of interest lies in the fact that the first 
index of every pair of indices is not attached to the same letter 
as the second index, but belongs to an operational symbol 
preceding this letter, and is used for the purpose of denoting 
repetition of the operation. This and the allied fact that the 
elements are not all independent of each other, A'X, and A’X,, 
for example, being connected by the equation 


A®X, = A(A'X,), 
indicate that Wronski’s combinatory sums form a special class 
with properties peculiar to themselves. 


CHAPTER IV. 


DETERMINANTS IN GENERAL IN THE YEAR 1812. 


HERE we have the record of only one year and of only two 
authors to deal with; but the authors, Binet and Cauchy, are 
of supreme importance, and the product of the year probably 
exceeded that of all the years that had gone before. 


BINET (November 1812). 


[Mémoire sur un syst®éme de formules analytiques, et leur 
application & des considérations géométriques. Journ. 
de V Ec. Polyt., ix. cah. 16, pp. 280-302, . . .] 


It would seem as if the above-noted frequent recurrence of 
functions of the same kind had led Binet to a special study of 
them. In the memoir we have now come to, his standpoint 
towards them is changed. They are viewed as functions having 
a history: for information regarding them, the writings of 
Vandermonde, Laplace, Lagrange, and Gauss are referred to: 
they are spoken of by Laplace’s name for them, résultantes a 
deux lettres, & trois lettres, a quatre lettres, &e.; and the first 
twenty-three pages of the memoir are devoted expressly to 
establishing new theorems regarding them. 

Of these the fundamental, and by far the most notable, is the 


afterwards well-known multiplication-theorem. Tt is enunciated 
at the outset as follows: 


“‘Lorsqu’on a deux systémes de n lettres chacun, et nous supposerons 
chaque systéme écrit avec une seule lettre portant divers accens, qui 
serviront a ranger dans le méme ordre les deux systémes ; on peut 


former avec ces lettres un nombre i : de résultantes 4 deux lettres, 


xf) 


» 
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en ne prenant dans le second terme de chacune que des lettres portant 
les mémes accens que celles du premier. Si, avec deux autres systémes 
de lettres, on forme encore des résultantes & deux lettres, et qu’on les 
multiplie chacune par sa correspondante obtenue des deux premiers 
systémes, c’est-’-dire, par celle dont les lettres portent les mémes 


_accens; la somme des produits de toutes ces résultantes correspon- 
- dantes sera elle-méme 


une résultante & deux lettres, dont les termes ou 
lettres seront des sommes de produits des élémens des deux systémes 


portant les mémes accens. Avec deux groupes de trois systémes de n 
_ lettres chacun, on peut former semblablement deux séries de résultantes 
4 trois lettres; faisant ensuite la somme des produits de celles qui se 


correspondent par les accens de leurs lettres, on aura encore une 
résultante a trois lettres. Pareille chose ayant lieu pour des résultantes 
4 quatre lettres, &c., on peut conclure ce théoreme: Le produit d’un 
nombre quelconque de sommes de produits * de deux résultantes corre- 
spondantes de méme ordre, est encore une résultante de cet ordre.” 

(XVII. 4+XvilIr. 4) 
The mode of proof adopted is lengthy, laborious, and not very 
satisfactory, except as affording a verification of the theorem for 
the cases of “résultantes” of low orders. It rests too on certain 
identities, the demonstration of which is open to similar criticism. 
All that Binet says regarding these absolutely essential identities 
is (p. 284)— 


“Je représenterai par a la somme a’ +a” +a'" + &c., des quantités 
wv, a’, a”, &e.; par Lab la somme des produits ab+a'b'+a"b" + &e., 
dans chacun desquels les lettres a et b ont le méme accent; par Zab’ 


Fatt 


Ja somme a’b" + b'a" +.0'b'" + &e., 14 tous les produits d’un des a par un 


des 0, portent un accent différent de celui dea; par Yab'c’ la somme 


ab'c" + bic'a"” +ca"b” + &e., et ainsi de suite. Cela posé, on vérifie 
aisément les formules suivantes : 
Lab’ = Zarb — Lab, 
Yab'c” = Larbre + 2abe — LaXbe — Vbrea — VeEab, 
Zab'c"d’” = = YarbXeLd — 6 rabed 
— Yarbrcd — DaScXbd — Yaddbe 
— 2e2dZab — LbLdZac — VcLad 
+ Zabzcd + Zaclbd + abt dhe 
+ 22aXbed + 22b=cda + 2ZcXdab + 2ZdZabe, 


Zab'e"d'"e*” = LarhrUeVdZe + &c., 
&e.” 


* There is an extension here which one is scarcely prepared for, viz., ‘le produit 
@un nombre quelcongue de sommes de produits,” instead of la somme d’un nombre 
de produits. 

+ Meant for Zad. 

M.D. F 
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It is thus seen that not only is no general proof of the identities 
given, but that even the law of formation of the right-hand 
members of the identities themselves is left undivulged. The 
exact words employed in the demonstration of the first case of 
the multiplication-theorem are (p. 286)— 


a 


« Avec un nombre n de lettres /’, y’, y'”, &c. et un méme nombre de 


n-— 


2, 2, 2”, &. on peut former n résultantes & deux lettres (y’, 2”), 


(y', 2"), &e. (y", 2”) &e.; ayant formé pareillement avec les lettres, 
wv, v", vo”, &e; C, CC", &, les résultantes (v’, ("), @, C ), aes 
(v", ¢”), &., considérons la somme 2(y, #)(v, ¢’) des produits des 
résultantes qui se correspondent par les accens dans les deux systémes. 
On voit, en développant, par la multiplication, chacun des termes de 
cette somme, qu'elle revient a 


Zyv.2C' — Zav.y'C, 
A ces deux derniéres intégrales, on peut appliquer la transformation 
indiquée par la premiére des formules de l'art. 1: on parvient ainsi 4 


D(y, 2’)(v, C') = Zyvdz¢— Levry¢. 


Ce dernier membre pouvant étre assimilé a la forme (y, 2’), il en résulte 
que le produit d’un nombre quelconque de fonctions, telles que 
Z(y, #)(v, ¢'), est lui-méme de la forme (y, 2’).” 


The application here of the identity 

Lab’ = LadXb— Lab 
requires a little attention. The result of multiplication and 
classification of the terms is 


Lyv. JO Lz. C3 
or, as it might preferably be written, 
Z (yo. 26} {ev yE'} 5 
and this we know from the said identity 
= [Zyv. D26—X(yv. 2E)] — [Zev. Sy€— Dev. yO], 
which, because of the equality of X(yv. 26) and >(zv. yé), becomes 
Lyv. D2é — Dev. Dyé 
The inherent weak points, however, of the mode of demon- 
stration stand out more clearly when the next case comes to be 


considered, viz., the case for resultants of the third order. From 
the three sets of 1 letters 
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, ” 
a a |: 
, ” 
Geo ed 5 es 


Se 2 ee 


aK] 
o 


all possible “résultantes 4 trois lettres” are formed, and each 


resultant is multiplied by the corresponding resultant formed 
from other three sets of letters, 


- Each of these 3n(n—1)(n—2) products consists of 36 terms, 


there being thus 6n(n— 1)(n—2) terms in all. But these 
— 6n(n—1)(n—2) terms are found to be separable into six groups, 
viz. H2{xé.y''.2’'E"}, + Dlyé. ev’. i 4 ee 
_ So that the result which we are able to register at this’point is 
X(a, ¥, 2’'V(E v, &”) = Lak. y''. ZF" + Dyk. av! we" 
+2z£. 0’ .y"—" —Saé. 2’. fa 
: —QyE. a 2" Se. yy ae” 
To the right-hand member of this the substitution 
Lab’e” = LaXbYe+ 2Dabe — Dadbe —TbDea —SeDab 
is now applied six times in succession ; that is to say, for 
Lae. yf. fe" 
and the five other term-aggregates which follow, we substitute 
LHELyvrzl+ 2X (xE. yu. 2) 

— ZxEX (yu. 2§)— Dyvd(zé. LE)— TeX (aE. yv) 
and five other like expressions. By this means we arrive, 
“toute réduction faite,” at 
2(2, A 2 VE Vv, 8") =  LaeéLyvd2é+ LyEXevLHE+ UzETavDyé 
f — LHEXzvXyF— Dy EXavdeE—UzEDXyvDaé, 
which is the result desired. 

_ It is easy to imagine the troubles in store for any one who 


might have the hardihood to attempt to establish the next case 
in the same manner. 
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If Binet’s multiplication-theorem be described as expressing 
a sum of products of resultants as a single resultant, his next 
theorem may be said to give a swum of products of sums of 
resultants as a sum of resultants. The paragraph in regard to 
it is a little too much condensed to be perfectly clear, and must 
therefore be given verbatim. It is (p. 288)— 

“ Désignons par S(z/, 2’) une somme de résultantes, telle que 


Y's 2D Yas Bu VA Yu's Fis) + E05 
c’est-a-dire, 
Ye. — ely! FY 2 — BY FY eae Ys FE 3 
et continuons d’employer la caractéristique > pour les intégrales 
relatives aux accens supérieurs des lettres. L’expression 


[Sy 2’) S@ ¢)] 
devient par le développement de chacun de ses termes, et en vertu 
de la premiere formule de I’art. 1 ou de celle du no. 4, 


zy v, 2z,¢, aa 2zv, 2y,6, ag Zy,,v, 22,6, oa 2z,,v,24,,¢, ot &e. 

ae Zyv,22,¢, > 220,246, at Ly,,v,22,,6, ae 22, VAG as &e. 

+ &e. 
En indiquant done par S, des intégrales qui supposent, dans chaque 
terme, les mémes accens inférieurs aux lettres du méme alphabet, 
ces accens pouvant étre ou non les mémes pour celles des alphabets 
différens, on pourra écrire la précédente suite, en faisant usage de ce 
signe, ce qui donne 

2[S(y, 2)S(y, ¢)] = 8, [2yvd2¢- ZevdyE]. 

Cette nouvelle quantité est encore de la forme S(y’, 2”), en sorte qu’on 
peut dire que le produit de fonctions, telles que 


={SYy, 2)S(y, ¢)}, 
sera lui-méme de la forme S(y/, 2”).” 
This, if I understand it correctly,.may be paraphrased and 
expanded as follows :— 
Take the product of two sums of s resultants, viz. 
{| ya'2s"| + | yelZe"| + | ysi2e?| +... - +1 yst2.?|} 

x {Ju G? | + | vt? | + Juggs] +... +] usd? |} 

or >| Yee | = | De | > 
s=1 s=1 

where, it will be observed, all the resultants in the first factor 


are obtained from the first resultant | y,'z,2| by merely changing 
the lower indices into 2, 8, ... , s in succession, and that the 
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~ second factor is got from the first by writing v for y and € for 2, 
_ Then form all the like products whose first factors are 


lyre*|, [wie], ..., | yi" 22," |; 
these being along with | y,'2,7| the 4n(n—1) resultants derivable 
_ from the two sets of n quantities 
ce he ye Seer Fg 
Ie) ee a 
The sum of these $n(n—1) products may be represented, if we 
choose, by nen [ss s=s 
S| Elysee Slums |] 


n=2 
men 


Now if the multiplications be performed, there will be s? terms 
in each product, and the theorem we are concerned with has 
its origin in the fact that the sum of all the first terms of 

_ the products is expressible as a resultant by applying the 
multiplication-theorem, likewise the sum of all the second terms, 
and so on, the result being an aggregate of s? resultants. For 
if we fix upon a particular term of the first product, say 
the term | yater? |-| ude? | 


which arises from the multiplication of the A term of the first 
factor by the k term of the second factor, then take the corre- 
sponding term of the other products, and write down their sum 
| Yn2n'l | ve Gel +] nian? || ve GP | ee Lyn? 2G | 2G" |, 
it is manifest that this sum is by the multiplication-theorem 
Yue +yeugt. .. bY My” 2 hudtazuz+. . . .+2,"," 

3 Ya Seton e+. ~~ by” aG barge t. .. pb en7G |. 
Consequently since h may be any integer from 1 to s, and k 
likewise any integer from 1 to s, the theorem arrived at is 
accurately expressed in modern notation as follows :— 


n=n 


a | » | Ys"Ze" | : 2| Dad Og | ] 
Yn Uy + Yao vye — oe 8 oo Yu,” Zu, +{- Zou," + eee + 2, Pup 

Yn G+ Ue ee Un” Ge Fan +. . +25" |, 
Yn Yn « a: Bg 2 n 


De Ue. eh 
n 
ha ae 


te Ges ce G ets 


k=s h=s 


k=1 h=1 
k=s h=s 


or 


k=1 h=1 
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It is easily seen to be true of resultants of any order, as Binet 
himself points out. (XXX.) 

When s is put equal to 1, it degenerates into the extended 
multiplication-theorem. 

The theorem which follows upon this, but which is quite 
unconnected with it, may be at once stated in modern notation. 
It is— 

If >| x,y.2,| denote the sum of the resultants obtainable from 
the three sets of n quantities 


Main ta He <a gee 
Yr Yo Y3 ++ ++ Yn 
Gira, 25” anager 


and =| a,y,| denote the like sum obtainable from the first two 
sets, then 


Z| MYoe%_| = La. Z| yy2_| + Vy.T| yey] + Dz. D| yy, |. (XXXL) 


This is arrived at by writing out the terms of E| y,z,|, of D| 2,2, |, 
and of >| ,y,| in parallel columns, thus 


ly. %| |% ®,| |% Yo| 
| Y 2, | | z, ®_| | ay Ys| 


| Yn-12n | | Zn -1Xn | Xn —-1Y¥ 0 |; 

then deriving 7 results from the members of the first row by 
multiplying by 2, y,, 2, respectively and adding, multiplying by 
®o, Yo, 2, and adding, and so on; then treating the second and 
remaining rows in the same way; and then finally adding all 
the .3n(n—1) results together. Each of these results is a 
vanishing or non-vanishing resultant of the 3° order, and it will 
be found that each non-vanishing resultant occurs twice with 
the sign + and once with the sign —. 

This process is readily seen to be simply the same as per- 
forming the multiplications indicated in the right-hand member 
of (XXXL), we, 


(Gy +My. « Mn) (| Yee] + | ¥y23| +. . + | Yn-12n |) 
H(Yz+Yot. « -+Yn) (| 2% | + | 2,25 | +. ok | Sern l) 
+(2,+ 2+. . -+2n) (|@,Y. | + |xys3| +. ..+ | Ln1Yn ), 
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summing every three corresponding terms in the products, and 
writing the sum as a vanishing or non-vanishing resultant. 
_ There would be 7. $n(n—1) resultants in all; but as each suffix 
occurs ”—1 times in the second factors and once in the first 
factors, there must be in each product n—1 terms having the 
_ said suffix occurring twice: consequently there must be n—1 
resultants vanishing on account of this recurrence, and therefore 
altogether n(n—1) vanishing resultants. Of the non-vanishing 
resultants—in number equal to n.4n(n—1)—n(n—1), or 
n(n —1)(n—2),—each one of the form 


| CeY Zr | where h<k<l 
must be accompanied by two others, 
| %Yn%| and | xy,%|, 
and the sum of these is 
| Mn YeZ | — | PeYx%| + | CrYn% |, 
46., | en Yy2 | - 
The final result is thus the sum of the resultants of the form 


| .yx%,| where h<k<l, and 1=3,4,...,%, 
the number of them, as we may see from two different stand- 
points, being In(n—1)(n—2). 
Returning to the series of identities, 
@s| Yy2| + Ys | %%2| + 25 | CY! = | eyYo%s |, 
| x20 | + Y4|A2| + | Yo] = | trYyo% I 
&e. &e. 


which by addition give the result 
LaHL|y422| + DyX|2%e| + V2Z|ayY—_| = D|x1Ho2s| , 
Binet next raises both sides of all of them to the second power, 
and obtains 
BE |x ,y_2_P? = DaPD|y,22? + Dy?Z|2,0? + V2] eyo)? 
+ 2DyzZD(|z,%9|.|e,Yq|) + 2B2ad(|ayo| «|Yr2l) fess 
+ 2Daryd(|¥20 - 2129). 
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Substituting for |y,z,|?, D\z,7,)...., their equivalents as 
given by the multiplication-theorem, he then deduces 
D|L,Yo2q/° = La? DXy?*Xe” + WyzteaLay — La?(Dyz)? \ 
—Zy?(Lea)? — La*(Lay/?, 
not failing to note that this is not a fresh result, but merely a 
case of the multiplication-theorem in which the factors are equal. 
By putting the right-hand member here into the form 
Ly? {Lda —(Lyz)?} + Dz? {Ta*Dy?— (Lay)?} 
— La? {Ly'X2?—(Lyz)?} + Wyz{LzaLay —Dyzrax*}, 
there is next arrived at the first identity of the set 
2 |@,Ye25) 
= Zy"Z| 240)? + D2°D|x,yo|?— La2D| y,29|? + 2DyzD| ZW9||@yYo|, 
= Le?L|aryyo|?+ TaD] y2_ |? — Dy2Z|2,a%» |? + 22 za Z| xyYo|| Y12e|, ((XXXUL) 
= ZaPD| yy2o |? + Vy?D| 2g |? — Ue?Z|ayyo|?-+ 2Qay>| Y122|| 21% |; 


and immediately from these the set 


Dae yYo2, = LOL yy20/?+ Len X|a,Yo|-|Y1%| + TayD|y,20|.| 25], 
= Ly" |z,a,)? + Layd| yz]. [21% |+ LyzZ|z,29 |.|e Yo | } (XXXIV.) 
= 222 | yy)? + Dyzd|z,a, |- |e Yel + Leek |x,y>|.| ¥120|- 
We may note in passing that either of these sets leads at once to 
the initial theorem 
32|2,Y 28)? = 2x*D|Y 125? + Ly?X| 2,04)? + 22° |2,y5/ 
+22 y2B| Z| |e yYyo| + 2U2wZ|a,Yo| -|Y12| 
+ 22ay2|y29|.| 2429], 


and that with the multiplication-theorem already established 
this reverse order would be the more natural. 


The next step taken is the formation of resultants of the 2nd 
order from elements which are themselves resultants of the 24 
order ; viz., just as from the three rows of n quantities 


Dy hy ee ss ne eee 


Yi Ue Ye es eae ea 


es ea ee ot 


a 


a 


2 


9 | 2,2, | | 242, | 
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A there were formed the three other rows of $n(n—1) quantities 


| YWr22| ; RAB ve ees | Atal, UR eae | Yn-12n | 
eek 2s lel, Pagel. oleae 
LAB om aes | Yn |, PG e las 3. oi | Za—1Yn | » 


so from the latter three other rows of quantities 
| Zn on | | Zn-1Un | 
| %n2Ym| | ®n—rYn| 


| Xn —-2Yn | | ®n-1Y41 | 


| zy» | | ays | 


|e Y2| | ays | 


SS es Pee elie ss) be elle a) or a ) > 


ON S| rn sTl Yn-22n| | Yn-12a [I 
| ¥%22| | Wr2.| | Yn-22n| | Yn-12n| 
Ee 511 2n-2tn| | Sn-12n|I> 


are formed, the number in each new row being clearly 


2{2n(n—1)}{$n(n—1)—1} 


: 1.¢., 4(n+1)n(n—1)(n—2). 


The new quantities are, of course, not written by Binet in the form 


|, | | | 
ore Ms 
but the fact that they are resultants of the 2"¢ order is carefully 
noted. Each of them is shown to be transformable, by a theorem 


which may be viewed as an extension of a result given by 


Lagrange, so as to have two of the elements resultants of the 3" 
order, and the other resultants of the 1% order. This is done by 
taking, for example, the identities 

tn | Ys | + Yn | 2%| + | DY | = | rry%|, 


| Yi2;| + Yn | 20;| + a | ay;| = | ryz|, 


multiplying both sides of the first by a, and both sides of the 
second by «,, subtracting, and writing the result in the form 


| ayn || 2%; | + | tren || ry; | = Ce | anyiz%| — val TY 2; | 5 
= Ly, Cy, 
| eye | | ery; | I> 
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where of course it has to be noted that in many cases one of the 
resultants of the 3" order will vanish. The quantities, therefore, 
to be dealt with, are 


| L1Yo%|,- - +» Xe | rYi%| — Ly | CxYi% (> - + 5 Xn | Cyaan 
Gy | Bors -< + +5 eral = Yi | Yes ~~ os Yn | €n-2Yn-12n|3 
2y | Uy Yo2s| , Berd Op 2, | ZnCiY,; | - 2p | ey; | 5 tae 1 2a | a stn 1a 


By raising each of the elements of the first row to the second 
power, taking the sum and simplifying, we could, we are told, 
show that the result would be 


2a? |2,Yo%/?. 


Very prudently, however, another process is chosen. It is re- 
called that the quantities in the third triad of rows are related 
to those in the second as those in the second are related to those 
in the first, and that consequently the required sum of squares of 
resultants is, by the multiplication-theorem itself, expressible 
as a resultant, viz., 


Zl 227215 | crys If? = Z| 20, P. Z| ayY_P — (Z| 2 || 71Ye |)’, 


where the elements of the resultant on the right are sums of 
products of quantities in the second triad of rows. Then the 
same theorem is used to make a further step backwards, viz., to 
express each of these three sums of products of resultants as a 
resultant whose elements are sums of products of the quantities 
in the first triad of rows, the effect of the substitution being 


E|| 22%], 2145 ||? = {2e2Bw2—(Sza,)?}{Da,2Dy,2— (Say, )?} 
— {2z,0,20,y, = Dy,2, 24,7}. 
Simple multiplication transforms this into 
Sw.2 { La Pdy 7222 — Dy2(Lz,a,)? — nea 
: +22 y,2,22,2,20,y, — 2a,7(Ly,2,)" : 


which, by still another use of the multiplication-theorem, we 
know is equal to 
Lary” Z| 214925)”, 
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The set of six results of which this is one, is 


2X? =a? Llayy.2,), 
ZY? = Ly? Llayyo2,), 
22, =z? Llay.25), 
LY,Z, =Zy,2, Z| 24224)", 
2Z,X, = 22,0, Z|aryy.2,), 
2X, Y, = 22,y,2|2,y,2,/, 


(XXXvV.) 


if, for shortness, we denote the quantities of the third triad of 


rows by 
ie tw Paes 5 


Veh EE eres 

Z,, yi se 2 6 
Following these, and deduced by means of them, is an equally 
noteworthy theorem regarding the sums of squares of all the 


resultants of the third order, which can be formed from the 
quantities of the second triad of rows. Denoting these quantities 


temporarily by Se! 


we know (XxXx11.) that ~ 


32 | Emols P = ZX PLE? + DY PZy? + 2h Eh 
+ 22Y,Z,.2,6 + 222Z,X,.26& 
ae 22X,Y,.2£,n, ; 


whence, by using the set of six results just obtained, we have 


32 | ExNaks P 
= 2 | 2,77, { LEPLa,? + By Dyy? + UEPZ2,? } 
= 1424s + 22,6 -2Y 121 + 2268-220, a 22£)m- Dey; 


and therefore, again by (XXXII) 
Z| Eves P= {= | @yYo25 P}*. (XXXVI) 


It is finally pointed out that from the third triad of rows 
there might, in like manner, be formed a fourth triad, and 


92 HISTORY OF THE THEORY OF DETERMINANTS 


analogous identities obtained; also that, instead of starting with 
three rows, we might start with four, 


bs, ie EO eee 
is iay. A panee aan 
Yo Yo Ya ++ ++ > Yn 
By Bo Zep mas 


form from them other four 


| AYR AGM is ae ee 

ap tick als: pom enteiares ta ae 

ALP We eer sot 

[ Ce lig tise a Sarre a Sena : 
thence in the same way a third four, and in connection 
therewith establish the identity (XXXI. 2) 

VX | @yYo25|— LHD | Y,2ty| + Vy,Z | 2% fox |— 22,2 | trey, | = 0 

and other analogues. (XXXII, 2+XxXxv. 2) 


The rest of the memoir, 52 pages, consists of geometrical 
applications of the series of theorems thus obtained. 


CAUCHY (1812). 


[Mémoire sur les fonctions qui ne peuvent obtenir que deux 
valeurs égales et de signes contraires par suite des trans- 
positions opérées entre les variables qu’elles renferment. 
Journ. de VEc. Polyt., x. Cah. 17, pp. 29-112. Cuvres 
(2) 1] 


This masterly memoir of 84 pages was read to the Institute on 
the same day (80th November) as Binet’s memoir, of which 
we have just given an account. The coincidence of date has 
to be carefully noted, because the memoirs have in part a 
common ground, and because there is a presumption that the 
authors, knowing this beforehand, had, in a friendly way, 


arranged for simultaneous publicity. Binet’s words on the 
mnatter are (IX. p. 281)— 
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““Ayant eu derniérement occasion de parler 4 M. Cauchy, ingénieur 


des ponts et chaussées, du théoréme général que j’ai énoncé ci-dessus, 
- il me dit étre parvenu, dans des recherches analogues A celles de M. 
Gauss, a des théorémes d’analyse qui devaient avoir rapport aux miens. 
Je m’en suis assuré, en jetant les yeux sur ces formules: mais j’ignore 
si elles ont la méme généralité que les miennes: nous y sommes atrivés, 
Je crois, par des voies trés-différentes.” 


And Cauchy’s corroboration is (p. 111)— 


“Javais rencontré l’été dernier, 4 Cherbourg, out j’étais fixé par les 
travaux de mon état, ce théoréme et quelques autres du méme genre, 
en cherchant 4 généraliser les formules de M. Gauss. M. Binet, dont 


A 


je me félicite d’étre l’ami, avait été conduit aux mémes résultats par des 
recherches différentes. De retour a Paris, j’étais occupé de poursuivre 
mon travail, lorsque j’allaile voir. Il me montra son théoréme qui était 
semblable au mien. Seulement il désignait sous le nom de résultante ce 
que j’avais appelé déterminant.” 


Cauchy prefaces his memoir by another, entitled 


Sur le nombre des valeurs quune fonction peut acquérir 
lorsqu’on y permute de toutes les maniéres possibles les 
quantités qwelle venferme. 


This latter must to a certain extent be taken into account, 
because it serves to show the point of view which he considered 
most natural for examining the subject, and also the exact 
position held by the functions now called determinants, 
when functions in general come to be classified according 
to the number of values they are able to assume in certain 
circumstances. 

At the outset of it the writings of Lagrange, Vandermonde, 
and Ruffini are referred to; the fact is recalled that the maxi- 
mum number of values which a function can acquire by inter- 
changes among its ” variables is 1.2.3....7; also that when 
the maximum is not obtained, the actual number must be a 
factor of the maximum; and then proof is given of the very 
notable theorem that the number of values cannot be less than 
the greatest prime contained in n without being equal to 2. 
It is pointed out likewise that functions capable of having only 
two values are known from Vandermonde to be constructible 
- for any number of variables. For example, the number of 
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variables being three, a,, @,, dg, all that is needed is to form 
their difference-product 


(dg — My) (4g — 4) (= 4) 
2 

or Ag?’ Ohy + 192, + 02g — (47 + Ogg + 047), 
when it is found that either of the parts 

2 2 2 

Ag" Uy + Mg 'Ay + Ay"As, 

2 2 2 

or Ag Ay +A," + A1"As, 


is an instance of a function capable of only two values by per- 
mutation of the variables; the result indeed of any permutation 
being merely that the one function passes into the other. 
Further, the whole expression 


2, 2 2 2 2 2 
Ag Uy +H Oy" hy + yg — (g"y + "Ag + 47g) 


is another example, the difference between the two values which 
it can assume being however a difference of sign merely. As a 
reference to the title of the memoir of November 1812 will show, 
it is functions of this latter class which Cauchy there considers. 

At the commencement he contrasts them with functions which 
suffer no change whatever by permutation of variables, that is 
to say, symmetric functions: and, noting the fact, afterwards 
ascertained, that the new functions consist of terms alternately 
+ and —, and that were it not for this alternation of sign they 
would be symmetric functions, he decides to extend the term 
“symmetric” to them, and having done so, seeks to distinguish 
them from ordinary symmetric functions by calling them “fone- 
tions symétriques alternées,” and calling the other “fonctions 
symétriques permanentes.” Cauchy’s view of determinants may 
therefore now be described by saying that he considered them 
as a special class of alternating symmetric functions. 

To include them, however, either the adoption of a convention 
is necessary, or an extension of the definition must be made. 
For example, a,b,—a,b, is not an alternating function, unless 
the elements be so related that the interchange of a, and a, 
necessitates the interchange of b, and b, at the same time; or 
unless the definition be so worded that interchange shall refer 


: 


{ 
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to suffixes, not to letters. Cauchy selects the former course 


_his words being (p. 30) 


‘“. . . « concevons les diverses suites de quantités 


ay, a Q fe ew gy ay 
b,, bo, ? b, 
Cy, Coy a Ces 


tellement liées entre elles, que la transposition de deux indices pris 
dans l’une des suites, nécessite la méme transposition dans toutes les 


' autres; alors, les quantités 


eee len Gea a, by, Oo A ~«. 
pourront étre considérées comme des fonctions semblables de 
a Shy Se ee 
et par suite, les fonctions de 
 r 
qui ne changeront pas de valeur, mais tout au plus de signe, en vertu 
de transpositions opérées entre les indices 1, 2, 3,.... , devront 
étre rangées parmi les fonctions symétriques de a,, dy, . . . , Gy OU, ce 
qui revient au méme, des indices 1, 2, 3,..., n. Ainsi 
a,” +4,? +4a,a,, 
Ay), + Agby + Aghy + 26,6565, 
Ayby + Andy + Ag, + dgb, + Agby + A,bs, 
COS (A — @y) COS (A, — A) COS (Ay — a), 
seront des fonctions symétriques permanentes, la premidre du second 
ordre et les autres du troisiéme ; et au contraire, 
by + Agby + dgb, — yb, — a,b, — dgby, 
sin (0, — @,) sin (a, — a3) sin (a, — dg) 
seront des fonctions symétriques alternées du troisiéme ordre.” 


The question of nomenclature being settled there next arises 
the question of notation. This also is decided on the ground of 
‘the resemblance of the functions to symmetric functions. It 
being known that any symmetric function is representable by a. 
typical term preceded by a symbol indicating permutation of the 
variables, e.g. 

S(a,5,) or S?(a,b,) standing for a,b,+a,b, 


and S¥(a,b,) standing for a,b, +d,b,+ ab, + dab, + Agb. +4); 
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also, that any non-symmetric function may be taken as the 
typical term of a symmetric function, the question arises whether 
the like may not be true of alternating functions. A lengthy 
examination of the latter point leads to the conclusion that any 
non-symmetric function K cannot be the originating or typical 
term of an alternating function unless it satisfies a certain 
condition, viz., that it be such that any value of it obtained by 
an even number of interchanges of indices will be different from 
any other value obtained by an odd number of interchanges. 
Should, however, this condition be satisfied, and K,, Kg, Ko ee 


be all the values of the former kind, and K,, K,, K,,... . all 
the values of the latter kind, then 
(K,+Ke+K,+....)—(BKa+K,4+K4+..--) 

is an alternating function and is appropriately representable by 
§(+K) 

if the indices appearing in K alone are to be permuted, and by 
§”(+K) 

if the indices to be permuted be 1, 2,3,..., ”. For example, 


taking the typical term a,b, we have 

S(+a,b,) = a,b,—ab,, 
and S?(+a,b,) = a,b, + ab, + A,b, — dab, — a3b, — abs, 

= §9(-a,b,) = S3(+Fa,b,)=.... 

S*(+a,b,) is an impossibility, as when there are four indices a,b, 
does not satisfy the condition required of a typical term ; indeed, 
Cauchy notes that the number of indices in any term must either 
be the total number or 1 less. 


The number of permutations being even, it is clear that the 
number of + terns K,, Kg, ... . is the same as the number of 
negative terms Ky, K,, (x. 2) 
a generalisation of a remark of Vandermonde’. 

Further, since K,, Kg, .. . . are all the terms that arise from 
an even number of transpositions, and K,, K,,... . all those 
that arise from an odd number of transpositions, it is plain that 


te ee 
wa 
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_ any single transposition performed upon each of the terms of 
_ the function 


(K.+Ke+K,+....)-— (K,+K,+K,+....) 
_ tust change it into 
Se eer) (K+ K K+... ; ) 


_ —this is, in fact, the proof that it is an alternating function— 
consequently each of the parts 


[ee 5) oe 
fei PR ee 


belongs to the class of functions which have only two different 
values. 

Also it is evident that if throughout the function any par- 
ticular index be changed into another and no further alteration 
made, the resulting expression must be equal to zero, (x11. 5) 
a theorem regarding alternating functions which is the general- 
isation of a theorem of Vandermonde’s. 

We have lastly to note, that the criterion which determines 
whether a particular K belongs to the class K,, K,,.... or to 
the class K,, Pee ae 82, 18 incidentally shown to be reducible to 
@ more practical form. For example, if the term be Kg, and it 
be derivable from K, say, by the change of the suffixes 1, 2, 3, 4, 
5, 6, 7 into 3, 2, 6, 5, 4, 1, 7, that is to say, in Cauchy’s language 
by means of the substitution 


@ 2, 3, 4, 5, 6, : 

3, 2, 6, 5, 4, 1, 7/, 

we transform this substitution into a “ product” of “circular” 
substitutions, viz., into 


1, 3,6 45 2 7 
6 6, ) e ) (2) (7) 
and subtracting the number of “ factors,” 4, from the total 
number of suffixes 7, make the sign + or — according as this 
difference is even or odd. 
Here the subject of general alternating functions may be left 
for the present. What remains of the first part of the memoir, 


refers to special cases, which naturally fall to be considered 
M.D. G 


{ 
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in another chapter of our history. At the close of the part 
Cauchy says (p. 51)— 


“Je vais maintenant examiner particulitrement une certaine espéce 


de fonctions symétriques alternées qui s’offrent d’elles:mémes dans un ~ 


grand nombre de recherches analytiques. C'est au moyen de ces 
fonctions qu’on exprime les valeurs générales des inconnues que renfer- 
ment plusieurs équations du premier degré. Elles se représentent 
toutes les fois quon a des équations a former, ainsi que dans la 
théorie générale de |’élimination.” 


The writings of Laplace, Vandermonde, Bezout, and Gauss are 
referred to, and from the latter the name “déterminant” is 
adopted. 


The second part bears the title— 


Des fonctions symeétriques alternées désignees sous le nom 
de déterminans. (xv. 4) 


and opens with the following explanatory definition (p. 51)— 


; “Soient Qy, %, ..., G, plusieurs quantités différentes en nombre 
égal 4 n. On a fait voir ci-dessus qu’en multipliant le produit de ces 


quantités, ou 
AyAog 


nd 


par le produit de leurs différences respectives, ou par 
(Gy — Ay) (Ag — Ay)... (Aq — ) (Ag — My) « . « (iy — Bq) » »» (Gq — Mq—1)s 
on obtenait pour résultat la fonction symétrique alternée 
S(ta40,720 55 
qui par conséquent se trouve toujours égale au produit 


AyUnllg ... =O 


X (lq = 4) (dg — Ay)... (iy — 1) (Ag — Ay) «. « (Og — Uy)» - (Gp — Oy —1)- 


pe TEnosons maintenant que lon développe ce dernier produit, et que 
ane chaque terme du développement on remplace l’exposant de chaque 
ettre par un second indice égal 4 ’exposant dont il s’agit, en écrivant 
Ree ercaple Ong a de a,', et a,, au lieu de a,’, on obtiendra pour 
une nouvelle fonction symétri s i i 6 

eee 4 que alternée, qui, au lieu d’étre 
S(2a,10,70,°0 at 

sera représentée par (Mai ") 


S (+ Oy -1y.0%g-g «++ + Unen)s 


le signe S étant relatif aux premiers indices de chaque lettre. Telle 
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est la forme la plus générale des fonctions que je désignerai dans la 
suite sous le nom de déterminans. Si l’on suppose successivement * ° 


on trouvera 
S (+ 4).149.9) = Ay-7Aq-9 — Ug Ay-95 
S (+ @y.1y-943-g) = Dyllg-oMlgg A Age Agrolly-g + Ag.qMy-9lgeg 


 UY1U3-9grg — Ag-yAorgly-g — Mqey%y+0lg-ay 


pour les déterminans du second, du troisiéme ordre, &&. ... . ‘i 


In regard to this it is important to notice that there are really 
two definitions given us. The latter, viz., that involved in the 
symbolism of alternating functions, 
Elisa Sen + «= «ny) 
contains nothing more than Leibnitz’s rule of formation and 
an improved rule of signs. The former is new and may be 
paraphrased as follows :— 
If the multiplications indicated in the expression 
Tally «+ + Oy 

X (y= y)(4g— 4) « « (An — 4) (Ag — Gy) « «(n= Mh) « « « (An — Ay) 
be performed, and in the result every index of a power be 
changed into a second suffix, eg. a,’ into d,., the expression 
so obtained is called a determinant, (111. 18), (vit. 2) 


and is denoted by Be Ogdlias wih 5-1 Cgee (vit. 5) 


In this definition the rule of signs and the rule of term- 
formation are inseparable—a peculiarity already observed in 
the case of Bezout’s rule of 1764. 
After the definitions various technical terms are introduced. 
The n? different quantities involved in 
CEG ladleg cs fe i Cgn) 
are arranged thus 
; Bin Heck Means <i> ary 
ey ntlwes ehbngid oo) « Dery 
Cee gts Mipts st 6 b's Bags 


n'2? Ang) oe ee nen 


*n=2, n=3, &, is meant. 
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“sur un nombre égal 4 7 de lignes horizontales et sur autant de 
colonnes verticales,” and as thus arranged are said to form a 
symmetric system of order n. The individual quantities a,.,, &., 
are called the terms of the system, and the letter a when free of 
suffixes the characteristic. The “terms” in a horizontal line are 
said to form a suite horizontale, in a vertical column a suite 
verticale. Conjugate terms are defined as those whose suffixes 
(“indices”) differ in order, ¢.g., dg, and a9; and terms which 
are self-conjugate, €.9., Ay1, Ag2, - . - are called principal terms. 
The determinant is said to belong to the system, or to be the 
determinant of the system. The parts of the expanded de- 
terminant which are connected by the signs + and — are called 
symmetric products, and the product 


js] Bora lgry > sire Omens 
of the principal “terms” is called the principal product. The 
“principal product,” however, is also called the terme indicatif 


of the determinant, and thus an awkward double use of the 
word “terme” is brought into prominence. The system 


Ay Agry Agy se + + - Any 
Ayn Apgg Aggs + + + Ano 
Ay, Agg Uggs + + + Ang 
Ayn Cen, Uns + + + Un 


derived from the previous system by interchanging the suffixes 
of each “terme” is said to be conjugate to the previous system. 
A symbol for each of these systems is got by taking the last 
“terme” of its first “suite horizontale,” and enclosing the “terme” 
in brackets: in this way we are enabled to say that (q,.,) and 
(Gy1) are conjugate systems... 

In the course of these explanations a modification of the rule 
of term-formation is incidentally noted, the form taken being 
specially applicable when the quantities of the system have been 


disposed in a square. Cauchy’s wording of this now familiar 
rule is (p. 55)— 


- .. . “pour former chacun des termes dont il s’agit, il suffira de 
multiplier entre elles n quantités différentes prises respectivement dans 
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les différentes colonnes verticales du systéme, et situées en méme 
temps dans les diverses lignes horizontales de ce systéme.” (1. 6) 


Here we may note in passing that the disposal of the “termes” 
in a square might have enabled Cauchy to point out (which he 
did not do) the difference between Gauss’ use of the word 
“determinant” and his own, by saying that the “ determinant of 
a form” had its conjugate “termes” equal. 

The rule of signs applicable to alternating functions in general 
is modified for the special case of determinants, and takes the 
following form (p. 56) :— 


“tant donné un produit symétrique quelconque, pour obtenir le 
signe dont il est affecté dans le déterminant 


PL Ele Mag «is « Lyay) 


il suffira d’appliquer la régle qui sert 4 déterminer le signe d’un terme 
pris & volonté dans une fonction symétrique alternée. Soit 


Qge1 Up-Q+++> ern 


le produit symétriqué dont il s’agit, et désignons par g le nombre des 
substitutions circulaires équivalentes a la substitution 


E a ee eee oe *) 
phy: ae ee ae 
Ce produit devra étre affecté du signe + sim-g est un nombre pair, 
et du signe — dans le cas contraire.” (iu. 19) 


Thus if the sign of the term 
Bey Agra Ug-g by-4 Ngr5 borg Up-7 Ayg Ayg 
in the determinant 
ig Cra Ogg: = - Gog), 
be wanted, we write the series of first suffixes 6,8, ... under 


the corresponding suffixes of the “principal product,” that is to 
say, under the series 1, 2,3, . . . , 9, obtaining the substitution 


eee) 
683192547); 


this we separate into circular substitutions, finding them three 


G), G52, Gsiaa 


in number, viz., 
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and the determinant being of the 9" order, we thence conclude 
that the desired sign is (—)®-°, 7.c., +. In connection with this 
subject a modification of Cramer's rule is given, no reference 
being made to “dérangements” at all. Put into the fewest 
possible words it is—The sign of the term Gai Gg2...+dgn 
the same as the sign of the difference-product of the first suffixes, 
that is, the sign of 


(B—a)(y—a)....(€-a)(y—B)..-. (111. 20) 
For example, the sign of 
gy Cgeg Ugeg Dyrg Og, Cary Ugg Deeg Arey, 
above sought, is the sign of the difference-product of 


6, 8,3, 1992, 5 ae 
a.¢., the sign of 


(7 —4)(7 —5)(7—2)(7—9)(7 —1)(7—8)(7—8)(7—6) 


K(4= 5429) os ee ee 
X(BaaDop pcacta ait Ioana 
x(8—6) 


The object which Cauchy had in view in stating the rule in this 
unnecessarily complex form was doubtless to show its essential 
identity with the rule implied in his new definition. He says 
(p. 58)— 


“On démontre facilement cette régle par ce qui précéde, attendu 
qu'une transposition opérée entre deux indices change toujours, comme 
on l’a fait voir, le signe du produit 

(ig — a) (ty — Ag)... (ag - gq) (dy — Mg). +. 


et par conséquent celui du produit 
(8 — a)(y= 0) (Ce) pe yeme 


The way having thus been prepared, the propositions of deter- 
minants are entered on. Those known to his predecessors we 
may dispose of rapidly, giving little, if anything, more than the 
enunciation of them, in order that the new garb in which they 
appear may be seen, 
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-... “le déterminant du systéme (a,.,) est égal a celui du systéme 
(%-,)- . +. En conséquence, dans l’expression 


Ps ace n'y = x Orn) 


on peut supposer indifféremment, ou que le signe S se rapporte aux 
premiers indices, ou qu'il se rapporte aux seconds. (Ix. 2) 


Si lon échange entre elles deux suites horizontales ou deux suites 
verticales du systéme (q,.,) de maniére a faire passer dans une des 
suites tous les termes de l’autre et réciproquement on obtiendra un 
nouveau systéme symétrique, dont le déterminant sera évidemment 
égal mais de signe contraire a celui du systeme (q,.,). Si l’on répete 
la méme opération plusieurs fois de suite, on obtiendra divers systémes 
symétriques dont les déterminans seront égaux entre eux, mais alter- 
nativement positifs et négatifs. On peut faire la méme remarque a 
légard du systéme (4,1). (x1. 3) 


..... silon développe la fonction symétrique alternée 


S[ £5 (+ Op1 og s+ + + Gn—1-n—1)] 


tous les termes du développement seront des produits symétriques 
de Yordre n, qui auront l’unité pour coefficient. Ces termes seront 
done respectivement égaux 4 ceux qu’on obtient en développant le 
déterminant 


Do = 8 (40)-1 Og» < Gen) 


et comme le produit principal a,.; 4.2... G,-, est positif de part et 
d’autre, on aura nécessairement 


D,, = $[44ynS (£011 Og2- + +. Gp—vn-1)] (v1. 3) 
SWE De ER a 6 re So ae 
En général, si on désigne par » lun des indices 1, 2, 3,..., ™ on 
trouvera de la méme maniéere 
D,, = S[ + GppS (401 Oog ss Oy aep atu gama +++ Unn)]. (VI 4) 


... . Cette derniére équation 
0 = Ayybyye + ova + 2 + + GevDny (XII. 6) 


sera satisfaite toutes les fois que v et » seront deux nombres différens 
Yun de l’autre. 


.... on aura done aussi 
Dy, = GyerDuer + Guradueg $e 0 + + Menduen (vi. 4) 
yey F OyPug Fa ce 2 + Orlin (xi. 6) 


les indices p et v étant censés inégaux.” 
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The expressions here denoted by },4, by9,..-. + are spoken of 
as adjugate (“adjointes”) to 4.4, G9, . ++; and the system 
es Dy.» Dun 
Ba borg Damm 
is Dae Onn 


as adjugate to the system (q,.,,). Similarly the system (b,.,) is said 
to be adjugate to the system (a,,.,); and, on the other hand, it is 
said to be adjugate and conjugate to the system (@,.,). (XXVIL 2) 

Up to this point no new property has been brought forward. 
The following paragraph (p. 68), however, opens new ground, 
the formula given in it being of some considerable importance 
in the after development of the theory. 


“Si dans le systéme de quantités (a,.,) on supprime la derniére suite 
horizontale et la derniére suite verticale, on aura le systéme suivant, 


Caer ere eee Dio tas 
Qi, Agen Qaem—14 
C4. Coe 


que je désignerai 4 Vordinaire par (a.,,_). 
“Soit maintenant (¢.,_,) le systeme adjoint au précédent. Si dans 
Véquation (13) on change 6 en ¢ et n en n— 1, on aura en général 


Dy = Oy = Ope) ee ete Gaon ene 


Pour déduire de cette derniére équation la valeur de by.,, il suffira en 
vertu des régles établies, de changer ay., en @,., dans l’expression 
précédente de 0,,,, et de changer en outre le signe du second membre : 
ou aura done généralement 


Da, a =(GirCury + Uy2l use + « ee ee + Onin iene) 
Si dans cette équation on donne successivement A j« toutes les valeurs 
entiéres depuis 1 jusqu’é m-1, et que l’on substitue les valeurs qui 
en résulteront pour 0y.,,, Boys, b, 1m dans ’équation 
D, = Ay Drm + Ox nO a-n + ova wate + Gado 
on obtiendra la formule suivante, 


My + Ane 10101 + AaenUy2€ae toe. + Up _tenUnen—ln—ten—¥ 
+ Oyen( On 2r-9 F Oyglg base + Omen —1Cten—1) 

Dy, =GpnOnn — 4 F Feenl Gre Cor + Gy-3org Fosse + Unen 102-1) 
Oe. eae 


ae A (eC =f An 2€y 192 Se + Onen—2€n—1n—2) “i 
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Cette équation peut étre mise sous la forme 

Dy = Garg Der — S218" 1 (dyn darpErru)s (XXXVIL.) 
les deux signes S étant relatifs le premier & Vindice p» et le second A 
Vindice v.” 
This is the well-known formula nowadays described as giving 
the development of a determinant according to binary products 
of a row and column. The special row here used is the n“ and 
the special column the n likewise. 

The four pages regarding the application of determinants to 
the solution of a set of simultaneous equations may ‘be passed 
over with the remark that they give evidence of the importance 
attached by Cauchy to his new definition of determinants, the 
solution in the case of the example 


a,0, +b,2, = a 
Aly + deta’ = My 
being first put in the form 


_ mb(b—m) am(m—«a) 


~ “ab(b—a)’ 7 ab(b—a) ’ 


and similarly in the case of the example 


x 


Ol, + by Hy+ CL, = My (r=1, 2, 3). 
The determinant solution of a set of simultaneous equations 
is put to good use by Cauchy to obtain new properties of the 
functions. Taking the set of equations 


Dyy®, F Ay yg +. 22s + Ay nly = My, 
Dg hy + Agila ++. -- « + Age Ly = Me 
5) Sallie 
U8 TF Any $F. +--+ s + Aninhn = My, 
and solving for ,, 7,,. . . he obtains of course the set 
TO ig ey Digg RTs eo + Mb. = De, 
M049 Maden on os + + Mybye = Dye 
a er 
MDyn + Mdon +. ++ - + ,0,.,:= Dan) 


* Misprint in original, for D,,_3. 
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WROLOTO as Osnsmer am se have the signification above indicated, 
and D,, stands for S(+4,dy. +++ Gyn) This second set may 
be treated in the same way as the first set, the quantities 
M1, M,-. +, M, being viewed as the unknowns. To express 
the result the system of quantities adjugate to (b,,,) is denoted 
by (¢,.,), and the determinant of the system (6,.,) is denoted by 
B,,, the new set thus being 


Cg) Oy PF Chg) ase gos ee + ¢,),#, = Bm, 
(27) Cra) ay CW ee ot ee + Cy,D, 2%, = Bym,, 
CoD ate Or ie is tee + Cyn %, = B,m,, 


Cauchy then proceeds (p. 77)— 


“Les équations (27) peuvent encore étre mises sous la forme 
suivante, 


D,, D,, D,, 

eo Gem a3 G2 pee er a nz en =e UES 
D; b: D,, 

Cup + Coa Me Cie gray coe on Bn = Maz, 

n n nn 

Se54 ch eee 
D D 

Curiae + Cw te Shien sy each Cun Ben =™, 3 


et comme celles-ci doivent avoir lieu en méme temps que les équations 
(20), sans que l’on suppose d’ailleurs entre les termes de la suite 
thy Wy + . . » t, eb ceux du systéme (a.,) aucune relation particuliére, 
il faudra nécessairement que l’on ait, quels que soient p et v, 


Curva = a 
Bev eve 
B,, 


ou Cuy = Tues (XX XVIII.) 


n 


Cette équation établit un rapport constant entre les termes du systeme 
(tn) et les termes du systéme adjoint du second ordre (¢.,..” 


More definitely, and in more modern nomenclature, the theorem ig 


The ratio of any element of a determinant to the corresponding 
element of the second adjugate determinant is equal to the ratio 
of the determinant itself to its first adjugate. (XXXVIIL.) 


Attention is next directed to the group of equations— 
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Mea me MoM atl 4 o-. sp BBM Tey leMy . 


WB — MB" fs 4 BBB 4 LSet 


“ly = bated Ys ehhal 1) + o. + Bly oeMyy + Tell My 


BMG — UM MB 4s + A TMB 4 Tp lB 


BeBy — “By Bp 4 + + 


Bly — MyM 4 + 


+ BGy98 Bry + TB pT eBay 
+ B16 -Bp + TT By 


Totty Mt eliy + 


Let yy = MB yy"oUy 4 


Lely = MTU 4 


ee fe SBT 4+. Tete lol 


vee B-By Sly + TBplely 
ace te Bel Bly 4. UelpleUy 
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Here there are three symmetric systems of quantities 


(44-n); (ayn), (Mn), 
the first appearing in every column of equations, the second in 
every row, and the third only once. The determinants of these 
systems are denoted by 


D ? On M,, 

respectively : that is to say 

D= S(4 G4 G54 ee) 

n= S(+ ayy dere - Onen) 

M,, = S(4m,,M,5> - .M,.,,)- 
If now in 
S(t Mp yMog. - . Myry) 

there be substituted for m,.,,m,.,.... their values as given 


by the group of equations, there will be obtained a function of 
all the a’s and a’s, which must be an alternating function with 
respect to the first indices of the a’s and also with respect to 
the first indices of the a’s. Further, since each of the m’s is 
of the first degree in the a’s and of the first degree also in the 
as, each term of the development of S(+my,4Mo9 .. . . Mym) 
must evidently be of the form 


ts Oy Ogey wees Anny -yVo-v eee. Ones 


But the development by reason of its double alternating 
character cannot contain such a term without containing all 
the terms of the product 


+S. 2 a). uday. seo ee ee Csi 


Consequently it must equal one or more products of this kind. 


But again the indices u,v, ... , 7 are either all different or not. 
If they be different, we have 


S( SE Ay+,Agep « Onn) = + S( 4 ajdes eee Grn) => +6 5 
and if any two of them be equal 
S(4e,p0q <2 ae) = 0 


The like is true im regard to S+(Gyu@ave ss Gas ye ire 
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enables us to conclude that the development of M, is equal to 
one or more products of the form 
; +D,6,3 
in other words, that 
M,= cD,6,, 

where ¢ is a constant. But if we take the very special case 
where 

Qu,p=l1, OG. ,.=1, Qu» =0, Ay»=0, 
and where consequently | 


Mip=1, My,=0, 
we see that 
Mol Dee 1, > 6. <1; 
and that therefore 

c=1. 
Hence the final result is 
M = D,6,- (xvul. 5) 

This, the now well-known multiplication-theorem of determi- 
nants, Cauchy puts in words as follows (p. 82) :— 


Lorsqu'un systéme de quantités est déterminé symétrique- 
ment au moyen de deux autres systémes, le déterminant du 
systéme résultant est toujours égal au produit des détermi- 
nans des deux systémes composans. (XVII. 5) 


It is quite clear, from what has been said above; that it was 
discovered independently, and about the same time, by Binet 
and Cauchy, and ought to bear the names of both. Binet has 
the further merit of having reached a theorem of which Cauchy's 
is a special case, and then made an additional generalisation in 
‘a different direction; and Cauchy has the advantage over Binet 
of having produced, along with his epee case, a satisfactory 
proof of it. ; 

From the theorem Cauchy goes on to deduce several results 
equally important. Substituting for ny system (a,.,,) the system 
(b,.,,) adjugate to’ (a,.,) so that 


8, = S(4Dyqdog- ++ Pun) = B 


memnawthatthem = 9 =< w.ee.e-« 
Muy=D,, and My»; 


110 HISTORY OF THE THEORY OF DETERMINANTS 


that consequently M,, consists of but a single term, viz. 
Tiss (Mog fe lige 
and that therefore by the theorem 
D, = B,D 


whence B= De (XXI. 2) 
This result, afterwards so well known, Cauchy translates into 


words as follows (p. 82):— 


....ledéerminant du systéme (b,.,) adjount au systéme 
(a,.,) est égal a& la (n—1)™ puissance du déterminant de ce 
dernier systéme. (Xx, 2) 


Again, by returning to the identity 


= n 
Curvy Dp 
and substituting the value of B,, just obtained, there is deduced 
the result 
Cue = DY Chung s (XXXVIII. 2) 
or, in words, 
.. . dant donné wn terme queleonque dy, du systeme (Ayn); 
pour obtenir le terme correspondant du systéme adjoint du 
second ordre (¢,.,) i sufira de multiplier le terme donné 
par la (n—2)" puissance du déterminant du premier 
systéme, 


A considerable amount of space (pp. 82-92) is devoted to the 
consideration of the adjugate systems of 


(G4-n); (4-n); (Mn), 
and the adjugates of these adjugates; but nothing new is elicited. 
The section closes with the manifest identity 
(Quy + Gort... + aay) (Gy Hg +... FG ye) 
+ (ay. + Ogo+ . + = + ayo) (Gy-g FOy9 + vw & F-Llyeg) 


FST eae eer es 

H(Gpat dent. «+ + ayn) (Gynt Gent». » +Onn) 
= My +My +...+mM,4 

FM 2 +Moot... +M +5 

ee rere 


FMF Mon + se + Mins 


ee 
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which, using later technical terms, we may express as follows :— 


If there be two determinants, and the swm of the elements of 
one first column be multiplied by the swm of the elements of the 
other first column, the sum of the elements of one second column 
by the sum of the elements of the other second column, and so 
on, then the sum of these products is equal to the swm of the 
elements of the product of the two determinants. (XXXIX.) 


The third section breaks entirely fresh ground, its heading 
being 
Des Systemes de Quantités dérivées et de leurs 
Déterminans. 


Of the integers 1, 2,3, . . . , mall the possible sets of p integers 
are supposed to be taken, and arranged in order on the principle 
that any one has precedence of any other if the product of the 
members of the former be less than the product of the members 
of the latter. The number n(n—1)....(n—p+1)/1.2.3....p 
of the said sets being denoted by P, the P™ and last set would 
thus be 

n—p+l1, n—p4+2,..... », n—-l, n, 

Now, any two of the sets being fixed upon, say the u™ and ", 
the system of quantities (q,.,) is returned to, and from it are 
deleted (1) all the “termes” whose first index is not found in 
the u™ set, and (2) all the “termes” whose second index is not 
found in the » set. What is left after this action is clearly 
“un systéme de quantités symétriques de l’ordre p,” the deter- 
minant of which may be denoted by ay? ’. For example, if 
y.=v=1, all the a’s would be deleted whose first or second index 
was not included in the set 1, 2,3,...,p, and there would be 
left the system 


Ay Ay A-p 
Ag, Age Amp 
Ap, Ape . Ap-p 


of which the determinant would be denoted by 
(v) 
ai. 


112 HISTORY OF THE THEORY OF DETERMINANTS 


As any one of the P sets could be taken along with any other, 
preparatory to forming such a determinant, there would ne- 
cessarily be in all PxP possible determinants. Arranged in a 
square as follows :— 


(p) (p) (p) 
Ay UN Q-p 
(p) (p) (p) 
Any A-9 en area Os-p 
(p) (p (p) 
Op Ape +++ + App 


they manifestly form “un systeéme symétrique de lordre P,” 
which, in strict accordance with previous convention, is denoted 
ge (a?) 
Cauchy then proceeds (p. 96)— : 
Si l'on donne successivement 4 p toutes les valeurs 
1,2, Sy fs ay RO, he I 
P prendra les valeurs suivantes, 


n(n—1) n(n—1)(n—-2) n(n —1) . 


et Yon obtiendra par suite un’ nombre égal 4 n-1 de systémes 
symétriques différens les uns des autres, dont le premier sera le systéme 
donné (a.,). Ces différens systémes seront désignés respectivement 


par 
ea e n(n—1) (n—2) 
(Gien)s | th. oy [ a. cee a See ts ee 


(n-8) (n-2) w 

[a ae-nieea], [a ecu], (at) ; (XL.) 
je les appellerai systémes dérivés de (a,.,). Parmi ces systémes, ceux 
qui correspondent a des valeurs de p dont la somme est égale & sont 
toujours de méme ordre; je les appellerai systemes dérivés complémentatres. 


Ainsi en général 
(ap) eb (atp”) 


sont deux systtémes dérivés complémentaires l'un de Yautre, dont 
Vordre est égal a 


1D es oad) — a= = (nap) 
-2.38...p 
Up to this point a thorough understanding of the notation 
> * 1 )y 
(ai) 


is the one essential. Taking the particular instance 


(arto 


Lae 
wo 
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we first call to mind that it is an abbreviation for the “ systeme 


symétrique” whose first row has for its last “terme” the deter- 
minant 


arto 
—that is to say, an abbreviation for the system whose deter- 
minant we should nowadays write in the form 


(2) q?) 


| ) 

| 11 120° s+) U4 

| 

} (2) (2) (2) 

| %1 Gen + 2 + gig 

| (2) (2) (2) 
Mor Uo. +++ Aigio 


The next point is to realise what determinants are denoted by 
ayy, at, 


Now the number 10 being of necessity a combinatorial, and, as 
the figure in brackets above it indicates, of the form 
n(n—1) 
| 
we see that » must be 5, and that the said determinants are all 


derived from 
ey Ope Uys Oy, Os 


| a et eae here 
eis: Sr ae Mae, ae 
| ih Bee Beg Oa) tgs 
| G51 Ugg Ug Ang Asrg 


The details of the process of derivation are recalled in connection 
with the interpretation of the pairs of suffixes. A requisite 
preliminary is to form all the different pairs of the numbers 
1, 2, 3, 4,5; arrange them in the order 

12, 15, 14, 15, 23, 24, 25, 34, 35, 45; 
and then number them 

foes Ao, (8, ft, 8, 9, 10. 
These last are the numbers from which the suffixes are taken, 
and what each one as a suffix refers to, is the ae under 
which it is here placed. For example, the first suffix in a’) refers 
to the combination 1 2, and implies the deletion of all he rows 


of the above determinant of the fifth order except the Ist and 
M.D. H 


114 HISTORY OF THE THEORY OF DETERMINANTS 


2nd; the second suffix refers to the same combination, and 
implies the deletion of all the columns except the Ist and 2nd ; 
and the symbol as a whole thus comes to stand for 

Og Ogee 
Gay Ono 


(XL. 2) 


Interpreting a”, a, .. . . in the same way, we see that 


Ce 
is a compact notation for the system of which the determinant is 


[ gi@hgeg |p x ok. 1G ee 

so k* wpa Since Repeat, Cena | Giger || 

|@gydse|, - + » |UgsQsal, [@ss%e51, | Ogu%es | 

[@yiGeol, i+ + » ‘[Oes@sal, | Crees |, | @esteg| 
Similarly (an: 


stands for the system of which the determinant is 


[ yhoo Ban ls a) = 10) cs) et See ec chee seein) eet eae 


Fes d 5 [ pgda ane 
a byeOne|, <i.) ne | Aggy Ass | | Cy gbyr4s-s | 
[Cpu Qecbee ly = « =teeeenaeellOn: (pea eene | Was O ene | 


and which is called the “complementary derived system.” (XL.3) 
To every “terme” of the latter there corresponds a “terme” of 
the former, the one “terme” consisting exactly of those a’s of 
the original determinant which are awanting in the other. This 
relationship Cauchy goes on to mark by means of a name and a 
notation. He calls two such “termes,” |@g.A4o%5-| and |a,.,09..| for 
example, “termes complémentaires des deux syst®mes;” (XL. 4) 
and if the symbol for the one be by previous agreement 

a 

ja 

the symbol for the other is made * 
oF eae (XL. 5) 
*If Cauchy had adopted a slightly different principle for determining the 
order of combinations, the ut combination of p things and the (P—»+1) 


bination of n— things would have been mutually exclusive, and the co 
here made in regard to notation would have been unnecessary. 


th com- 
nvention 


ee 
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As for the signs of the “termes” in “derived systems,” Cauchy’s 
words are (p. 98)— 


“En général, il est facile de voir que le produit de deux termes 
complémentaires pris & volonté est toujours, au signe prés, une portion 
de ce méme déterminant (D,,). Cela posé, étant donné le signe de l’un 
de ces deux termes, on déterminera celui de Yautre par la condition 
que leur produit soit affecté de méme signe que la portion correspon- 
dante du déterminant A 2 Ny 


All these preliminaries having been settled, the weighty 
matters of the section are entered on. The first of these is a 
complete and perfectly accurate statement of the expansion- 
theorem, known by the name of Laplace, but which, as we have 
seen, Laplace and even Bezout who followed him were very far 
from fully formulating. The passage is of the greatest interest. 
No better example could be chosen to illustrate the powerful 
grasp which Cauchy had of the subject. What Laplace and 
Bezout laboured at, lengthily expounding one special case after 
another, Cauchy sets forth with ease and in all its generality in 
the space of a page. His words are (p. 99)— 


“On a fait voir dans le § 3° que la fonction symétrique alternée 
S (+ 4y-10900g-3 ---Unn) = D, 
était équivalente a celle-ci 
S[ 28 (4 Gy20p9.6 6 «Gy —aeg1) + Gary): 
On fera voir de méme qu’elle est encore équivalente A 
LS FAG Megs «> Opp)» BCE Oy pup ga ee: Bn atn~ inn |s 


les opérations indiquées par le signe S pouvant étre considérées comme 
relatives, soit aux premiers, soit aux seconds indices. On a d’ailleurs 
par ce qui précéde 
) 
S( + y.1A2.9 v.84 i) = i al?) ’ 
(n-p) 
S( + Up 44p41 eae Onn) = tMpp” . 
Enfin les signes des quantités de la forme 
(») (n-p) 
ayy , Wp p 
doivent étre tels que les produits semblables 4 


(Pp) y(n—p) 
O1%p p 
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soient dans le déterminant D, affectés du signe +. Cela posé, il 
résulte de l’équation 

D, = S[ + S( + 4.409 . Dy») . S( + ptl* pti": cas 
que D,, est la somme de plusieurs produits de la forme 


(p) ,(n—p) 


a, pp 


Selon que pour obtenir ces différens produits on échangera entre eux 
les premiers ou les seconds indices du systeme (d-,)) On trouvera ou 
Véquation 


Dim efyoby? + dPlabet +2. + ath? 
ou celle-ci 
Dum ala? + oat, +... + a? 
On aura de méme en général les deux équations 
Dy oP ae as + Og Op tp nga t+ ep et? 
D,= a) Cine + an ape Po eae ay ee is: 


Ces deux équations sont comprises dans la suivante 
_ ae w)- (=n) z 
D,, a S ( Gham Op —p+1.P-—7+1/>5 (XIV bs 4) 


qui a lieu également, soit que l’on considere le signe S comme relatif 
4 Vindice p, soit qu’on le considére comme relatif & |’indice 7.” 


Taking as an illustration the case where n=5, p=2, and 7=7 
(that is, the ordinal number corresponding to the pair 2 5, of 
the suffixes 1, 2, 8, 4, 5), and translating literally from Cauchy’s 
notation into our own, we have 


| yy aoMhgsQtauts5 | = | bypMog |-| MyyCbas sy | — | MyyCtg5|-| Coy Uag@sq| +. - « 
armenia H | M055 |-| Uyy%o5%34 | - 
With the same certainty of touch and with still greater con- 
ciseness, all the identities directly obtainable by Bezout’s Méthode 
pour trouver des fonctions .. . . qui soient zéro par elles-mémes, 
are formulated as one general identity, and established on a 
proper basis. The paragraph is (p. 100)— 
“D,, étant une fonction symétrique alternée des indices du systeme 
(Gn) doit se réduire & zéro, lorsqu’on y remplace un de ces indices 
par un autre. Si lon opére de semblables remplacemens a légard 


des indices qui occupent la premiére place dans le systéme (Qn), et 
qui entrent dans la combinaison (u), cette méme combinaison se 


es 


—————— 
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trouvera : j i i ) te) 
LS ce hs papers autre que je désignerai par (v), et Qu5 
sera changé en a,,,. D’ailleurs, en supposant le signe S relatif 47, ona 


D,= SP(a. Coreen ii) ) 
on aura done par suite 

Oa S(t ae pacat)-  (X1E.7; xxu. 4) 
On aurait de méme, en supposant le signe S relatif a V’indice p, et 
en désignant par (r) une nouvelle combinaison différente de (7) 

Wars (@ .@re ieee) = (0. 75. xxim. 4) 
As this theorem is twin with the preceding, it is best to illustrate 
it by the same special case. By so doing, indeed, both theorems 
become more readily grasped and their details better understood. 
Taking then as before n=5, p=2 and 7=7, we first form the 
determinants which Cauchy would have denoted by 


(2) (2 (2) 
ayy 2 aes EP es ? Gor 
and which we denote by 
|GyoQo5| » |@yo%y5| >» - - + » [Lao Ms5]- 


Next, for cofactors, we form the determinants which are comple- 
mentary, not of these, as in the preceding theorem, but of the 
members of one of the nine other groups corresponding to the 
values 1, 2, 3, 4, 5, 6, 8, 9, 10 of z,—say the group 


Oe Magee » 06 
These complementaries being 
|g Qyg%55| , [Gay AygMgs| , - 2 - + - 5 [AyyLog%35|, 
we have the desired identity 
0 = |, 2455 »| ig, 43%55| — | Gy 90bg5|. [Gq Ayg55|-- + - « = | @ 45455 -[11%o3%%s5| , 


the right-hand side of which is nothing more than an expansion 
of the zero determinant which arises from the determinant 
| @414o9%g%44U55| “lorsqu’on y remplace un des indices par un 
autre,” viz., the second 4 by 5. 

With the help of these two theorems a third theorem of almost 
equal importance is derived, viz., regarding the product of the 
determinants of two complementary systems. Denoting the 
determinant of the system 

(aig) by Dp’ 
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and that of the complementary system 
(asm) by DE”, 
and multiplying the two determinants together, we see with 
Cauchy that by (xiv. 4) the principal “termes” of the resulting 
determinant are each equal to 
D,,; 


and by (XII. 7) all the other “termes” are equal to zero. Conse- 

ae 1?) DG) = (DY (XLL.) 
Py See n 

As an example of this theorem, it may be added that the product 

of the two determinants printed above (p. 114) to illustrate the 


notation ( al 3) 


that is to say, the determinants of the systems 
(a2) 5 (a), 


| Charo g.xQg-gs-s | 1°. 


is equal to 


In connection with all the three theorems, the special case 
p=1, is given, so that their relation to previously well-known 
theorems (VI, XII, XXI.) may be noted. It is also pointed out, 
that when in the third theorem n is even and p=%n, the result 
takes the interesting form 


D,#) = (D,)®, (xia 


This brings us to the last section of the memoir, the fourth, 
bearing the heading 
Des Systémes d’ Equations dérivées et de leur 
Déterminans. 
What it is concerned with is the relations subsisting between 
a “derived system” of the product-determinant 
Mi Mee a wee 


Mo-4 Moro ao Sgt Ue Moe, 


DETERMINANTS IN GENERAL (CAUCHY, 1812) ie 


and the corresponding “derived systems” of the factors 


) 

Ay Ayes Cyn Gy1 Ay-2 Ayn 
Ag-1 Ug-9 Asem Ag Agy Ayn 
Any Ung +++ Bnn ) Ce Grn sts st Che ; 


in other words, the relations which must connect the systems 
(af) 5 (oh) » (i 

by reason of the relations 
=[S"(ay4 @t,,+1) = Maury | 

(given in full above on p. 107) which connect the systems 


(44-y) ? (a4-n) ? (™-n)- 
First of all, attention is concentrated on a single “terme” of 
the system 
(mi!) 


or, as we should nowadays say, on a minor of the product- 
determinant. The process of reasoning, which occupies about 
four quarto pages, is exactly analogous to that previously 
followed in dealing with the product-determinant itself; and 
the result obtained is 


m?), = SP(al?) a?}), (xvut. 5) 


where S? is meant to indicate that the terms on the right-hand 
side are got by changing the second suffixes into 2,3,4,... , 
P in succession. Speaking roughly and in modern phraseology, 
we may say that this means that 


Any minor of a product-determinant is expressible as a swm 
of products of minors of the two factors. (xvut. 5) 


Cauchy then proceeds (p. 107)— 


“Si dans cette équation [xviil. 5] on donne successivement a p et 
4 v toutes les valeurs entires depuis 1 jusqu’é P, on aura un systéme 
@équations symétriques de Yordre P, que Yon pourra représenter par 
Je symbole 


(63) D{SP(al?) ah) =mzi} 
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P étant toujours égal a 


MEV) ee eS (n-p+1) 
IR 2s ee 


Pour déduire des équations 
2[S"(a,,1 1) = Mar] 
les équations (63), il suffit évidemment de remplacer les trois systemes 
de quantités 
(Qy-n) p) (Gy-2) b) (7y-n) 


par les systeémes dérivés de méme ordre 


(ais) ¢ (at : (m"}, ‘ 


Je dirai pour cette raison que le second systéme d’équations est dérivé 
du premier.” (XL. 6) 


The close outward resemblance here noted between the original 
and the derived system of connecting equations is due of course 
to the choice of the notation 


(p) 
ap 


for the minors of the determinant 


S+ (Gp i@eee. nee) 
and is so far a recommendation of that notation. 


From the system of equations (63) two deductions follow 
immediately. In regard to the first Cauchy’s words are (p. 108)—- 


(v) 5) (P) 
dp ’ Dp ) Mp 
les déterminans des trois systemes 

(p) (p) (»))\ . 
(ap) D (a7p) , (mip) ’ 
on aura en vertu des équations (63) 


(65) MY = D® 3®) » (XLIZ.) 


“Désignons par 


The enunciation of this in modern phraseology would be— 


Any compound of a product-determinant is equal to the »ro- 
duct of the corresponding compounds of the two factors. (XLII) 


~ 
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The next deduction is stated equally succinctly (p. 109)— 
“Si Pon ajoute entre elles les équations (63) on aura la suivante, 


(66) SP{S?(al?))S?(a?,)} = S’SP(m?), (x22) 


Mav Ma 


le premier signe S, c’est-d-dire le signe extérieur, étant relatif a 


Vindice v, et les autres, c’est-A-dire les signes intérieurs, étant relatifs. 
a Vindice p.” 
This (66) corresponds to (XXXIX.) as (65) corresponds to the 
multiplication-theorem 

M,, =D nO: 


the transition from the general to the particular being effected 
in both cases by putting p=1. 


With these deductions, the 4th Section practically comes to an 
end; but one or two results, intentionally omitted in the account 
of the 2nd Section because they seemed to belong naturally to. 
the 4th, fall now to be noted. 

The first is very simple. It arises (p. 91) from observing that 


Ui ape x ate” aa (Dgey"-*, 
and .. = (M,)"-! 


by the multiplication-theorem. The result (xxi. 2) above (p. 110), 
is then thrice applied, and a theorem at once takes shape, which 
in later times we find enunciated as follows :— 


The adjugate of the product-determinant is equal to the pro- 
duct of the adjugates of the two factors. (Xiu, 2) 


It is not noted, however, by Cauchy that this is but a case of 
XLIIL., viz., where p=n—1. 
The next is 
2[S"(m., by.) = D,4,.,.], 


or Z[S"(m 1 By.,) = 6,4,]- (XLII) 
It is nothing more than the result of solving the n.n equations 
(33) 2S". Gya) = My] 


first, in columns, for all the a’s, and secondly, in rows, for all 
the a’s. 
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The last is 
Z[S"(ay, i) =a Oana 


or SS Gay Fig) =e (XLII. 2) 


where (7,.,) is the system adjugate to (m,.,). It is obtained 
from the n.n equations (XLUL) just as they were obtained from 
the n.n equations (33), use being made of the theorem 


Mo pee 


In concluding, Cauchy refers to Binet’s researches on similar 
matters. Most of what he says in regard to them has already 
been given (see p. 93 above). The rest of it is as follows 


(pity 


“T] [Binet] me dit en outre qu'il avait généralisé le théoreme dont 
il sagit [M,=D,,5,], en substituant au produit de deux résultantes 
des sommes de produits de méme espéce. J’avais dés lors déja 
démontré le théoréme suivant : 

Dun systome quelconque @équations symétriques on peut déduire cing 
autres systemes du méme ordre; mais on wen saurait dédwire un plus 
grand nombre. 

J’ai démontré depuis a l'aide des méthodes précédentes cet autre 
théoréme : 

Dun systeéme quelconque @équations symétriques de Vordre n, on peut 
toujours déduire deux systemes d’équations symétriques de Vordre 

n(n —1) 


9 ? 


deua systemes @équations symétriques de Vordre 
n(n—1)(n-—2) 2 
were 


En ajoutant entre elles les équations symétriques comprises dans 
un méme systéme, on obtient, comme on l’a vu, les formules (50), (51) 
et (70) qui me paraissent devoir étre semblables a celles dont M. Binet 
m’a parlé.” 

The last sentence here raises an important question for the 
historian to settle, viz., whether Cauchy is to share with Binet 
the credit of the generalisation of the multiplication-theorem. 
The identities on which the claim is based are-— 


SUS" aur) S(Aur)} = SPS"(m,.») (50) 
5"{S"(B,..) S%(b,.2)} = S*S™(7,..) (51) 
S*S*(al)S*(al)} = SESP(miP) (70) 


Hav 


DETERMINANTS IN GENERAL (CAUCHY, 1812) 128 


The first of these, given formerly (p. 110) in the uncontracted 
form 

(ay, +ag,+... + ny) (yy +Qg,+... =F) 
H(ayotdget. .. Fano) My9+ Mgt... +4,-9) 


+ (ayn tag, + aaa + aan )(Byn Fan + eee ts + Gyn) 


where My.v = Nee 1Ay-1 + Ap2dyet . . . + Ayndyn; 


may be at once left out of consideration; it is not even a case of 
the multiplication-theorem. Cauchy, we may be sure, mentioned 
it only because it is the first of the series to which (51) and (70) 
belong. The next concerns the systems 


(Bin) ? (0;-n) ? (yn) 
adjugate to the systems 


(ayn) ? (Gyn) , (My-n) 


dealt with in (50). It indeed is comparable with Binet’s 
theorem; but as it is only a case of (70),—the minors in (70) 
being of any order whatever, whereas in (51) they are the prin- 
cipal minors,—we may without loss pass it over. Directing our 
attention, then, to (70) let us for the sake of greater definiteness 


take the case where n=5 and p=2, and where consequently 


iP =? 4. 10. The theorem then becomes 


S10 { S10(a" ) S10(q2),)} _ giogio (m'?), 


For the purpose of comparison with Binet’s result, it is absolutely 
necessary, however, to depart from this exceedingly condensed 
mode of statement. Remembering that the inner §S’s refer 
always to the first suffix, and the outer to the second suffix, we 
obtain the more developed form 
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124 
2 (2) (2) (2) (2) 
(Qaeea a2) (a 4084+. =. +a%pa) | 
2 (2) (2) (2) (2) . 
a(n, _ $a2),) (aan... + Atos) 
2 (2) (2) (2) (2) 
4 (a, art... +4010) (Mit A0+ - - - +%o,20 
2 Z (2) 
a m?) +m) + te Sain 
2 (2) (2) 
+m?) 4+ mes » $M» 
+ , 
2 (2) (2) 
ete me), ARF Mao 10 ce wee! 46 M10.10° 


Interpreting now the suffixes and superfixes of the a’s, a’s, and 
m’s, after the manner already described,—any suffix 7 signifying 
along with the superfix (2) the 7 combination of two numbers 
taken from 1, 2, 3, 4, 5,—we finally reach the suitable form 


{\q-14-9| + j@ra%se] +++ ++ T | A34A4-9 
{| Gy-4Ao-9| A [Oy-4%go] +--+. + [Aig.yU go 
at 
+ {|ay-3@o-5| + ]@y-303.5] P+ ++ +: TP |Og304-5 
{1G -nGong| (tra @en) ee + |Ag.ghy-5 
+ {| ay-4o5| 1 [Oy-4Ag:5 Pasco + | g-404-5 
Alea osgl  \Oyg@egt aoe = = = = + |g.4h 5] 
=. yy Moh F [My Mee) P<. 2 + [?g47%4-9 
+. 
+ M4-3Mg-5| + |Mz-3Mgg] +... + [MggMy-5 
Hig. gMo5| + [My-4Mg.5| +.. + [Mg4Mq-5 
where Mary = Nye Aye F Opole? « « 


The series of suffixes for the a’s, a’s, and 
same, the series of pairs of first suffixes 
series of pairs of second suffixes in every 


a | o1g-15-9 


+ 


a |aig1O5-2 
+ |dg-44s-5 


Ug A5-9 


+ 
= 


|atg-405-5 + 
Ageglses| 


Mey M59] A [MgyM5-9| 


Ag-gA5+5 
Ag 5-5 


A3-305+5) 
13-30 5-5 


Ogg 5-5 


SE i I a 


WU g-45-5 


+ 
— 
— 
a 
+ 


My3Ms55| 1b |Mg-gM5-5| 


MeayMees| tb [MygMysl, 


+ 
++ 


»FOppOy.c 


m’s are seen to be the 
in every row and the 
column being 


12, 18, 14, 15, 23, 24, 25, 84, 35, 45; 


that is to say, the combinations arranged in ascending order, of 


the numbers 1, 2, 3, 4, 5, taken two at a time, 


On the first side 


of the identity are 10 products, and as both factors of each 
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product contain 10 terms, the result of the multiplication would 
be to produce 1000 terms of the form 


| @pAsq|-| GmpCng| 


the whole expansion in fact being 
Dy a, | QrpAtsg| |Ampng]|: 


On the right-hand side are 100 terms of the form 
MpMey|, 


and ifea proof of the identity were wanted, we should only have 
to show that each of the 100 terms of the latter kind gives rise 
to a particular 10 terms of the former kind. This, too, it is 
interesting to note, Cauchy himself could have done. For 
example, the last of the 100 terms, 


7447755] 


S| Uy Mg FU gy ty te FU gsy, yy gy FU yods9 t+ - » FU g5%55 | 
Dy yy +O sgtygt Ags 45 Uy gy + Age Ggg +.» . +A 55%55 


=| Uy Uy Ug Agy Os! Ag Ayy yg Agy Ags | 
51 Aso es Asy Us | 


+ | Ay a 


tae os 


M51 A59 A53 A54 A55 | » 


as EE + | yy Oye 
| bs4 Use | 


=| yy Oy) yg Ohys | 


51 sy | 


O41 Ago G4, gg 


O51 Ase as) As3 As, A55 |> 


which is nothing more than Cauchy’s formula (62) 
m'?) = =S?(a era), 


when we put «=10=y, and p=2. Instead of 1000 terms on the 
left-hand side and 100 on the right, we should clearly have for 
the general theorem P? terms on the left and P* terms on the 
right, P be it remembered being the combinatorial 


n(n—1)(n—2)... (n—p+l) 
1 8 iD 


Leaving Cauchy, let us now return to Binet, and in order that 
the comparison between the two may be complete, let us formally 
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enunciate in all its generality the latter’s theorem also. Binet 
himself did not do this. After dealing with the case in which 
the determinants involved are of the 2nd order, he merely added 
(p. 289)— 


“On aura encore pour les intégrales 
Z{S(a,y',2") Sv C9}, Z{S(Ga',y",2”) S(7,€,v7,C"}, &e. 
des résultats semblables, savoir, 
2{S(a, Vz ay S(é, UC ) )} 


_g { LaEXyvd2e + VyELzvrae + VeETavBy¢ 
— YabZzvdy¢ — LyEZavr2z¢ — UeEDyv=x6, 


Z{S8i, a be i) S(z, 0 s—) 
= §{2irdaEXyv226 + LardyéEZtvdze + &e.} 
&e.” 
With the help of modern phraseology, the general theorem thus 


intended to be indicated can be made sufficiently clear. Binet in 
effect says :— 


Take s rectangular arrays each with m elements in the row 
and 7 elements in the column, m being greater than 1, viz.i— 


(Gy) (Gio... (A1)1m (Jor) s+ « (Gy)am + + (Gy) (Gr)eo - -« (G1) om 
(G2) (a). (Ga )im (Ge )o1 (a) 09 red Co) es (Gz)s1 (Qe) 59 Bere ©2779 Ses 


(Gn) An)12 Mee (n)im (Gn)oi(n Joo slag (Gn ems eis ines eS (Gn)sm 
and other s rectangular arrays of the same kind, viz— 


(by) (Oe. OQ (Oi) ies (b;)o1 Os eS (Gren ans (dy )e1 (b.) 0 CEA.) (Onn 
(bs) 41 ae ee oe Oe (bz)o1 (0; oo cane (b:)om G3 (bs )e1 (6; Sateen se (3) om 


bn lbnds mses (yam dana : one Wie’ (nor On)en BS (On Vor 


From each array, by taking every set of m columns, form C,, 
determinants, arranging them in any order, provided it be he 
same for all the arrays. Add together all the 1st determinants 
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formed from the first s arrays, and multiply the sum by the 
corresponding sum for the second s arrays; obtain the like 
product involving all the 2nd determinants, the like product 
involving all the 3rd determinants, and so on. Then, the sum 
of these products is equal to the sum of the products obtained 
by multiplying each array of the first set by each array of the 
second set. 

Or we may put it alternatively as a formal proposition, thus:— 


If s rectangular arrays be taken, each with m elements in the 
row and n elements in the column, m being greater than n, viz. 


wi de tergce) oe 


» Fes 

and if the minor determinants of the n order formed from X,, 
x 

- 2 Bole 


— — 
= A ae 


Wy, Lg -. » Lig fa fe -++ &o 
Uy, Von » » « Hog fn &2-- + £20 
a Wig Deki tes oa lg; be Ae oe 
(By + Wy +_.-—~ +2n) (ErtEnt . .- +x) 
+(Gy+im+ .. . +2) (Eotbot .. . +&n) 
+(Xiot Bot . . - +20) (Lot &o- +» +&s0) 
= (X,+X%,+...+X,)(2,4+2,4+...+8,), 


where C stands for C,,,, 2.¢., m(m—1)....(m—n+1)/1.2.8....7. 


Now, counting the terms here as we did in the case of Cauchy’s 
theorem, we see that on the left-hand side there are C multi- 
plications to be performed, each giving rise to sxs terms, and 
that therefore the full number of terms in the development of 
this side is 

8C; 
also that on the right-hand side the number is 


8?, 


+ 
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In Cauchy’s theorem the corresponding numbers were found to 
be P? and P?, P being not any whole number as s is, but like 
© a combinatorial. Without further investigation, we might 
consequently assert that, supposing the two theorems to be alike 
in other respects, Binet’s must be the more general, the passage 
from it, to Cauchy’s being effected by taking s=C. A closer 
examination, however, will show that this is not the full measure 
of the difference between the two theorems as to generality. 
Not only must we specialise by putting s=C, but s must become 
C in a very special way. In order to make this clear, let us 
take the particular case of Binet’s theorem which approximates 
as nearly as possible to the particular case of Cauchy’s given 
above. In the latter the determinants were of the 2nd order; 
therefore to get the comparable case of Binet’s theorem we must 
put n=2. Again, since P in the particular case of Cauchy's 
theorem was 10, we must for the same purpose put 


s= 0 
and’ C,, ,= 10, and. 2. 3.5. 
The result is 


{|oag2 nt Oey Woo a as A10,1%10,9 \4 G1 Aye see 10,1 %40,2 
911 %79 Boy bag by01 10,2  BBr. BrorPr0.2 
ieee | Sat tae ee ay | | 1 Os | +... 4 | “01 tos 
1018 | bo, Dog 10,1.710,3 | By 13 | Pro1P 10.3 
| | 

{ Cy 45 a | Uoabos a ee  %0,4%10,5 \ { Ay 4 Ars - ae 40,4 10,5 
14915 bo 495 Ors? rot) YU BisPis Pro4Pr0.5 

| | | 
={ M1 Ayg + + + Ays 4. | Gar Man» + + M5 oa ob | ten = Sie i x 

| by, Dig» . Org | 9 Bag. » « Dog | Dio Or0,0- + = Oro,5 | 

[| ay1 19+ + - ys Boy Ang «© » Gos 0,1 410.2° + ° Ay, | 

UBaP.--Bsl (Babes -Bosl Cee 
(PuPiz+ + + P15 21P22° + + Pos 10,1 10,2 + + + P10,5 | 


the elements involved being 200 in number, and disposable in 
two sets of arrays— 


My Typ» + + Gy a Bop - © 6 Ugg + + + yg, Gygg » - “Gigs 


Bethe we bigs baste Mie 


25? baer one On Br0.0 PaaS hy Or05> 


Se ee Ae a oat 


ta 
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and 


a a, 
11 %12 O45 Gg) Ugg + + + Ags eer Ai 210.9) © os Ap 


Bu Pre i vane Bis, Bor Boo eo « Bas, ve + B01 Bro.2 o Wes Bros: 


In the corresponding identity of Cauchy there are only 50 


different elements, viz., the elements of the two square arrays— 


My Mp - - - hy ye Mig ee Ais 
My, Ugg + + - Mes gi gq + + + Ags 
Oss Gizg ss Org, a a a 


Indeed,—and it is this which brings the comparison to a point,— 
if from the first of these square arrays we form 10 rectangular 
arrays by taking every possible pair of rows, thus using each 
row 4 times over, viz., 


MMe - ++ Ay Ay Ay -- + Ay M4, Uyy  - » Ogg 
Meee a er, lg Wags = = Ugg, a 
and similarly from the a’s form a second set of 10 arrays, viz., 
pipes * My Meg + + * Ag Ggy yg < + - gs 
Ga Foe ~ « Bop, Fy Age - + » Age, » “G5 G5g + + + Oe 
and then to these two special sets of arrays apply Binet’s 
theorem, we obtain Cauchy’s theorem. Regarding the two 
theorems in all their generality, the decision we have reached 
may therefore be expressed by saying that Binet’s is a theorem 
concerning 2smn quantities, where s, m, are any positive 
integers, and Cauchy’s is a case of it in which 
s= mm-—1)...(m—n+1)/1.2.3...0, 
and in which, further, the number of different quantities in- 
volved is not 
m(m—1)...(m—n+1) 
x 
Pee, @2%. n 
but by reason of repetitions is only 
2m’, 
Although this decision is against Cauchy’s claim as put by 


himself, it deserves to be noticed that, apparently by oversight, 
M.D, I 


ye 


mn, 


130 HISTORY OF THE THEORY OF DETERMINANTS 


he failed to make his case as strong as he might have done. It 
will be remembered that Binet made two advances in the 
generalisation of the multiplication-theorem. In the first place, 
he gave the generalisation from which the multiplication-theorem 
is got by putting m=7, or, as we nowadays say, by substituting 
two square matrices for two rectangular matrices, and then 
he gave the theorem which we have been comparing with 
Cauchy’s and which degenerates into his own first theorem when 
s is put equal to 1. Now the first of these generalisations 
Cauchy could justly have laid claim to. His identity (XVIII. 5) 
is not indeed stated or viewed as a generalisation of the multi- 
plication-theorem, but it is unquestionably so in reality. Osten- 
sibly the identity concerns any minor of a product-determinant, 
but every such minor is obtained by multiplying together two 
rectangular matrices, and, conversely, every determinant which 
is the product of two rectangular matrices may be viewed as a 
minor of the product of two determinants. 
~ On looking back, however, at Cauchy’s memoir as a whole, 
one cannot but be struck with admiration both at the quality 
and the quantity of its contents. Supposing that none of its 
theorems had been new, and that it had not even presented a 
single old theorem in a fresh light, the memoir would have been 
most valuable, furnishing, as it did, to the mathematicians of 
the time an almost exhaustive treatise on the theory of general 
determinants. It is not too much to say, although it may come 
to many as a surprise, that the ordinary text-books of deter- 
minants supplied to university students of the present day do 
not contain much more of the general theory than is to be found 
in Cauchy’s memoir of about eighty years ago. One apparently 
trivial instrument, which Cauchy had not received from his 
predecessors and which he did not make for himself, viz., a 
notation for determinants whose elements had special values, is 
at the foundation of the whole difference between his treatise 
and those at present employed. When this want came to be 
supplied later on, the functions crept steadily into everyday use, 
and a fresh impetus was consequently given to the study of 
them. But if from the work of the said eighty years all 
researches regarding special forms of determinants be left out, 


a 
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and all investigations which ended in mere rediscoveries or 
in rehabilitations of old ideas, there is a surprisingly small 
proportion left. If one bears this in mind, and recalls the fact 
temporarily set aside, that Cauchy, instead of being a compiler 
presented the entire subject from a perfectly new point of view, 
added many results previously unthought of, and opened up a 
whole avenue of fresh investigation, one cannot but assign to 
him the place of highest honour among all the workers from 
1693 to 1812. It is, no doubt, impossible to call him, as some 
have done, the formal founder of the theory. This honour is 
certainly due to Vandermonde, who, however, erected on the 
foundation comparatively little of a superstructure. Those who 
followed Vandermonde contributed, knowingly or unknowingly, 
only a stone or two, larger or smaller, to the building. Cauchy 
relaid the foundation, rebuilt the whole, and initiated new 
enlargements; the result being an edifice which the architects of 
to-day may still admire and find worthy of study. 


b 


? 


CHAPTER V. 


DETERMINANTS IN GENERAL, FROM 1693 TO 1812; 
A RETROSPECT. 


From what has just been said by way of estimate of Cauchy’s 
memoir, it will readily appear that a suitable opportunity has 
now presented itself for taking a general retrospect of the work 
done from the date at which the history commences. The 
system which has been pursued, of numbering the new advances 
made by each writer, enables us to do this very conveniently, 
and with a tolerable approximation to accuracy by means of a 
tabular form. The table, herewith annexed, so far explains 
itself. The authors’ names, it will be seen, are arranged both 
vertically and horizontally in chronological order; and vertical 
and horizontal lines of separation are drawn so as to apportion 
to each name a gnomon-shaped space. The crediting of any 
entirely new result to an author is done by giving its number in 
Roman figures after his name in the vertical list. On the other 
hand, any mere modification, fresh presentment, or extension of 
a previously known result, is notified to the right of the original 
number of the result, and under the new writer’s name in the 
horizontal series. Instead of the Arabic figures placed in the 
gnomon-shaped spaces, a cross or other uniform mark would 
have sufficed, but in order to increase the usefulness of the table, 
a number has been inserted, telling the page at which the result 
is to be found. For example, if we look to the space allotted to 
Bezout (1779), we find him credited with one entirely new result, 
numbered XXIII, and with some contribution to. each of tive 
previously known results, whose numbers are II., III., IV., XIL, 
XIv.; and we likewise see that information regarding them 


j 


TABLE—SHOWING THE ADVANCE OF THE THEORY OF DETERMINANTS FROM 1693 TO 1812, 0 4222 
Sepa era CR eRe UR, Spe Wet eee Peet Sosa ee 
elelslexialal« ie a oi ey 4 tana 
ors el és Ba = 4 < 
SISiSiISISIS] &§ |§]5 z % Es aa 
— i ‘ i 
op eae nly. 
vy | 2 : a E “7 ; tis hom 
+~ a a = sy o on a r= % Db 4 4 
ig o +3 ¢ q ~~ ~ QD | s 
Slelsl8le/ | 4 /ale Z A |F) a s) Ad 
1693. Leibnitz, SPU EN ee MA IRE yee ai Le PR ee ake ey an | 3 
9 17 52 | BB 75 101 ‘ 
9 52 | 55 | 56/2), 57(3), 58, 59@), 61 75, 77, 78 99, 101, 102 
. Fontaine, | ; 
1750. Cramer, IV. 13 52 
. Vv. Sood 
1764. Bézout, 4 Wide | 17 61 103, 103 Fel 
1771. Vandermonde, . VII. 24 | 33 54 78 99 ees 
eve 24 99 ee | 
IX. 24 : 103 -¢ oe 
X. 24 96 snack 
=n 24 | 33 103 ess 
XII. 24 | 33 52 61-2 97, 103, 117 
XIII 94 | 33 | 
XIV. 24 | 33 52 116 
1772. Laplace, oN: 33 78 98 
XVL 33 
1773. Lagrange, XVII. 41, 41 
XVII. 1 
XIX 1 
Se: 41 
XXL. ven 
XXI. 41 
1779. Bézout, XXIII. | | m2 
1784. Hindenburg, | . 


1800. Rothe, 


Hirsch, © 
1811, Binet, XXIX. 


- -Prasse, 
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all will be got at p. 52 of the History.* Speaking generally, more 
importance ought to be attached to the existence of numbers at 
the corner of a gnomon than elsewhere, because these indicate 
fresh departures in the theory. Sometimes, however, a fresh 
departure may have been very trivial, the real advance being 
indicated by a number well removed from the corner of a subse- 
quent gnomon. Thus if we examine the history of the multipli- 
cation-theorem (Nos. XVII, XviI.), we find the first step in the 
direction of it credited by the table to Lagrange, and subsequent 
steps to Gauss, Binet, and Cauchy; whereas careful investigation 
at the pages mentioned shows that what Lagrange accomplished 
was of exceedingly little moment, in comparison with the magni- 
ficent generalisation of Binet and Cauchy. Again, it must be 
borne in mind that all the results numbered in Roman figures 
are not of equal importance, it being well known that one 
theorem in any mathematical subject may have vastly more 
influence on the after development of the subject than half a 
dozen others. Such imperfections, however, being allowed for, 
the table will be found to afford a very ready means of estimat- 
ing with considerable accuracy the proportionate importance to 
be assigned to the various early investigators of the theory. 

If we look for a moment, in conclusion, at the nationality of 
the authors, one outstanding fact immediately arrests attention, 
viz., that almost every important advance is due to the mathema- 
ticians of France. Were the contributions of Bezout, Vander- 
monde, Laplace, Lagrange, Monge, Binet, and Cauchy left out, 
there would be exceedingly little left to any one else, and even 
that little would be of minor interest. 


* As regards the newness of xxiii. the table is not quite in accord with the 
text, an earlier writer’s work having been duly noted in the latter (p. 11). 


CHAPTER VI. 


DETERMINANTS IN GENERAL, FROM THE YEAR 1813 TO 1825. 


THE writers of this period are seven in number, viz., Gergonne, 
Garnier, Wronski, Desnanot, Cauchy, Scherk, Schweins. Of 
these Gergonne, Garnier and Cauchy are merely expository ; 
Wronski only recalls an earlier communication; Desnanot is a 
follower of Bezout; Scherk is a follower of Hindenburg; 
Schweins alone stands prominently forward as being well read 
in the subject, fit to give a full exposition, and fruitful in new 
results. 


GERGONNE (1813). 


[Développement de la théorie donnée par M. Laplace pour 
l’élimination au premier degré. Annales de Mathématiques, 
iv. pp. 148-155.] 


This is such an exposition of the primary elements of the 
theory of determinants and their application to the solution of a 
set of simultaneous linear equations as might be given in the 
course of an hour’s lecture. It is confessedly founded on 
Laplace's memoir of 1772; but, though the matter of it is thus 
not original, it is nevertheless noteworthy on account of its 
brevity, clearness, and elegance. 

The word “inversion” is introduced to denote (111. 21) 
what Cramer called a “dérangement,” and then by easy steps 
the reader is led up to the theorem regarding the interchange 
of two non-contiguous letters. 


(9) Done, si l’on permute entre elles deux lettres non consécutives, 
on changera nécessairement l’espéce du nombre des inversions. _ Soit 
en effet 2 le nombre des lettres intermédiaires & ces deux-la; on 
pourra d’abord porter la lettre la plus a gauche immédiatement & 
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gauche de l’autre, ce qui lui fera parcourir n places; puis remettre 
cette derniére a la place de la premiére; et, comme elle sera obligée 
de passer par-dessus celle-ci, elle se trouvera avoir parcouru n+1 
places. Le nombre total des places parcourues par les deux lettres 
sera done 2n+1, et conséquemment l’espéce du nombre des inversions 
se trouvera changée.” (IIL. 22) 


This, it must be noted, is not identical with Rothe’s proposition 
on the same subject, Gergonne’s ” being different from Rothe’s d. 

The proof, that a determinant vanishes if two of the letters 
bearing suffixes be the same, proceeds on the same lines as 
Rothe’s, but is put very shortly and not less convincingly as 
follows :— 

“‘Supposons, en effet, que l’on change h en g, sans toucher 4 g ni 
aux indices. Soient, pour un terme pris au hasard dans le polynéme, 
p et q les indices respectifs de g et h; ce polynéme, renfermant toutes 
les permutations, doit avoir un autre terme ne différant uniquement 
de celui-la qu’en ce que c’est h qui y porte l’indice p et g Vindice q; 
et de plus (9) ces deux termes doivent étre affectés de signes contraires ; 
ils se détruiront donc, lorsqu’on changera h en g; et il en sera de 


méme de tous les autres termes pris deux a deux.” (x1. 8) 
On putting “le polynédme D,” i.e. the determinant |a,b,c, ...|, in 
the form 


Aja, +A,d,+Agdast. .- -tAmO&m, 
this theorem of course leads at once to the identities 


A+ A,b,+A,0,+. . . -+Ambm = 0 
AG, + Age, tAgest- » » -tAmem = | 


and these to the solution of m linear equations in m unknowns. 


GARNIER (1814). 


[Analyse Algébrique, faisant suite & la premiére section de 
Yalgébre. 2° édition, revue et considérablement augmentée. 
xvi+668 pp. Paris.] 


The title of Garnier’s chapter xxvii. (pp. 541-555) is 
“Développement de la théorie donnée par M. Laplace pour 
Lélimination au premier degré.” It consists, however, of 
nothing but a simple exposition, confessedly borrowed from 
Gergonne’s paper of 1813, and six pages of extracts from 
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Laplace’s original memoir of 1772. As forming part of a 
popular text-book, it probably did more service in bringing the 
theory to the notice of mathematicians than a memoir in a 
recondite serial publication could have done ; and we certainly 
know that Sylvester, who afterwards did so much to advance 
the theory, expresses himself indebted to it. 


WRONSKI (1815). 


[Philosophie de la Technie Algorithmique. Premiére Section, 
contenant la loi supréme et universelle des Mathématiques. 
Par Hoéné Wronski. (pp. 175-181, &c.) Paris.] 


Here as in the Réfutation of 1812 “combinatory sums” make 
their appearance, as being necessary for the expression of the 
“loi supréme.” Wronski’s point of view is unaltered toward 
them. He now, however, calls them 


Schin functions, (xv. 5) 


from the letter formerly introduced to denote them, “et pour ne 
pas introduire de noms nouveaux”! Two or three pages are 
occupied with the statement of the recurrent law of formation 
(Bezout, 1764). 


DESNANOT, P. (1819). 


[Complément de la Théorie des Equations du Premier Degré, 
contenant ...... Par P. Desnanot, Censeur au Collége 
Royal de Nancy,.... Paris] 


As far as can be gathered, Desnanot was acquainted with the 
writings of very few of his predecessors in the investigation of 
determinants. The only one he himself mentions is Bezout, and 
the first part of his work is in direct continuation of a topic 
which the latter had begun. His book is a marvel of laboured 
detail. No expositor could take more pains with his reader, 
space being held of no moment if clearness had to be secured. 
As might be expected, therefore, all that is really worth pre- 


serving of his work is but a small fraction of the 264 pages 
which he occupies in exposition. 


The first chapter bears the heading 


ee 


Ne EEaEEEeEeEeEeEeEeEeEeEaEeEeEeEOyeeEeEE—eeEEEE = 
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Recherche des Relations qui ont View entre le dénomi- 
natewr et les numérateurs des valewrs générales des 
inconnues dans chaque systéme Véquations dw premier 
degré ; 

and, after a reference to the impossibility of obtaining any 
result in the case of one equation with one unknown, proceeds 
as follows — 


“Si Von a les deux équations 

az+by=c, wz+by=c, 
elles donnent 

_ cb’ —be' ac’ — ca’ | 

be ha” a B= fae 
nommant D le dénominateur commun, N et N’ les numérateurs des 
valeurs de w et de y, nous aurons 
D=al'—ba', N=cb'—be', N’=ac —c’. 

Multiplions N par a, N’ par 2 et ajoutons, nous trouverons 


aN +N’ =c(ab’ — ba’) =cD; 


aN +6N’=cD. 
Nous aurions de méme; en multipliant N par a’ et N’ par 0’, cette 


autre équation 
wN+UN'=cD.” 


With this may be compared Bezout’s Méthode pour trouver des 
fonctions . . . . qui soient zéro par elles~mémes (see p. 49). 
Exactly the same method is followed with the set of equations 
ax +by +cez =d 
wa+by+ez=d 
Wat b'y+ cez= da"). 
Here fifteen relations are obtained, only seven of which are 
viewed as necessary, viz., 

(ab’ —ba’)N’+ (ac’ —ca’ )N” = (ad! —da’ a 

(ab” — ba”) N’+ (ac” —ca”)N” = (ad” —da’”)D) , 

(da’ —ad’)N + (db’ —bd’ yN’ + (de’ —cd’ \N” = 2) 

(da” —ad”)N + (db”—bd”)N’ + (de” —cd” )N” = OJ , 
aN+bN+cN’=dD 
aN+UN+e¢N’=d'D 
a’N + 0’N’+ c'N’=a’'D). 


done 


138 HISTORY OF THE THEORY OF DETERMINANTS 


From a modern point of view there are but two which are really 
different, viz., 

|ab’|.|ae’d”| — |ac’|.|ab’d”| + |ad’|.|ab‘c"| 
and albe'd’| — blac’d”| + clab’d”| — d\ab’c”| = 0, 


the twelve quantities concerned being 
GO ug 
a b’ c ad 
a’ 6” (ee a 
The former is obtainable from Bezout’s identity 
|ab’e”|.|de’f”| — |ab’d’|.\ce’f”| + |ac’d”|.|be’f’| — |be'd”|.\ae’f’| = 0 


by putting 
Thay = 0; 0, £ 


and €,¢,¢=4,4a,a. 


The other, as is well known, comes from Vandermonde. 
Before proceeding to the case of four unknowns, a notation is 
introduced in the following words (p. 6) :— 


“Soient a, b,c, d, f, g, h, etc. des lettres représentant des quantités 
quelconques; &, 1, m, p, g, 7, etc. des indices d’accens qui doivent 
étre placés a la droite des lettres. Au leu de mettre ces indices 
comme des exposans, placgons-les au-dessus des lettres quils doivent 


affecter, de maniére que ; désigne a affecté du nombre & d’accens ; 
que Py indique le produit de a par i ; ainsi de suite. Représentons 
la quantité : j = b ‘ par - b) de sorte que nous ayons cette équation 
kU KU Tk.” 
ie b) = abba. 
This being settled, the similar quantities of higher orders are 
defined by the equations 


(a0) =eleb) ~ dab) tole) 
(abed) = d(abo) - dlabe) +dlabe) — dlabe), 
&e. &e. &e. 


It is thus seen that Desnanot’s definition is almost exactly the 
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same as Vandermonde’s, and his notation essentially the same 
as Laplace’s. To this definition and the proof of the theorem 
regarding the effect of the interchange of two indices or two 
letters seven pages are devoted, and then a fresh step is taken. 
The exact words of the original (pp. 13, 14) must be given, 
as they distinctly foreshadow a great theorem of later times. 


“14, Si nous développons cette expression 
(1 )(ab) ~ («8)(a2) 
(0%) (a5); 


done nous avons cette équation 


(A) (a8)(ab) - (a8)(ad) = (25)(a8)- 


15. De cette formule je vais en déduire d’autres. Je dis que si 
jintroduis la lettre c dans les seconds facteurs de chaque terme et en 
méme temps l’indice £, |’équation subsistera encore, et que j’aurai 


(B)  (a8)(abc) - (ab)(abe) = (at)(ase) (xv) 


Légalité serait prouvée si en développant les deux membres, les 
quantités multipli¢es par la méme lettre ¢, affectée d'indices égaux, 
étaient égales dans chaque membre ; or j’ai 


e(at)(a3) + (08) (a8) 
e((a6)(ab) ~ (a8)(a0)) 
+6((a5)(a5) - (ad)(as))| | tela) (ad) 
- e(ad) (a8) ~1(«5)(a8): 
Les quantités multipliées par 2, , et , dans chaque membre sont égales 


» k 
entr’elles, c’est évident; et la formule (A) rend les coefficiens de , 
égaux ; donc puisque dans (B), il n’y a que des termes multipliés par 


pmk . Qu ti B t ” 
10n est exacte. 
G&G &% @ je conclus que l’équation (B) 


Having thus shown that if in each of the second factors of 
the identity 
|a,bg||ugb,| — |a,g||42b,| + |, [obs] = 0 (A), 


le résultat sera 


( 
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a new letter c be added and the index 1 be prefixed, the sign of 
equality may still be retained, so that we have a new identity 


|a,b,||a.b3¢,| — |a,b5||¢b5¢,| + |@4b,||44b,¢,| = 9 (B); 


he then goes on to prove in the same fashion that the first factors 
of this derived identity may be treated in a similar way with 
impunity, viz., that they may be extended by the appending of 
the letter ¢ with a new index 5, so that we have a further 
derived identity 


|@,b,¢5||4,b3¢,| — |4,b3¢,||4b,¢,| + |a,b4¢;||4,b,c,| = 0 (C), 


already known to us from Monge. 

And this is not all, for the next paragraph shows that these 
two extensions may be repeated in order as often as we please, 
the opening of the paragraph being as follows (p. 15) :— 


‘17. Généralisons et prouvons que si la formule 
EU teense 1@) km..p kKm..t kp... @q@ TON: seat wate? km... @ 
(on elae oo * epee ae = labios ca 
est vraie dans le cas ot il y aurait n lettres comprises dans chaque 
facteur, elle sera encore vraie en ajoutant une nouvelle lettre d dans 
les seconds facteurs de chaque terme avec l’indice J qui n’y entre 
pas; et qu’ensuite, si l'on ajoute la méme lettre d dans les premiers 


facteurs de chaque terme avec un nouvel indice 7, l’égalité ne sera 
pas troublée. 


I] s‘agit done de démontrer que ces deux formules sont exactes : 


(ab. cllab..cd) - (abclieb ee eee (xury ay 


ab.icd)(ab..cd) ~ (ab..od)(ab. al = b..ed)las. cd). | an 


The line of proof is still the same, and may be shortly indicated 
by treating the case 


(D) |a,6,¢,||a,b,c,d,| = |2,b,¢,||4,b,¢,d,| Sa |<t1b3¢9l|04b,0,c5| = 0, 


which comes immediately after (C), and is derived from it by 


extending the factors in which a,b, does not occwr. Since by 
definition 


|a,b.csd,| = d,|a,b5c3| — ds|a,b.¢,| + d,|a,b3¢,| = d,|dgb30,|, 


and |a,b,¢,d5| = d|a,b.e5| — ds|a,b.0,| + d,|a,b5¢,| — A |dgbsCg|, 
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it follows that 
|a1b2¢5||a,b,¢,4,| — |a,bo0,| a,b,¢,05| 
= {d,|a,b.0,| _ | 4,by¢4\ b|a4b.¢5| 
+ {lasbsesllasbse4] — |ayb,c,||a,by¢|} dy 
_ {|ayb3¢5||49b304| - |a,bs¢4|| 4205051 d, 
But the cofactor here of d, is by (C) equal to 
— |a,b,¢,]|a,b,c.| ; 
and the cofactor of d, 
= |a,b,¢,||4:b,¢,| — |a,b,c,||a,b,¢.|, 


and therefore by (C) 


— |a,,¢5||ab,¢,., 


|aybo¢5||a9b,¢,|. 
Making these substitutions, we have 
|a,b,¢;| A,b,Cg4,| — |a,bQc,|| a,b,¢5d;| 
=a |a,bse9| { d5|ab,0,| — d,\a,b,¢,| + d,|a,b,¢,| — d, |tgb,c5|} 


— |a,b,¢5||4,b,¢,d,|, 


as was to be shown. 
The next three cases are 

laybaCsMe|ayboesA,| — ayboeAlayb.¢34,] + |ayb,cydgla,b,c,d,| = 0 (E) 
: [aybeesdg\tybqgh 3g] —  |ayboeyAs|labocg1,e,] + |aybqcydg|a,b.c,1,¢,] = 0 (F) 
tty 20,0) 407|01,b5050 306] — |, DqCys0_ ||, 090,006] + |-1b2C5Ag¢_\\0,b904,¢,] = 0 (G). 

_ When the factors of each product are of the same order, as in 
(C), (E), (G), the identity is, in modern phraseology, an “ exten- 
sional” of (A); that is to say, there is a part common to every 
factor of the identity, eg., a, in (C), a,b, in (E), a,b,c, in (G), 
and this common part being deleted, the result is simply the 
identity (A). When the factors of each product are of different 
orders, as in (B), (D), (F), the identity is an “extensional” of 
something still simpler than (A), viz., 


@|@gb3| — @g|4,b3| + ag|a,b.| = 0, 
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In exactly the same manner and at quite as great length the 


(a)(ag) ~ (ag)(as) = (aza)(e) 
—already known to us from Lagrange—is made the source of a 


numerous progeny. By putting figures for 4, /,... 
same time writing them as suffixes, these identities, original and 


identity 


derived, take the form 


and at the 


lay Fallagel = |as9all Fo = la, Fogel, (A’) 

a, follarb.91 2 — |a9el|4152.Fel = las FoFellara] (B’) 
la:rofslerb29e1 = — [2b29s|l01b2 Fo = |b. f26l¢14! (C’) 
la,byfs|4152¢396  — laybaGs|lr,bocs fol = labo faJel4102¢31,  (D’) 
lerbeesfulltrbs¢sJel — laybecsGullerbeesfel = erde¢sSa9el@sb2¢s], (E) 
[tyb2es faulltyOoCsUJol— [a DaCaGullboesAa fel = \trDaesFsPaltrb2¢a%,|, CF’) 
[yb 203, flyOoCgL4Gq] — [ry DoCy eGo yboCs bs Sel = |Orybaeya fsGltrO2¢s%,|. (G’) 


Of these (C’), (E’), (G’) deserve to be noted, being along with the 
original (A’) extensionals of the manifest identity 


S296 — Joho = \Fs9el-  (KLIV. 3), (XXIII. 6) 
On the other hand (B’), (D’), (F’) are essentially the same as (B), 
(D), (F) already obtained—a fact which Desnanot overlooks. 
As the source of a third series of results, obtained in still the 
same way, the identity 


(an)(¥g) - (ag)(Fa) =(ap)(ag) 9 
is next taken. In reality, however, this does not differ from the 
first identity so treated, viz., 


kt m m m 

(ab)(ab) — (a5)(ab) = (ab)(ab (A). 
In (A) the letters ab remain unchanged throughout, and the 
indices vary ; while in (A”) the indices remain the same, and the 
letters vary. As we should now say, the difference is a: mere 
matter of rows and columns. The derived identities (B”), (C”), 
and (D"), . . . are consequently found to be quite the same as 
(B),(©),CD) as: 


The fourth and last source made use of is the well-known 
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theorem regarding the aggregate of products whose first factors 
constitute what Cauchy would have called a “suite verticale,” 
and whose second factors are the cofactors, in the determinant of 
the system, of another “suite verticale.’ Desnanot however, 
viewing the theorem from a different stand-point, enunciates it 
as follows (p. 26) :— 

“Si Von a n lettres ab .... edf, et qu’on les combine n—1 d n—- 1, on 
aura n arrangemens ab....cd, ab....cf, ab....df,.......... ; 


a.... cdf, b.... edf; qwon applique dans chaque arrangement les n—1 
indices kl....mp, ce qui donnera ces quantités 


kKl..mp kl..mp kl..mp ktl..mp Kl..mp " 
Re ca): babs er is lanocd yy ; a oli Ged?) eae. 
et qu’ensuite on les multiplie chacune par la lettre qui wentre pas dans 
Parrangement en Vaffectant d’un méme indice et donnant au produit le 
signe plus ou le signe moins, suivant que la lettre multiplicateur occupe 
wn rang impair ou pair dans les n lettres, en partant de la droite, la somme 
des produits sera zéro.” (x1. 9) 
Before proceeding to deduce others from it, he gives a proof of it 
for the case 


pfkt..mp p/kl..mp pfkt..mp 
(B”) Fab. éd) = NS pee, i cag) rts 
pfkt.omp pfkl..mp 
a ewan? fe abcd h) 0. 
The method of proof is interesting, because it depends almost 
entirely on the definition which Desnanot follows Vandermonde 
in using. It will be readily understood by seeing it applied to 
the simple case 
b,|bacgd4| — bp|byey1,| + b3|b,c,4,| — b,|byeqd,| = 0. 
Expanding each of the determinants |b,c,d,|, |b,c,d,|,.. . . . in 
terms of the 6’s and their cofactors, we have 
b,|bacgd,| — by|Byeyclg| + bg|d,cycd4| — , deo] 


a b,{ by|cyd,| — dglcgd,) + b,|cad5|} 
= b, {Dy |egcl,| — bed.) + b,|c,d,|| 
3 bs{ by |cacty| — ,|¢,d,| a b,led,|} 
= b,{0,|cad| — byleyds| + bsleyde| } , 

=-0; 


for the terms in the expanded form destroy each other in pairs. 
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The derived identities are obtained exactly in the manner 
followed by Bezout in 1779 (see pp. 51, 52). The fundamental 
identity is taken, say in the form 


FsltboCsees| — C5 tb2tstafs| + Us| ArOoesats| — C5|Abosesf5| 

+ dg|ayeodgefs| — 5] O1%¢suts| = 9, 
and another instance is put alongside of it, in which the same 
letters and suffixes are involved, say 


fi|@yb9¢344e5| — €,|d,doC344f5| + d,|ayboC:04f5| — C1 |a,bodse,f5| 
+ b,|a,e.d5¢,f5| — a,| b,c,de,f;| = 0. 
One of the constituent determinants, say the last, |b,c.d,¢,f,| is 


then eliminated by equalisation of coefficients and subtraction, 
the result being 


\a,Fo|-[@rb2Cybses] — |@5||@boestafs| + \t145||asbacseats| 
— |a4¢5|| 410.434 f5] + ]105||@1¢ods¢afs] = 0 (C%) 
In the next place, two additional instances of this derived 
identity are taken along with it, the first differing from it in 


having a 2 instead of a 5 in all the first factors, and the 
second in having a 2 instead of a 1; viz., 


|e falltyD2CsF 45] — |O429||%1D,Csf5| + |aydy|| aq d9c5¢4 f5| 

— |@465|| 1,4 3¢,f5] + la bg||,e4,¢,f5| = 0, 

and 
| to f5||4boCggeg| — |Mgep|| Aydocgdafs| + |@o%5||41b5¢3¢4 fs | 

— |Ay05||@,D,ds¢4f5| + | @a05||@1Colse,fs| = 0. 


Multiplication by b,, —b;, —b, is then effected and addition per- 
formed, when by reason of such identities as 


b,|a, fs| — O5]a, fo] — b,|def5| = |aydo fel, 
and b,|a165| — b;|a,b,| — b,|a,b,| = 0, 


elimination of |a,¢,d,e,f;| is produced, and the result takes the 
form 


|b, fs|]410 263445] — |a1b,¢5||y0.Cgy fs| + |abpds|| a,b oc5¢, 7, | 


(D”) = |a,b:¢||a,b,d5¢, f5| = 0. 


ee eeeeeeeeEE—eEEEEeEeeEeEeEeEeeEEEe eee 


- 
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The process of derivation may be pursued further, giving next an 
identity in which the first factors are all of the fourth order. 
Desnanot says (pp. 31, 32)— 


cc BSL =p . 
Pour ne pas nous repeter constamment, nous dirons que cette 


formule s’étendrait & un nombre quelconque de lettres placées dans 


les premiers facteurs, et que 
Be aa eal a tas an. os) 
+ (abi e)labl lag) — +. =O. 


Les termes sont alternativement positifs et négatifs, les indices sont 
les mémes dans les premiers facteurs de chaque terme, ils font partie 
des indices qui se trouvent dans les autres facteurs et sont placés 
dans le méme ordre; quant aux lettres, il y a ou une, ou deux, ou 
trois, ete. lettres communes aux seconds facteurs écrites toujours dans 
le méme ordre et suivies de la n‘*™* lettre qui n’entre pas dans les 
seconds facteurs; de sorte que s'il y a m’ lettres communes & tous les 
facteurs, le nombre des termes de (H””’) sera n—m’.” (XXIII. 7) (XLIV. 4) 


(H”) 


The general result (H”’) is simply what would now be called 
the ‘extensional’ of the identity of Vandermonde from which 
Desnanot derives it. 


Co-ordinate, in a sense, with the said identity, is that other 
which Desnanot uses as a definition; and this latter is the next 
of which the extensional is found. The process, so far as 
indicated, is exactly similar to that employed in the preceding 
case. The results obtained are 


Mech edl—\ad)ab...cf) tlaclat..df— 


icone # (ab)(a..ed f) = (a)(ab- caf), 
and 
(abf)(ab...cd) — (aba) (ab. /cf) 
( a eee et = (ab)(ab..eaf); 


and the general result including them is referred to. (VI. 4) (XLV.) 
M.D. K 
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That they are extensionals of the definition is evident from ape 


fact that the index p may be moved se the left so as to make re 


common to every factor of (B’””), and ip common to every factor 
of (C’"). 

Still another series of results is obtained, but they are 
essentially the same as the foregoing, the difference again being 
merely a matter of rows and columns. 


All these preparations having been made, Desnanot returns to 
the subject of the relations between the numerators and denom- 
inators of the values of the unknowns in a set of linear equations. 
Thirteen pages are occupied with the case of four unknowns, 
the number of relations found being 74, of which, after scrutiny, 
14 are retained. The case of five unknowns, and the case of six 
unknowns are gone into with about as much detail, and then, 
lastly, the general set of m equations with unknowns is dealt 
with. None of the relations obtained need be given, as they are 
all included in the identities which have been spoken of above as 
extensionals. 


The second chapter (p. 94) bears the heading 


Simplification des formules générales qui donnent les valewrs 
des inconnues dans les équations du premier degré, lorsqu’on 
veut les évaluer en nombres. 


Here again the cases of three, four, five, six unknowns are 
dwelt upon with equal fulness in succession. The consideration 
of one of them will suffice to show the nature of the method, 
and will enable the reader to judge of the amount of labour 
saved by employing it. Choosing the case of four unknowns, 
we find at the outset the equations stated and the solution 
condensed as follows (p. 104) :— 


“HQUATIONS DONNEES. 
ax +by +c2 +dt =f 
ax +by +c2 +d't = f" 
ae +b'y +6'2 +d't = f" 
w+ yt e"2td"t= fl". 


—— 


ee a 
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CALCUL. 
ab’ — ba’ =a, 
ab” —b’a = B, 
a'b"” —b"a' = y, 
ab” —ba'" = 8, 


ae’ a pa = € 5 


m=c" a-c'B +cy, 
n= C"a—cd +¢e, 
m= f" a-fB +fy, 
n’ = fas +fe; 


1 wy ’ Hi 4 
D= = {m(ad — 8d' + ed) —n(ad” — Ba +r}, 
1 tise = (nn! = nm’), 
a 


NZ lm od” — B+) 1 (ad" — Ba + yd) 


fD-cN” —-dN” =8, 
4) = dN” = d'N’” a s’; 


Ne as’ — Sa’ 
. <2 a ’ 
_ So’-dS’. 
= era 
* N N’ N”’ t = Ne 7 
c= —D’ y Teo ape ae 1) 


The explanation of the mode of procedure is not difficult to see :— 

(1) The determinants |ab’|,|ab”|,|a’b”|,|ab”|,|a’b’’| are cal- 
culated. 

(2) With the help of these are next got four of a higher order, 
viz. |ab’c”| , |ab’c’”| , |ab’f”| , |ab/f’”|. 

(3) Two others of the same order, viz. 

ad” — 6d’ +ed, ad” — Bd’ + yd, 

1.€. |\ab’d’”| : |ab’a”| . 
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having been calculated, the identity 
|ab’|. D = |ab’c’|. |ab’d”| — \ab’c’”|. |ab’d” | 
is used to find D. 
(4) A similar identity 
|ab’|. NN” = |ab’c’|. |ab’f’”| — | ab’e™|. |ab’f”| 
is used to find N”. 
(5) A similar identity 
jab’|. N” = |ab’f’|. |ab’d”| — |ab’f’”|. abd” 
is used to find N”. 
(6) Two subsidiary quantities S, S’ are calculated, the first being 
= flab’e’d’”| — clab’f’d”| — diab’c’f”|, 
and the second 
= f|ab‘e'd’”| — ¢|ab’f'd”| — d’|ab’e"f” 
(7) From these N’ and N are readily got. For evidently 
a — Sa’ 
= |af’|. |ab’e’d’”| — |ac’|. |ab’f’d’”| — |ad’|. |ab’e”f’”| 
and this by a previous theorem 
= lab). (afe a |, 
= |@0'| oN: (XIIL 38) 


The third chapter consists of a lengthy examination (pp. 157- 
264) of the singular cases met with in the solution of linear 
equations, and does not concern us. 


CAUCHY (1821). 


[Cours d’Analyse de l’Ecole Royale Polytechnique. I. Analyse 
Algébrique.* xvi+576 pp. Paris. Muwvres, 2° sér. iii. 
pp. 73-82, 426 — 428.] 

When Cauchy came to write his Course of Analysis, after- 
wards so well known, he did not fail to assign a position in it to 
the subject of his memoir of 1812. The third chapter bears the 
heading, “Des Fonctions Symétriques et des Fonctions Alternées.” 


*No more published. 


ee 
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It occupies, however, only fifteen pages (pp. 70-84), and of these 
only nine are devoted to alternating functions and the solution 
of simultaneous linear equations. Of course, in so limited a 
space, the merest sketch of a theory is all that is possible. An 
- alternating function is first defined, the word “alternée” being 
now set in contrast with “symétrique,” and not, as formerly, with 
“permanente.” Functions other than those that are rational 
and integral being left aside, the latter, if alternating, are shown 
(1) to consist of as many positive as negative terms, in each of 
which all the variables occur with different indices, and (2) to 
be divisible by the simplest of all alternating functions of the 
variables, viz., the difference-product. The set of equations 


a,0+bYy+oz+...+9uthv =k, (r=0,1,...,2-1) 


is then attacked, the method being—to take the difference-product 
of a, b,..., h,—denote by D what the expansion of this becomes 
when exponents are changed into suffixes,—denote by A, the 
co-factor of a, in D,—then obtain the equations 


Apdo t Aya, FAgdet. . - +Ag-1%m-1 = D, 
Agby FAD, +Agb, +- - » +An-1On-1 = 9; 
Nolo FAG, FAs +. -- +An-1n-1 = 9, 


l 


A oho +Ayh, tAghg +. . - +An,-1h,-1 = 9, 


—and thereafter proceed as Laplace had taught. As in the 
memoir of 1812, the “symbolic” form of the values of «, y, . 
is unfailingly given. 

A note is added (pp. 521-524) on the development of the 
difference- product, showing how all the terms may be got from 
one by interchanging one exponent with another, how the signs 
depend on the number of said interchanges, and how, by counting 
the number of cycles (here called growps), it may be ascertained 
whether any two given terms have like or unlike signs. 

It will thus be seen that not only is the name “determinant” 
never mentioned in the chapter, and the notation S70yb,69-+-n-a 
never used, but that the subject is scarcely so much as touched 
upon. Although, therefore, Cauchy’s text-book went through 


150 HISTORY OF THE THEORY OF DETERMINANTS 


a considerable number of editions, and had a widespread influence, 
it gave no such impulse as it might have done to the study of 
the theory of determinants. 


SCHERK (1825). 


[Mathematische Abhandlungen. Von Dr. Heinrich Ferdinand 
Scherk,..... iv+116 pp. Berlin. (Pp.-31-66. Zweite 
Abhandlung: Allgemeine Auflésung der Gleichungen des 
ersten Grades mit jeder beliebigen Anzahl von unbekannten 
Gréssen, und einige dahin gehorige analytische Unter- 
suchungen. )| : 


The only previous writings of importance known to Scherk 
were, according to his own statement, those of Cramer, Bezout 
(1764), Vandermonde, Bezout (1779), Hindenburg, and Rothe. 
His style bears most resemblance to Rothe’s, whose paper, how- 
ever, he does not speak of with unmixed eulogy, characterising 
it as containing “eine strenge aber ziemlich weitliufige Auflisung 
der Aufgabe.” 

The main part of the memoir consists of a lengthy demon- 
stration, extending, indeed, to 17 pages quarto, of Cramer’s rule, 
or rather of Cramer’s set of three rules (iv., v., iii. 2), by the 
method of so-called mathematical induction. The peculiarity of 
the demonstration is that it is entered upon without any previous 
examination of the properties of Cramer's functions (deter- 
minants); and it is noteworthy on two grounds—(1) as being 
new, and (2) because the properties, which it really if not 
explicitly employs, had also not been previously referred to. 

The cases of one equation with one unknown, two equations 
with two unknowns, three equations with three unknowns, are 
dealt with in succession, the solution of one case being used in 
obtaining the solution of the next. All three solutions are noted 
as being in accordance with Cramer’s rules, and the said rules 
being formulated, and supposed to hold for n equations with 
wm unknowns, it is sought to establish their validity for n+1 


equations with »+1 unknowns. In other words, the set of n 
equations being : 


eee — 
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nn n—1n—-1 n—-2n—2 1.2 
a+ awe + a@eae +....+ a=s 
lL 1 1 1 1 
nn n—1n—1 n—2 n—2 1 a | 
ax + @e +aexee+.e.,. tart=s 
2 2 2 2 2 
nn n—1n-1 n—2 n—2 pa 
ax +anxet+t-ae«e +. _+ an = 8 
n nr n 7 n 
and the corresponding values of 
1 2 n 
7 z, x, 2 x, 
being 
n 1 n 2 n n 
P(a; 8, a) P(a; 8, @) P(a; 8,2) 
n h oh n te oh n h oh 
n 1 1\? n 5 ey a n mn nm\ ? 
P(a; a, a) P(a; a, a) P(a; a, a) 
n h h n h h n h h 
it is required to show that the solution of the set of n+1 
equations 
n+1n+1 nn kk 11 
ae t+ant+...t+ar~m+...+a=s 
1 1 1 1 1 
n+1 n-+1 nn kk i i 
a 2 ae+...+ d@+...+ W=s8 
2 2 2 2 2 
n+1 n+1 kk i 2 
ae + we +...+ awt+...+ AUX = 8 
n+1 n+1 n+1 n+l n+l 
is 
n+1 1 n+1 n+1 
1 PUaieea) ma _ (a5 804) 
cor aay ee ae g = Sh (xu. 4) 
P(‘a ;a,a) Ca; a,a ) 
n-+1 h h n+1 h h 


Before proceeding, the notation 


P(a 5 § 85 a) 


requires attention. 


It is meant to be an epitome of Cramer's 


rules; the first half of the group of symbols, viz. Be implying 


2 
permutation of the under-indices of the product aaa. 


.. a and 
123 


aggregation of the different products thus obtained, each taken 
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with its proper sign: and the second half implying that in every 
1 
term of this aggregate s is to be substituted for a. A modern 
h 


writer would denote the same thing by 


2 3 n 
§ a a a 
1 1 1 1 
2 3 nN 
8 a a a 
2 2 2 2 
2 3 nN 
8 a a Oe 
n n n n \? 


n 1 . 
only it must be noted that in using P(a ec a) at this stage, we 
nh h 


leave out of account the signs of the terms composing it, the 
rule of signs being the subject of a separate investigation. Any 
one of the forms 


n ay 1 n 2 2 : 
P(a;a, a), P(a;a,a), Ce rae : 
n 


hoh n oh 
it need scarcely be added, will thus stand for the common 
denominator. 


Of the n+1 equations the first n are taken, written in the 
form 


n—1n—-1 


nn ki 11 n+l n+l? 
aerare +...+¢-ae+...tazr=8s— az 
1 1 1 1 1 1 

nN n—1n-1 kk 11 m+1 n+1 
act ae +... OGe+... f-ar=—3— a @ | 
2 2 2 2 2 2 

nn n—1n—-1 kk ut n+1 n+1 
axc+ an bis Oth, Oe = Fg | 
n 7 n n n kG } 


and solved, the results being by hypothesis 


n m+in+1l 1 
P(a; 8 — a we a) 


ee 
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n m+1n+1 k 
P(a; 8 — a 2 , @) 


n n+1n+1 2 
n P(a;8— a x , a) 


nih h h 
n n n 
P(a; a, “) 
n hh 


These values are then of course substituted in the (n+1)" 
equation, which thus becomes 


n ; n+1n+1 1 n n+1n+1 k 
n+1n+1 » Mere— a wv, Oo » P(a;s—"a x , a) 
ae + a—*— i ™ +. to te Yt 
n+1 1 - 
vie P(a; a, a) sl P(a; a, a) 
: n h h nu h h 
n n+in+1 1 
: P(a; 8 — a x , a) 
nih h h a 
— = ee: n n mn 8; 
P(a; a, a) a 
n h hh 
n+1 


and as this manifestly involves none of the unknowns but @ ,. 


nt 
the object must now be to solve for 2 , and then show what the 
value obtained is transformable into. The way in which this is 
effected is well worthy of attention. Scherk’s own words in 


regard to the first steps are (p. 40)— 


n+1n+1 
“Da aber s — a «x in jeder einzelnen Permutationsform nur EHin- 


h h 
mal, namlich in der ersten Potenz vorkommt, so bedeutet das Zeichen 
n nm+1n+1 k 
P(a;s - @ a) 
n oh h Ni 
. . . k 
dass in jede der in I. beschriebenen Permutationsformen fiir a erst s, 


n+1 n+1 f 3 h h 
dann a « gesetzt, und beide Resultate von einander abgezogen 


Penden sollen: folglich ist 


n ntintl kk n kk n ntintl k 
P(a38-a @,a) = P(a;s,4) ~ P(a; a zy a). 
h 


nih h h h 


154 HISTORY OF THE THEORY OF DETERMINANTS 


In dem letzten Gliede dieser Gleichung kommt aber in jeder Form 


n+-1 n+1 | ms, 3 
2, und zwar zur ersten Potenz, vor; « ist also gemeinschaftlicher 


Factor aller Formen, und folglich ist 
k 


n nm+1n+1 &k n k n+1 n n+l 
P(a;s—a by a) = P(a3s,a) — 2 P(as a, a). 
nh h n h 


n h h h h 
Macht man diese Substitution fir A=1, 2,..., m, in der letzten 
Gleichung, und bemerkt, dass 
n nee eal nN yh 74 m hk &k 
P(a;4,4) = P(a;4, a) cuales = P(a;4,4), 
n h h n h kh n h h 


so geht diese in folgende Gleichung tiber 


n+1 n k k\wtl 
a P(a; a a) x 
n+1 nh h 


” nN n k nN k 1 n 1 
+ aP(a;8,) +... 4 a P(a;s,a)+...+ a P(a;s, 4) 
n+1 n h bh n+1 nh kh n+1 n hh 


nN n n+l n k nm ntl k 1 nm a+1 1 n+1 
- a P(a;a, 4) + . +4 (aja,a) + = a P(a3a,a) x 
m+1 m hw R n-+1 nh h n+1 n h 
n k &K 
= s P(a;a, 4); 
n+1 n h kh 
folglich 
1 n 1 2 ” 2 n n n n k & 
LNs eee (458, a)- a P(a;s,a)~...- a P(a38,a)+ s P(a;a, 4) 
nie n-+1 n hh n+1 n hh n+1 n hh n-+1 nh hee 
1 nm m+1 1 2 n+1 2 n n n+l n n+l m. be oe : 
if a P(a;a, a) - a P(a;a,a)-...- a P(a;a, 4) + aP(a;a, 4) 
n+1 w h h n+1 n hh n+1 nhir n+1 ne Oe 


The first theorem here made use of and formulated, viz., 


n nt+1n+1 k n k nm n+1in+1 k 
P(a; s— ab 2k, a) = P(a;8,a) _ P(a:; a x, @) (XLVL) 
n h h h nh h n h h 
is the now familiar rule for the partition of a determinant with 
a row or column of binomial elements into two determinants, 
or for the addition of two determinants which are identical 
except in one row or one column. The second theorem, viz., 
nm n+1n+1 &k N+1 n n+l & 
P(a; ae a) aes Ot P(a; G a) XLVIL) 
n h h n h oh 
is the now equally familiar theorem regarding the multiplication 
of a determinant by means of the multiplication of all the 


a 
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elements of a row or column. That these two very elementary 
theorems should not have been noted until the time of Scherk 
is rather remarkable. 

The consideration of the constitution of 


n+1 k k 
P( @ ia, 7) 
N+1 h h 


is next entered upon, with the object of showing that the terms 
are exactly the terms of the denominator 
1 n n+1 1 2 nm nti 2 n+1 n k k 
= a P(a; a ,a)— a Pa; a a) = See alee + a P(a;a, a). 
n+l n h h n+1 n h h n+1 nh kh 


More than two pages are occupied with this part proof of 
Bezout’s recurrent law of formation. The identity of the terms 


of 
n+1 n+1 
P( Oe. & ) 


nt+1kh h 
with the terms of the numerator then follows at once; and the 


desired form for the value of "z , so far as the magnitude of 
the terms is concerned, is thus obtained. The corresponding 
forms for «,, “,... are of course immediately deducible. 

The rules for obtaining the terms of the numerator and 
denominator having been thus established in all their generality, 
the rule of signs is next dealt with. The treatment is cumber- 
some, but fresh and interesting. It is pointed out, to start with, 
that the counting of the inversions of order of a permutation, 
is equivalent to subtracting separately from each element all 
the elements which follow it, reckoning +1 as a sign-factor 
when the difference is positive, and —1 when the difference is 
negative, and then taking the product of all the said factors. 
This, it will be recalled, is essentially identical with an ob- 
servation of Cauchy’s. Scherk, however, goes on to remark 
that these sign-factors may be viewed as functions of the 
differences which give rise to them, and may be so represented. 
Whether there actually be a function which equals +1 for all 
positive values of the argument and equals —1 for all negative 
values is left for future consideration. Cramer’s rule of signs 
is thus made to take the following form (p. 45) :— 
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“Wenn (8) eine solche Function der ganzen Zahl f ist, 


welche = +1 ist wenn f positiv, und —1 wenn B negativ ist, so ist 
das Vorzeichen Z irgend eines in dem Aggregate 


P(a; é 4) enthaltenen Gliedes | 


mn'k &k 
132-3 k-1 k k-1 nN 
Wi ORM 6 5 (he aa oe 
aaa” al*k-1) oul) (BD) al”) 


folgendes : 


= pla! a!) h(a” — al). n.h(at) a! ).p(a®? = a!).p(a — a)... (0 — a!) | 


OD arta = a"). gp (a — a"). (alt — a")... (al a" 


(at Nee 2), p(a® = aft) A (a a ge Ny 
ba — al). h(a — al)... (a — al) 
(k++) _ g(t) (K+2) _  () a) — gl) 

p(a a”) .d(a a) sain BE ) 


h(a” — al)” (111. 23) 
And it is this form which Scherk seeks to establish. The mode 
of proof is again the so-called inductive mode. In the case of 


two permutable indices the law is readily seen to hold. We 
thus have, preparatory for the next case, 


2 k kk tL 2 
P(a; a, a) = ~(2—1) a a + ¢(1-—2)aa, 
2 h oh 2 
2 3 1 3 2 3 2 
P(a; a,a) = g2-laat g(1—2)aa, 
2 h h ; 2 2 
2 3 a a) Le 3 
P(a; 4,4) = @2-l)aa+ g— 2)aa. 
2 h h iE} 2) 2 


But “nach dem Obigem” 


3 k k 1 2 3 1 2 2 3 2 3 2 k k 
P(a; wa) = —aP(a; a,a) — aP(a; a , a) + aP(a; aa). 
3 h h 3 2 h h 3 2 h h 3 2 


Consequently 


fee ae 
rQrw HQw wQw 
— 


a 


3 


P(a; a ,a) s, Hoa noe ee, 


SS 


=a g2- Va a + o(1—2) 


wo Qw Fe ene 


oh {e2— La a + g(l— 2) 
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eat as — (2-1) = (1-2) 
; and  —1 = ¢(2—3) 
and —1 = ¢(1-8), 


we may substitute 
$(1—2)g(2—3) (1-3) for —4(2—1). 
This and five other similar substitutions give us 


@5a,4) = $(2—-1)63—-1)63—2) aaa + $(3-1)6(2—1)6(2—38) aaa 


\3 hioh 


+ 4(1—2)4(3—-2)6(8—l)aaa + $(3—26(1—2)¢1—-3) aaa 


+$(1-3)g2-3)g2—1a be 4e-3)01— 2) —2) waa; 


so that the law is seen to hold also for the case of three permu- 
table indices. The completion of the proof, giving the transition 
from n to n+1 permutable indices, occupies three pages. 

This is followed by two pages devoted to the subjects tem- 
porarily set aside at the outset, viz., the possible existence of 
functions having the peculiar properties of ¢. Two amusing 
instances of such functions are given,— 


(1) g(@) = Pe-14Pe24Pe84 .. «| 


pet Pes pes... | 
_ sin26r , sin2Qr , sin 2 Bq 
HP) = Goes Goa Ge | 
_ sin2Br _ sin 284  sin20ar | 
(B+1)2r (B+2)2r (B+3)20 °°” 


1 2 3 sin 267 

. (gaitpoat Rt eee 
where P.* stands for the h*" coefficient in the expansion of (a +0)’. 
Success, however far from brilliant it may be, in thus expressing 
the rule of signs by means of the symbols of analysis, led Scherk 
to try to do the same for the rule of formation of the terms. 
Nothing came of the attempt, however. “ Bald aber,” he says, 
“zeigte es sich dass Permutationen niemals durch andere analy- 
tische Zeichen ersetzt werden kénnten.” 
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Such speculations are not altogether uninteresting when later 
work like Hankel’s comes to be considered. 

In an Appendix dealing (1) with the case of a set of linear 
equations which are not all independent, (2) with the solution of 
particular sets of equations, there is given at the outset a proof 
of the theorem regarding the sign of a permutation which is got 
from another permutation by the interchange of two elements. 
If the under-indices of the one term whose sign is z be 


taal”... Maal, 2. a Dah), 2. al, 


aaa a 
and of the other whose sign is Z* be 
CO a 8a eg a Oe ee ae 


it is shown that 
@ _ gaiti—a') plai?—a') | g(at—a') 
Lo plai—al) g(ai—al™) f(a’ a") 
ie (a — a’) (a* — at) ben (a*— a‘) 
p(a’ ny a") p(ait es a”) g(a cy a”) ) 
and there being here 2k—27—1 quotients each = —1 , the result 
arrived at is 


| or ¢= —Z, 


as was to be proved. (111. 24) 
The body of the Appendix contains, along with other matter 
which falls to be considered later, the statement and proof of 


propositions identical in essence but not in form with the 
following :— 


1 2 n—1 n 
a Ob a a 
1 1 1 » 1 
1 2 n—1 n 
eG a 
2 2 2 2 
(1) su a om an oe ge ror (XLVIII.) 
1 2 n—1 n 
Ob a) a a 
n—1 n—1 n—1 n-1 
1 2 nm—1 
died i i i 


* More than a page is occupied in writing the expressions for z and Z. 


a a - 


se 
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1 1 1 1 
where T=matmat....+m a 
ft’ 7 2 2 m—-1 n—1 
2 2 2 2 
T=ma+ma+...-+™m a 
ft es m-1 N—1 
1 
a 
1 
1 2 
On 0) 
2 2 
1 2 3 
(2) 123 n 
4 és - = UA. ..exs Op 
£23 n 
1 2 3 n 
Cembrrpe ik Por ree Oa ac 
n n nm n 


The first of these is proved from first principles, and not by the 
immediate use of theorems XLVI., XLVI. above. The second is 
proved by noting that any other term is got from the first, 


12 3 n 
GOs. a, 
128 nN 


by permutation of the under-indices, that any such permutation 
will introduce one or more elements whose upper-index exceeds 
the lower, and that such are all zero. (v1. 6) 


SCHWEINS (1825). 


[Theorie der Differenzen und Differentiale, us.w. Von Ferd. 
Schweins. vi+666 pp. Heidelberg. (Pp. 317-431; Theorie 
der Producte mit Versetzungen.)] 


With much of the preceding literature Schweins, our next 
author, was thoroughly familiar. Cramer, Bezout, Hindenburg, 
Rothe, Laplace, Desnanot, and Wronski he refers to by name. 
The one notable investigator left out of his list is Cauchy, whose 
important memoir bearing date 1812 might have been known, 
one would think, to a writer who knew Desnanot’s book of 1819 
and Wronski’s memoirs of 1810, 1811, &c. Still more curious is 
the omission of Vandermonde’s name, whose memoir, as we have 
seen, is to be found in the very same volume as that of Laplace. 
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Schweins’ portly volume consists of seven separate treatises. 
It is the third, headed Theorie der Producte mit Versetzungen, 
which deals expressly and exclusively with the subject of 
determinants. The treatise is logically arranged and carefully 
written. It opens with an introduction of 4 pp., the main part 
of which serves as a table of contents and as a guide to the 
theorems which the author considered his own. It consists of 
four Sections (Abtheilungen), subdivided into portions which we 
may call chapters, the first section containing five chapters, the 
second also five, the third one, and the fourth four. 

Schweins’ name for the function is 


Producte mit Versetzungen ; (Xv. 6) 


his notation is a modification of Laplace’s, viz., he uses 


| ) (vu. 6) 


where Laplace used simply 


ae 


and his definition is essentially the same as Vandermonde’s; that 
is to say, he employs Bezout’s law of recurring formation. His 
words at the outset are— 


“Die Bildungsweise der Producte, welche hier untersucht werden 
sollen, geben folgende 1. .en an :— 


Ja) = 4, 
Fried ose ie 
[4,4 4,) =] 4,4). 4, Ak ee 
[ech = eee ci pale 
ARR) R-TARS) A, 


und allgemein 


A) eG) AL) Ge a 
+(-)'| Earnie A la eee aie an 
Ag) = DoE) | AS See oc ersseke se een 


—————— ee eh 
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The sequence of propositions as might be expected is not unlike 
that found in Vandermonde. The first six propositions are— 


1. The under elements (A,, Aj, . . .) being allowed to remain 
unchanged, the upper elements (a, a,, . . .) are interchanged in 
every possible way to obtain the full development. 


2. The sign preceding each term is dependent upon the number 
of interchanges of elements necessary to arrive at the term. 

3. If two adjacent upper elements be interchanged, the sign of 
the determinant is altered. 

4. If an upper element be moved a number of places to the 
right or left, the sign of the determinant is changed or not 
according as the number of places is odd or even. 


5. If several upper elements change places, the sign of the 
determinant is altered or not according as the number is odd or 
even which indicates how many cases there are of an element 
following one which in the original order it preceded. 

6. If in any term the said number of pairs of elements occur- 
ring in reversed order be even, the sign preceding the term 
must be positive; and if the number be odd, the sign must be 
negative. 

The proof of the 3rd of these, which gave trouble to Vander- 
monde, is easily effected in what after all is Vandermonde’s way, 
viz., by showing that the case for » elements follows with the 
help of the definition from the case for ~—1 elements. (XI. 4) 

Schweins’ 7th proposition is that there is an alternative re- 
eurring law of formation in which the under elements play the 
part of the upper elements in the original law, and vice versa. 
This amounts to saying, in modern phraseology, that if a deter- 
minant has been shown to be developable in terms of the elements 
of a row and their complementary minors, it is also developable 
in terms of the elements of a column and their complementary 
minors. The proof is affected by the so-called method of in- 
duction, and is interesting both on its own account and from the 
fact that Cauchy’s development in terms of binary products of a 
row and column turns up in the course of it. The character of 
the proof will be understood by the following illustrative 


example in the modern notation :— 
M.D. L 
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By the original law of formation we have 
|asboCy4| = O,|DqCy%4| — g|Dyey4| + ct5|B,CoLg| — |DyCoc15] 5 
and, as the new law is supposed to have been proved for deter- 
minants of the 3rd order, it follows that 
[ydaegty| = ay|DyCy%| — 4p {D,|ey%4| — 0,]B3%4| + d,\bse4|} 
+ as{b,|Co¢l4| — |B, + d,|bc4\} 
— G4{b,|¢g¢5| — ¢|B,3] + d,|be¢s|}- 
Combining now by the original law the terms involving b, as a 
factor, the terms involving c,, and those involving d,, we obtain 
|a,bo¢y,| = Ay|Dq054| — D,|aaeyd| + ¢,|1gb4,| — d,|2b,c,|, 
and thus prove that the new law holds for determinants of the 
4th order. (VL 7) (1X. 3) 
Cauchy’s development above referred to appears in the pen- 
ultimate identity in the convenient form of one term a,|b,c.d,| 


followed by a square array of 9 terms. The form in Schweins 
is— 


aa wesee VG an 
eee 1 AG 
co Aan-e-1 An-—ax+l «es An -1 an-x An 

+S s ‘ 


A oe 

Laplace’s expansion-theorem is next taken up. To prepare the 
way a theorem in permutations is first given, the enunciation 
being as follows: If from n different elements every permutation 
of q elements be formed, and every permutation of n—q elements; 
and if each of the latter be appended to all such of the former as 
have no elements in common with it, all the permutations of the 
whole n elements will be obtained. Thus, if the permutations 
of 1 23 4 5, or say P(1 2345), be wanted, we first take the 
permutations three at a time, viz., 


P23) P(L.24), PO os) eer 


where 123,°124, 1:25, , 345 are the orderly arranged 
combinations of three plbmeee secondly, we take the permuta- 
tions two at a time, viz., 


POD RO), Peay eee 5 PCAs 


.(XXXVIL. 


a0 n—y—1-—n—y-+1 *°- n—1 n—Y 


ee 
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and, thirdly, we append each of the two permutations included in 
P(4 5) to each of the six included in P(1 2 3), each of the two 
_ in P(3 5) to each of the six in P(1 24), and go on. The identity 
here involved Schweins writes as follows, the only difference 
being that P is put instead of V (Versetzwngen) :— 


P(12345)= P(123)xP(45) 
+P(1 2 4)x P(3 5) 
+P(1 2 5)xP(3 4) 
+P(1 38 4)x P(2 5) 
+P(1 3 5)xP(2 4) 
+P(1 45)x P(2 3) 
+P(2 3 4)x P(1 5) 
+P(2 3 5)xP(1 4) 
+P(2 45)x P(1 3) 
+P(34 5) x PCI 2). 


Another example is— 


P(123456)= P(l23).P(456) 
+P(1 2 4). P(8 5 6) 
+P(3 56). P(12 4) 
+P(45 6). Pd 23). 
The proof consists in the assertion that no permutation can occur 


twice on the right-hand side, and in showing that the number 
of permutations which occur is the full number. 


From this lemma Laplace’s expansion-theorem is given as an 
immediate deduction. The passage (p. 335) is interesting, as the 
mode of enunciating the theorem approximates closely to that 
of modern writers, and has ‘a certain advantage over Cauchy’s, 
perfectly accurate, more general and more compact though the 
latter be. 

“Nach dieser Weise, alle Versetzungen zu bilden, welche wir hier 
zuerst bekannt machen, kénnen auch die Summen der Producte mit 
Versetzungen und mit veriinderlichen Zeichen in niedrigere Summen 


zerlegt werden, wenn bei jeder Versetzung nach der oben gefundenen 
Vorschrift das zugehérige Zeichen bestimmt wird; z. B. 
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|S REE [LES)IAS) - AS) 
ARS )ILS) -L aa) 1a A.) 
+] XK) (a4) +] 4,4,4,)-]4,4,) 
+A RS)IAS) +7458) 1404)) 
-|A £48) 124) -]4,4,4,)-14,4) 
+] A A,4A,) 4.) +] 4, 4,4,)-] 45 4) 
-|a,8,4,)-Pa, a.) -]4, 4,4) 14,45) 
+] 8, 4,)14,4,) +74, 4,4.) 14,4) 
-|| #4, 4,)-] 4, 4.) ice 
+| A 4,4,)-]4,4,), +] A, 4, 4,)-] A, A)). 


In der ersten Scheitelreihe sind die oberen und in der zweiten die 
unteren Elemente veranderlich; die Zeichen + und — befolgen das 
Gesetz in § 140. Eben so ist 

(Another example is given.) 


Wir wollen fir diese Bildungsweise folgende allgemeine Zeichen 
wahlen : 


eo) ee 


und 


ress OH ) 
pers oe : ) 


= ae y*[ea,, & Caer ee ag eee ap+ eae 


wo * nach dem Gesetze bestimmt werden muss, welches in § 140 
gefunden ist.” (xiv. 5) 


The one imperfection in this is in regard to the question of sign. 
It is implied that the sign to precede any product, say the product 


| A, Ay A) : | A, Ay) 
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is fixed by making it the same as the sign of the term 


a, a a, a. 


A, A, Ay A, A, ; 
but nothing is said as to how this ensures that the 11 other 
terms of the product shall have their proper sign. 

Considerably less interest attaches to the next theorem dealt 
with,—Vandermonde’s_ theorem regarding the effect of the 
equality of two upper or two lower elements, All that is 
fresh is the lengthy demonstration by the method of so-called 
induction. The identities immediately following from it by 
expansion Schweins expresses as follows :— 


= CRD Ve Sacre: 0: 40%. Se oie iste @ Ag—1 Ug & +1--- an-1 a, 
d-) a ae We Ae ). 0, 
= r| is ee EO wow alee ws 5,5 6 lalla cs one an Uy = 0 
a) 4 1 ir te ee are aoe gh 
Where tie 102 pac 4% (xi. 10) 


This concludes the first chapter of the first section. 

The second chapter deals with a most notable generalisation 
and is worthy of being reproduced with little or no abridgment. 
The subject may be described as the transformation of an 
aggregate of products of pairs of determinants into another 
aggregate of similar kind. A special example of the trans- 
formation is taken to open the chapter with, the initial aggregate 
of products being in this case 

[4 boe3,|.|€5.f697| — |4 14205 ¢,|-|45 fe9r| 
+ | b203.F5|-|45¢6G7] — |1b2¢3G4)-|L5¢ofr|- 
Expanding the first factor of each product Schweins obtains 
{dy Ayboe| — dy|a,b,c,| + dy|a,b,c4| — d,|agb,¢,| | | esFeIr| 
—{ @y|Aydoeg| — Cg|@y boc] + &|a4b,0,| — e,|agbye4| } ds fogr| 
+{ hy Ayd,Cg| — f3\4y0204| + foltrbsea| — Filaedseal }-Ids C69 
—{9 AyDeC3| — Jg|4yb204| + gol@yb3e4| — | aabs04| } \bsee Fal: 


He then combines the terms which contain |a,b,c,| as a factor, 
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the terms which contain |a,b,c,| as a factor, and so forth, the 
result being by the law of formation, 


[10905|-|14ese9r1 — |41Y2e4|-|ds¢5.FoIr| 
+ |aybyc4]-|do¢5.foG7] — |42bsCal-|4res orl: 
The identity of this aggregate with the similar original aggregate 
constitutes the theorem. 

The only point left in want of explanation in connection with 
it is the construction of the aggregate of products presented at 
the outset, it being, of course, impossible that any aggregate 
taken at will can be so transformable. A moment’s examination 
suffices to show that when once the first product of all 


[4 1D2e54]- es FoIrl 

is chosen, the others are derivable from it in accordance with a 
simple law,—the requirements being (1) no change of suffixes, 
(2) the last letter of the first factor to be replaced by the letters 
of the second factor in succession, (8) the signs of the products to 
be + and — alternately. As for the first product of all, it is 
not difficult to see that the orders of the determinants composing 
it are quite immaterial. Instead of taking determinants of the 
4" and 3™ orders, and producing by transformation an aggregate 
of products of determinants of the 3" and 4" orders, we might 
have taken determinants of the (n+1)" and m*™ orders, applied 
the transformation, and obtained an aggregate of products of 
determinants of the n and (m+1)™ orders. This is the essence 
of Schweins’ first generalisation. His own statement and proof 
of it leave little to be desired, and are worthy of examination in 
order that his firm grasp of the subject and his command of the 
notation may be known. He says (p. 345)— 


“Die Reihe, welche in eine andere tibertragen werden soll, sei 
yan ws fe le hyetalits an+ 


CO) a... 4,8 EB) Oh Gee 


wo o= le 


Reyer > m+1. 


Der erste Factor wird nach 515 in niedere Summen aufgelost 
Qe es Ay-] yt. oe Aay4t1 ay 
“5B 


AL VS NS ee 4 
wo Yay By co ly EN 


me x 
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wodurch die vorgegebene Reihe in folgende iibergeht : 
Zz N+E—-Y || a ~ +. Ay—1 dyt+] +++ Gnqd 
Q >, \-) ine wae eh ee se we A, ).| 


Es ist aber nach 522 


GirgAeb ae iets s” Suave SIN ae ward bm ) ay 
a a ee ee ge 


Mie by ck en wee eee eee bm Pe b by Ay 
>) : 2, B —1 B +1ee. ee B oe) | B, See yr wie foe) 
m b, bg... as bm 
ae lhe jee 
olglich 
i yer | Hee ee eel Bn), 
oder es ist 
se 5. Gime teeere . - ome cae eel 
=>l-) ae re Bear’, ) a ee Ba 
wo Wad, Bye eee s og MET 
Ae Lee gh ise i819 n+1 
oder es ist 


eo rear VaR aeons ie 
pee EB. Ba) 
+| eee f '). 5; B/ B27 B.,,) 
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The further generalisation of which this is possible, and which 
Schweins effects, depends on the fact that the law of formation 
twice used in proving the identity is but the simplest case of 
Laplace’s expansion-theorem, and that the said theorem can be 
similarly used in all its generality. In other words, instead of 
taking only one of the B’s at a time to go along with the A’s to 
form the first factors of the left-hand aggregate, we may take 
any fixed number of them. For example, out of six B’s we may 
take every set of three to go along with two A’s, and we shall 
have the aggregate 


| 4, 4, 8,8, 8,)-/B, 8,8.) -] 4, 4,8, 8, B,)-] 8, B, 8) 
+| 4, 4,8, 8, 8,)-[8, 8, B,) -— | 4, 4, 8,8, B,) |B, B,B,) 
+| 4, 4,8, 8,8,)-[,8,8,) —] 4, 4,8, 8, 8,)-] 8, 8, 8,) 
+ | 4, 4,8, 8, 8,)-|B, B, B,) +] 4, 4,8, B, B)-]B, B, B,) 
—|4, 4,8, 8, 8,)-[B, 8, 8,) + | 4, 4,8, BB.) 1B, 8B, B,) 
— | 4,4, 8,5, 8,)-] 8, 8, 8,) + | 4, 4, 8, 8, B.)-]B, 8B, 8.) 
— | 4, 4,8, 8, 8,)-[ 8,8, 8,) - 4, 4,8,8,8,)-|B BB) 

| | 
| | 
| | 


+| 4, 4, B, B, 8): — | 4,4, 8,8, B,)- 
—the sign of any term being determined by the number of 
inversions of order among the suffixes of all the B’s of the term. 
In this particular case the first use of Laplace’s expansion- 
theorem is to transform : 
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and the other similar determinants each into an aggregate of ten 
products, the two factors of any product in the expansion of 


being, as we should nowadays say, a minor formed from the 
first two rows and the complementary minor. In this way 
would arise 20 rows of 10 terms each, and these being combined 
by a second use of Laplace’s expansion-theorem in columns of 
20 terms each, the outcome would be an aggregate of 10 products, 
viz., the aggregate 


% 4G a3 ay 


A, A, B, B, B,) 


| a, 4,) ‘| 2 ay B B BEB a, \) |B, E B BR b3 
A, 4.) |B.B B,) — | A, A,)-] 8, B, B, B, B, B, 


aa 
! B, B A 


a Raa a5 b by 


| B) 
15) 18. 8,8,8,8,8 
oe 
[A 5B.) 


‘, A,)-| B, B, B, B, 


lanai 


4 ger rene 


5 


a5 a, Bb bag bg 
~ [4 A) Te rr 
The following is Schweins’ statement of this most general 
theorem :— 
(XLIX. 2) 


OFLA 
iy Ramee. eed tye “ey °% ip ae wn—-q an-q+1+.+@nb)...bm—g 
2) ae a”*).[B jt 

The only points about it requiring explanation are the exact 
effect to be given to the symbol ¥, and the meaning of the dashes 
affixed to certain of the letters. The two symbols are connected 
with each other, the dashes not being permanently attached to 
the letters, but merely put in to assist in explaining the duty of 
the >. On the left-hand member of the identity, the two 
symbols indicate that the first term is got by dropping the 


dashes, and that from this first term another term is got, if we 
substitute for B,.... B,, some other set of q B’s chosen from 


1 


gn aes ais B)-|3 
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B, .... Bm, and take the remaining B’s to form the B’s of 
the second determinant,—the two sets of B’s being in both 
cases first arranged in ascending order of their suffixes. On 
the other side of the identity, the use of the symbols is exactly 
similar, n—g of the upper elements a,, ...., Gn being 
taken for the first determinant of any term of the series, and 
the remainder for the second determinant. The number of 
terms in the series on the one side is evidently m!/q\(m—q)! 
and on the other 1!/q\(n—q)! 

In the demonstration of the theorem greater fulness is evidently 
necessary than in the case of the previous theorem, the rule of 
signs in particular requiring attention. This Schweins does not 
give. He merely tells the character of the first transformation, 
symbolising the expansion obtainable, and then says that a 
recombination is. possible, giving the result. 

The succeeding five pages (pp. 350-355) are devoted to 
evolving and stating special cases. This is by no means 
unnecessary work, as in the case of a theorem of so great 
generality it is often a matter of some trouble to ascertain 
whether a particular given result be really included in it or 
not. To students of the history of the subject the special 
cases are doubly interesting, because it is in them we may 
expect to find links of connection with the work of previous 
investigators. 

The first descent from generality is made by putting some of 
the B’s equal to A’s, the theorem then being 


* a iy by We a Sel (ately wins (el fe, (er eo apts stq ; b tre acs jepite oe res ox+p 
2G ) -- Ay+sBi. qg ) | B qr B atvAy ») 
; XLIX. 3) 
= >(-)* “ sis) aacanrene im). ; Vptstl +++ + Wptstg Ci z che, Sto ie) 
frre p+s Loris eee eens gqtkAyrees p 


If in addition to this specialisation, some of the b’s be put equal 
to the as, the result is 


Be | A RONG e 6s hee : Were eal Gone 5 3c a p+s—h+q Oiesne On+k 
eo enia gts e dive -p-+s 1e0++ Datn—ptg {ines te eee 
(XLIX. 4) 


=O] A 


see Pt ee | a ; se we i a oe 


q 


eS =e ee See 
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—a notable theorem, which it would not be inappropriate to 
consider rather as a generalisation than as a special case of the 
theorem from which it is derived. Returning, however, to the 
preceding case, and putting k=0, we obtain 


ee ey [a 


(XLIX. 5) 
315] eee en] seas na A 


This may be viewed as an extension of Laplace’s expansion- 
theorem to which it degenerates when p is put equal to 0. 
Though comparatively a very special identity it is considerably 
beyond anything attained by Schweins’ predecessors. In fact, 
we only come upon something like known ground, when in 


descending further, we put in it g=1. The result thus obtained 
is 


Peet yea 2x) 
Be a aS 2 ce. 9) 


which closely resembles a theorem of Desnanot’s. The difference 
between them consists in the fact that here the second factor 
on the left-hand side is any determinant of a lower order than 
the cofactor, whereas in Desnanot the second factor is a minor 
of the cofactor. A further specialisation, viz. putting B,=Ap4,, 
brings us to the result 


ot ourae Se aces ee) | W ptiety brs 20s « bp ) si 
Oe CN Beg. Au) = % 
or (XXII. 8) 


YO"| 


The form here is that of a vanishing aggregate of products of 
pairs of determinants, and identities of this form we have 
already had to consider in dealing with Bezout, Monge, Cauchy, 
and Desnanot. To the last of these only does Schweins refer. 
His words are (p. 352)— 


Dre oh 6”) | by eee pee ah 
ee J PBR... Ba.) 0 


P 
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“ Wird in dieser Gleichung s=2 gesetzt, so entsteht folgende :— 
Dah ig den edo bp-+1 b1 ba wha, sheer we bp +2 
pig CVS HO SR Be) 
wovon Desnanot einige ganz specielle Falle gefunden hat, oder 


vielmehr der ganze Inhalt seiner Untersuchung ist in folgenden 
dreien Gleichungen begriffen 


> A\A,B,) i 
ne AB,) : 
>(-)* By -| 


welche mit ermiidender Weitliufigkeit bewiesen sind ...... 


= 3 


db, bo bg by 
B’, BB, B,) mh 


b, bg bg 
BBB) ay 


b, be bg by 
B’,B’,B, B,) eee 


This statement is unfortunately not by any means accurate. 
As for the “ermiidende Weitlaufigkeit,” there can be no doubt 
about it, and to assert its existence is fair criticism; but to say 
that the whole of Desnanot’s results are to be found in the three 
identities specified is a misrepresentation of the actual facts, and 
therefore quite unfair. The reader has only to turn back for a 
moment to our account of Desnanot’s work, to verify the fact 
that the two most important general results attained by the 
latter (XXIII. 7 and XLY.) are ignored by Schweins altogether. 
The remaining paragraphs of the chapter are taken up with 
the very elementary case in which the products are three in 


number, and the theorem itself nothing more than one of the — 


extensionals so lengthily dwelt upon by Desnanot, viz. the 
extensional of 
y|Dyey] — b,|ay¢| + ¢,|a42,| = 0. 


It is written in several forms, e.g.— 


bichon bs duv.eue, Sh» eal waaien wa EOE MCN ate, POR it OO antm+1 
| een Sha PWR Pe 
Dp Fay a cee) eal B: ie) te) (i oat antm eo RC Trimet Cee, ie Gk ee ape antm+l1 
Some ON emo Wenee) Sic ore 
CVD Caren es Oty 0 Antm Boy. os — foie ien ot ye) Te. alten ee aiel Sarda ete eee an+tm+1 
“Ff | J Ss fa Geena Bade ew: asic) ) AS ay oN eS we May ete Oe! Releie’ cutee Pe ate 


The next chapter, the third, concerns the solution of a set 
of linear equations, although according to the title its subject is 
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the transformation of determinants into other determinants when 
the elements are connected by linear equations. It presents no 
new feature. 

The fourth chapter deals with a special form of determinant, 
the consideration of which must therefore be deferred. Suffice 
it for the present to say, as an evidence of Schweins’ grasp of the 
subject, that the solution of the problem attempted is complete 
and the result very interesting. 

The fifth gives the solution of a problem on which the general 
Theory of Series is said to depend, the problem being the 
transformation of 


inl en Re ee ke Aco 
ip ele Ve i 9, 


into an unending series. The numerator, it will be observed, is 
of the order «©: the denominator is of the same order: and all 
the rows of the former except one occur in the latter. Indeed, if 
the first row of the numerator were deleted, and the n™ row of 
the denominator, there would be nothing to distinguish the one 
from the other. The subject is best illustrated by a special 
example in more modern notation. Recurring to the extensional 
above referred to as the concluding theorem of the second chapter, 
and taking the case where the factors are of the 4" and 5" orders, 
we manifestly have 


|dybaC304 .|t Doel, f, 5| — [adacgly|. |tdoegey fs| + |trDr0s,f, g|-[%byC,e,d5| = 0, 


from which, on dividing by |a,b,c,¢,|.|4,b,¢,¢,2;|, we obtain 


| dyboCg Fs | ies yboCU, | | AydyC3e4 fs ybots fs a th: 
| db ces | | aybycs@g | | Aybocgegds | | bose 
Similarly 
[ayboeyfa| _ | trD2¢s || Abels fs 4 | bog | _ (i: 
| ay bges0, | | ayboes | | Hy d:e5¢, | | dyb,¢s 
| ab.,fs | ks: | yb. | | Geof | a | ay fa = 0, 
| @09bs | | yes | | @y6nbs | | a | 


| a, f| i a, |e fa hi ett 
a | ers | ey | As | 55 Gy 
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the last fraction of each identity, be it observed, being the same 
as the first of the next with its sign changed. From the four 
by addition we have 


| Arboeac, Fs | = | byb.¢304| | tdacsea Ss 
| a b2634s | | @1b203¢4 | | CDoesaes 


| a4b5¢s | | Adee f| 
| dyb.@5| | 4,OoC3¢, 


. [aabel ane fal 


| Gy | | dyDo€s 


a, |e fo| 
e, [M65 | 


at, 


ey 


The general result, as stated by Schweins, is that 


BA etle si fuy’a: fa! Cab beanie) hye) da yt. wie "erase om ce) 

(y B A, iat nd Ane mee es 
Ail a, rae 8s @rielballley efilarcer -npearces oidengalks) wt wie, 

A. chee toe et ore 


(n) (n) (n) (n+) (n) (n-+2) m+1yz (n) (n--m-+1) 
aoe SVU Se Vere er ee 


VY! ist fet 4) ey wins. ca erga) Mion ail wey fe ehal ene! 6 antm-1 

(n) _—_ A, * a -1 A, bi Ba (Ge Se SS n+m 

where LL; ms Dyce ous, Da eR Re eae ie ant-m-1 
Ae nn, eae i lw 


) 
By wiegatiocmte et oustogeky ween Ga anetaNe B") 


poe a ee ont 
LA, x) 


2) Reg ter ge, aw tage tehy ma eee en he! 


ands) SVs 


(L.) 


Since the expression thus expanded is itself one of-the L’s, viz., 
Li\.—as is readily seen by transferring the B from the beginning 
to the end, and denoting it by A,,,42,—and since L!”=1, the 
identity may equally appropriately be written with L”, at the 
end of the right-hand member, and looked upon as the recurring 
law of formation of the L’s in terms of the V’s. This Schweins 


does, giving indeed the result of solving for Tee ees: 
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The Second Section (pp. 369-398), consisting of five chapters, 
and extending to 30 pp., is devoted to a special form of deter- 
minants, viz., those already partly investigated by Cauchy, and 
afterwards known as alternants. 

The Third Section (pp. 399-403), extending only to 4 pp., 
deals with another special form, whose elements are finite 
differences of a set of functions. 

The Fourth Section, (pp. 404-431), consisting of four chap- 
ters, and extending to 27 pp., has for its subject a third special 
form, foreshadowed by Wronski, the characteristic of which is™ 
that one of the indices denotes repetition of an operation in- 
volving differentiation. 

When these Sections come to be considered in their proper 
places, it will be seen that very great credit is due to Schweins 
for his labours, and that he has been most undeservedly neglected. 
The fact that he had ever written on determinants was only 
brought to light in 1884:* and, so far as can be gathered, his 
treatise had no influence whatever either on the work of suc- 
ceeding investigators, or in diffusing a knowledge of the subject. 


*v. Philos. Magazine for November: An overlooked Discoverer in the Theory of 
Determinants. 


GHAPTER VIE 


DETERMINANTS IN GENERAL, FROM THE YEAR 1827 TO 1835. 


THE writers of this period are six in number, viz., Jacobi, 
Reiss, Minding, Cauchy, Drinkwater, Mainardi. Of these by far 
the most important both as regards quality and quantity is 
Jacobi; Cauchy contributes an investigation in which deter- 
minants are used; Minding makes some little use of the 
functions without knowing it; all the others are unimportant 
expositors. 


JACOBI (1827). 


[Ueber die Hauptaxen der Flichen der zweiten Ordnung. 
Orelle’s Journal, ii. pp. 227-233; or Werke, iii. pp. 45-53.] 

[De singulari quadam duplicis Integralis transformatione. 
Crelle’s Journal, ii. pp. 234-242; or Werke, iti. pp. 55-56. ] 

[Ueber die Pfaffsche Methode, eine gewohnliche linetre Differen- 
tial-gleichung zwischen 2” Variabeln durch ein System von 
n Gleichungen zu integriren. Crelle’s Journal, il. pp. 
347-357 ; or Werke, iv. pp. 17-29.] 


We come here simultaneously on the names of a great mathe- 
matician and a great mathematical journal. Crelle’s Journal 
fir die reine und angewandte Mathematik, which began to 
appear at the end of the year 1825, and which without any of 
the symptoms of old age still survives, has rendered on more 
than one occasion important service towards the advancement 
of the theory of determinants. Its first contributor on the 
subject and one of its greatest was Jacobi. At a later date he 
published in the Jowrnal an excellent monograph on Deter- 
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- minants; but even his earliest papers show that he had begun 
__ to find it a useful weapon of research. 

In the first of the memoirs above noted, dealing with the 
subject of orthogonal substitution, constant use is, of course, 
_ made of the functions; but there is no special notation employed, 

nor indeed anything to indicate that the expressions used were 
members of a class having properties peculiar to themselves. 

In the second memoir, which likewise is taken up with a 
transformation, but in which the sets of equations involve four 
unknowns, any special notation is still avoided. Expressions, 
readily seen to be determinants of the third order, are even not 
set down, because, as the author expressly states, they would be 
too lengthy. The last clause of the passage in which this 
statement occurs is noteworthy. The words are (p. 236)— 


“Dato systemate equationum 
au+BPuet+yytd 
wautPatyyt+d 
au ae oid Z af y" y “ke 6” 
alu se B's ae Vy ae a” 


xR ® w® 
| 
=] 


& 
= 


ponamus earum resolutione erui : 


~Am+ Alm’ + Am" + Am” = u, 
Bm-+ B’m'+ B’m'’ + Bm” = 2, 
Cm+C'm' +C"m"+C"'m" = y, 
Din + D'm' + Dm" + Dm” = z. 
Valores sedecim quantitatum A, B, ete, supprimimus eorum 
_ prolixitatis causa; in libris algebraicis passim traduntur, et algorith- 
mus, cuius ope formantur, hodie abunde notus est.” 


On the next page, in eliminating D, Db’, D’, D” from the set of 
equations 

0 = D(a—a2)+D0’ + Db” + Db”, 

0= Db’ +D‘(a’+2)+ Dc” + De’, 

Oi .Db +D'c” +D’"(e"+x2)+Dc, 

= De le, +D’¢ + D(a” +2), 


he arranges the resultant as one would now do who had 
expanded it from the determinant form according to products 


of the elements of the principal diagonal, viz., he says (p. 238)— 
M.D. M 
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« Fit illa, eliminationis negotio rite instituto — 


wy 


O= (a—-2)(a'+2)(a" +2)(a" +2) 
—(a-2)(a' +a)d¢ — (a—2)(a" +2) c’e” — (a—2)(a" +x)C 
—(a" +2)(a"" +a) — (a +a) +a)" — (a +2)(a" +0) 00" 
+2c'e"c'" (a—2a) + 2b)" (a +2) (LI.) 
+20'b"b (a" +2) + 2C"''b" a” +2) 
bbe + BR let + BEd” — Woe” — WH" e'e” — BW'Ye"d.” 


mt 
C 


From the next paragraph we learn his sources of information, 
and infer that as yet Cauchy’s memoir was unknown to him. 
The first sentence is (p. 239)— 


“Inter sedecim quantitates a, B, etc. et sedecim, que ex iis deri- 
vantur, A, A’, etc. plurime intercedunt relationes perelegantes, que 
cum analystis ex iis, que Laplace, Vandermonde, in commentariis 
academie Parisiensis A. 1772 p. ii., Gauss in disquis. arithm. sectio V., 
J. Binet in vol. ix. diariorum instituti polytechnici Parisiensis, aliuque 
tradiderunt, satis note sint, paucas tantum referam, que casu nostro 
speciali ope zequationum (rv) facile ex iis derivantur.” 


The third memoir is by far the most important to us. In the 
course of the investigation a new special form of determinants, 
afterwards so well known by the designation skew determinants, 
turns up; and three pages are devoted to an examination of 
the final expanded form of it. This examination, we cannot, of 
course, now enter upon; but it is of importance to note that in 
it Jacobi takes the step of adopting the name determinant,—a 
fact which doubtless was decisive of the fate of the word. The 
adoption thus made (although stated to be from Gauss), and the 
occurrence of the words “Horizontalreihen,” “ Verticalreihen,”’ 


make it probable that Cauchy’s memoir had now come to his 


notice. 


REISS (1829). 


[Mémoire sur les fonctions semblables de plusieurs groupes d’un 
certain nombre de fonctions ou élémens. Correspondance 
math. et phys., v. pp. 201-215.] 


In Reiss we have an author who starts to his subject as if it 


were entirely new, the only preceding mathematician whom he 
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mentions being Lagrange. Like Cauchy he opens by explaining 
a mode of forming functions more general than those of which 
he afterwards treats, the essence of it being that an expression 
involving several of the n.v quantities, 


Gi GP at <<... OP 
B® DP by whe 
CCP Tey: ee) aye 
y= vB ow... re 


is taken, and each exponent (“exposant”) changed successively 
with all the other exponents, a, 8,... , or each base changed 
with all the other bases, a, b,.... Only a line or two, how- 
ever, is given to this, the special class known to us as deter- 
minants being taken up at once. 

His notation for 


Ob? — ab8c? — a®b1e3 + abe + aibte? — a3h2c1 

is 

(abe , 123), (vit 7) 
a line being drawn above the exponents to indicate permutation. 
His rule of term-formation and rule of signs are combined 
after the manner of Hindenburg. Like Hindenburg he arranges 
the permutations as one arranges numbers in increasing order 
of magnitude; but, unlike Hindenburg, after the arrangement 
has been made he determines the sign of any particular term. 
On this point his words are (p. 202) 


“Cela fait, déterminons généralement le signe du M™° produit 


(soit ) de la maniére suivante. Le nombre M sera renfermé entre 
les produits 1.2.3... et 1.2.3...U(1+1); soit M=m+ Ax 1.2.3...1, 
de sorte que A</+1, et m>0 et <14+1.2.3.../. Cela étant, faisons 


M=m(-1).” (111. 25) 


This apparently means that if the sign of the 23" term in the 


expansion of 
(abed , 1234) * 


* Or (abcde , 12345), or indeed (aya....a,, 123...%). 
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be wanted, we divide 23 by 1.2.3, getting the quotient 3 and the 
remainder 5, and thence conclude that the sign wanted is got 
from the sign of the 5 term by multiplying the latter by 
(—1)%. Of course 5 has then to be dealt with after the manner 
of 23, the quotient and remainder this time being 2 and 1, so 
that we conclude that the sign of the 5" term is got from the 
sign of the 1* term by multiplying by (—1)2. And the sign of 
the 1 term being +, the sign of the 23" is thus seen to be 


(<1 4a = 


It would seem at first as if the case where M is itself a factorial 
were neglected. This however is not-so, the condition m <1 + 
1.2.3...1 being corrective of the opening statement that M must 
lie between 1.2.3...2 and 1.2.3...1(/+1). For example, the 
term being the 24*, we put 24 in the form 3x 1.2.3 + 6, and 
thus learn that the sign required is different from the sign of 
the 6 term: then we put 6 in the form 2x1.2 + 2, and thus 
learn that the sign of the 6 term is the same as the sign of the 
94 term ; finally, we put 2 in the form 1x1+1, which shows 
that the sign of the 2"! term differs from the sign of the 1°: the 


conclusion of the whole being that the signs of the 24 and 1% — 


terms are the same, or that they are connected by the factor 
(—1)74, 

Though interesting in itself, a more troublesome form of the 
rule of signs for the purposes of demonstration it is scarcely 
possible to conceive, and, as might therefore be expected, it is 
on the score of logical development that Reiss’s paper is weak. 
Through inability to use the rule later in the demonstration 
of the so-called Laplace’s expansion-theorem, he is forced to 
supplement it by another convention. His words are (p. 203)— 


“Avant daller plus loin, faisons encore la détermination suivante. 
Soit une fonction quelconque dans laquelle les & quantités 


A,B,C,... A*® entrent d’une maniére quelconque. Supposons que ces 
derniéres soient les & premiéres de l’échelle G ae ese a a6 2 


Qu’on fasse avec ces s élémens toutes les combinaisons sans répé- 

tition de la classe &, et qu’on les substitue successivment au lieu de 
k . 2 . t tL 

A,B, ... A* dans la fonction w; c’est-a-dire le premier élément de 
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chaque combinaison A A, le second a B, ete. Nous obtiendrons par 
la autant de fonctions semblables & o qu'il y a de combinaisons 
de la classe & de s élémens. Or, entre toutes les combinaisons 
qui en précedent une quelconque, il s’en trouvera une qui aura k- | 
élémens communs avec elle, tandis que les deux élémens qui restent 
isolés dans l'une et l’autre se suivent immédiatement dans I’échelle. 
Donnons & la fonction qui contient la derniére de ces combinaisons 
le signe opposé a celui de l'autre fonction; par conséquent les signes 
de toutes les fonctions semblables A w seront parfaitement déterminés. 
et dépendront du signe de la premiére fonction (f(A,B,C,... A*)). 
Soit, par exemple, s=5, k=3; nous aurons successivement, en rem- 
plagant A,B,C, ...S parl, 2, 3, 4, 5, et en donnant le signe (+) 
A (123), 


+f(123), —f(124), +/(125), + (134), — (135) 
+f(145), —f(234), +/(235), —/(245), +/(345). 


Voici comment on déterminera le signe de chaque fonction sem- 
blable & w d’aprés celui d’une autre quelconque. Qu’on cherche les 
aN si Une: Ce eee =) 
BP o Sas, fi oe) 
sous les élémens de l’une et de l’autre de ces fonctions. Si lon 
nomme / et h’ leurs sommes respectives, on trouvera le signe de 
lune des fonctions = (—1)"-*xle signe de J’autre.” 


nombres qui se trouvent dans l’échelle ( 


Four theorems he considers fundamental, viz., those known to 
us as (1) Bezout’s recurrent law of formation, in all its generality; 
(2) Vandermonde’s proposition that permutation of bases leads 
to the same result as permutation of exponents; (3) Laplace’s 
expansion-theorem ; (4) Vandermonde’s proposition regarding 
the effect of making two bases or two exponents equal. The 
two most important, viz. (1) and (3), he leaves without proof, 
and the 4 he says he would at once deduce from the 3™,— 
doubtless by choosing the expansion in which the first factor 
of every term would be of the form 


(aa, aB) 


and therefore equal to zero. 
The proof of the 274 theorem, viz., 


(abe...r,aBy...p) = (abc...7,aBy...p), 
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is by the method of so-called induction, and may be illustrated 
in a later notation by considering the case 


ire ha ole d; Uh 
b, by bs |=| dq b, % 
Cpl Ge dg bs 6g 


From theorem (1) we have 


Te ge Os 


b, b b, b b, by 
g. Us ee 
Oa, Ms Ups ae 
Oy Can es 
| Gg Qs | A, dg A, Ay 
=— + 6, =e 
Cy C3 C, 6 
Win. Chg d, ds 2 a, dy, 
= Cc — C 
1 2 3 
b, bs b, 65 by by 


But by hypothesis all the determinants on the right here may 
have their rows changed into columns; and this being done we 
have by addition and the use of theorem (1) 


a yee ame ee 
| 
Bi, Oy Ope Os ieeanerhrian Oo os 
Cy, Cy. Cy | ds bs ¢s |, 
and thence the identity required. (1x. 4) 


To this proof the following note is appended (p. 207) :— 


“Cette démonstration quoiqu’assez simple semble -reposer cepen- 
dant sur un artifice de calcul: mais en cherchant une démonstration 
directe, jai rencontré une difficulté d’un genre particulier. En effet, 
on trouve facilement que /™° terme de lune des fonctions en question 
est aussi égal ou au méme terme de l’autre, ou généralement au m’°, 
et que, dans le dernier cas, le m™° terme de la premiére est aussi 
égal au /™° de la seconde, abstraction faite des signes. (Ix. 5) 
Mais Videntité de ces derniers (qui est de rigueur) exige des explica- 
tions trés-longues et beaucoup moins élémentaires que la démonstration 
que je viens de donner.” 


| 
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The remaining six or seven pages of the paper are more 
interesting, and concern the subject of vanishing aggregates of 
products of pairs of determinants. The theorems were suggested 
by taking, as we now say, a determinant of even order having 
its last n rows identical with its first rows, e.g., the determinant 


(abab , 1234), 


and using theorem: (3) to expand it in terms of minors formed 
from the first m rows and their complementary minors. When 
nm is even, a proof is thus obtained, as we have seen in the 
footnote to the account of Bezout’s paper of 1779, that the first 
half of the expansion is equal to zero. When 7 is odd, the 
method fails, although the proposition is still true.* Reiss’s 
enunciation is as follows (p. 209) :— 


*“Théoreme VY.—Soient les échelles 
oo re ae een 4 ze 5S ee ee ae 
er ee cee te) 


qwon fasse avec les élémens f,y,..., p toutes les combinaisons 
de la classe (n—1), et qu’on les substitue successivement dans le 


premier facteur du produit 
(ab...7, aBypr.. a"). (@b...7, a”... p) 


au lieu de By... a"; qu’on remplace maintenant dans l’autre facteur 
les exposans a”*!...p par tous ceux qui ne se trouvent pas dans 


*It is worthy of note in passing, that a common method does exist for establish- 
ing the two cases, —a method quite analogous to Reiss’s, but difficult of suggestion 
to one who used his notation, or indeed to any one who had no notation suitable 
for determinants whose elements had special numerical values. All the change 
necessary is to make the last n elements of the first column each equal to zero. 
This causes no difference in the result when v is even, ¢.g., from the identity 


GQ, Uy Ag NW 
by by dy Og 
og itl | bg 


| 

<a 

Cae 
ae, | 


=> 


4 
we have, as before, 


| ayb.|-| agby| — |rbs|+| aba] + | ayb4|.| @b3|= 05 
and when n is odd, the second half of the terms which previously gave trouble 


do not occur. 
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le premier, en ayant soin de les écrire suivant Yordre indiqué par 
les échelles. Si l’on donne au premier produit le signe (+), eb qu’on 
détermine les signes de tous les autres d’apres (II), la somme 


algébrique en sera =0, que le nombre m soit pair ou impair.” 
(XXII. 9) 


An example of it is 


(abe, 123)(abe, 456) — (abc, 124)(abe, 356) 
+(abe, 125)(abe, 346) — (abe, 126)(abe, 345) 
+(abe, 134)(abc, 256) — (abe, 135)(abe, 246) 
+(abe, 136)(abe, 245) + (abe, 145)(abc, 236) 
—(abe, 146)(abc, 235) + (abe, 156)(abc, 234) = 0, 


the left-hand side being nothing more than the first ten terms of » 


one of the expansions of the vanishing determinant 


Ay Gy Wy A Ws 


C, Cy, Cg Cy Cy O& |; 


or the other ten terms with their signs changed. Reiss’s proof 
is lengthy and troublesome, the method being to expand each 
factor in terms of the a’s and their complementary minors, 
perform the multiplications (e.g., in the special case just given 
the multiplication of 


Gy |ByCz — Gy|d,Cg|+.g|b,¢4| by a4|b5¢y| —5|yCe| +g |D465|, Se.) 


and show that the terms of the final aggregate occur in pairs 
which annul themselves. 

The next theorem is of still greater interest, because it is that 
peculiar generalisation of the preceding which in later times came 
to be known as the ‘extensional.’ The way in which it is 
established is also noteworthy, viz., by deducing it as a special 
case from the theorem of which, as we have said, it may be 
viewed as a generalisation. The author’s words are (p. 213) :— 


% 
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“Ce théoréme nous conduit & une relation qui existe dans le cas 
le plus général, savoir si v—n est un nombre quelconque ou positif 
ou négatif. Supposons v>n, et v-n=N;; soient les échelles, 


ees Bree A Be ea 
Dey ee en anno 


et 


ican a are ane . 8 oo Pe 
Ge a an eins 


Quon fasse avec les élémens f, y,...a%, aXt?...p toutes les 
combinaisons de la classe N-—1; qu’on les substitue successivement 
au lieu de 8... a% dans le premier facteur du produit 


LOO wi FA ed Bog 4%, 5 ABM <P) 
eignes ra ae ly, tot™.... p AB... Py; 


qu’on remplace dans l’autre facteur les exposans at’... p par tous 

ceux qui ne se trouvent pas dans le premier: qu’on détermine enfin 

le signe de chaque produit d’aprés (II): la somme algébrique en 

sera = 0. (xx. 10) (XLIv. 5) 
“En effet, supposons les échelles 


mee A, B.,... R, a, b, ee at: at a em fee 
My Ny ON iy N40, 7,7 hh 42, ov_9N) 


p] 


moa = py A, DB; er Ne a Bee iP 
JN, N+1,...2N, 2N+1,2N+2,...v-N,v-N4+l,...v,v+1,...2v- he 
Formons avec ces élémens la fonction décrite dans le dernier théoréme : 

la somme totale en sera donc = 0, et le premier terme aura la forme 


ee Tea, Che. pA. AY) 
x (ab... rAB...R, Av... PA... P). 


Or, on voit facilement que tous les termes qui ne contiennent pas 
dans chaque facteur tous les exposans A, B, ... P, s’évanouiront 
séparément, parce qu'il y aura des exposans identiques dans l’un ou 
Yautre des facteurs. I] ne restera donc que les termes qui, contenant 
a dans le premier facteur, y épuisent successivement toutes les 
combinaisons de la classe N—1 des élémens f, y, ... p. Mais les 
signes de ces termes sont évidemment déterminés comme ils devaient 
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Vétre; partant la somme algébrique de tous les termes est =0, ce 
qu iil fallait démontrer.” 


This will be best understood by considering a special example. 
Going back to the previous theorem, and selecting its simplest 
case, we have 


|a,b,|.|a3b,| = | ayb5|-|@24| 7 |ab4).|aqbs| = 0. 


Now what the new theorem asserts in regard to this is that we 
may with impunity eatend each of the determinants occurring in 
it, provided the extension be the same throughout. For example, 
choosing the extension £, 7, ¢,,* we can, in virtue of the new 
theorem, assert the truth of the identity 


| bo€sn6S7|-|¢s0sEs766r| — |ab3Esn66r|-|420. esr 
+ |aybsE,neSrl-| C205 Mebr| = 0. 


That the two may be viewed as cases of the same theorem will 


be apparent when it is pointed out that just as the first is 
derivable from 


A, QW, Gy Oy 


by bs bs by =; 
Bo Gg My 
be bs b, 


so the second is derivable in exactly the same way from a 
perfectly similar identity, viz. 


*Tn Reiss’s notation the extension is A, Bg... Re. 


+ It is perhaps a little more readily seen to be derivable from 

| @ My Ag Gy Ay Ag Oy 
| 0, bgs0s 64-0, Og 0b, 
ESE. co ve ree 
| 2 3 4 %5 6 "7 
| $ “Sa- Ss Ga Se Ses Sy 


Glog "Cgc (Cig. vote even ee Opens st o> 
By Dg) sbyr) ray, MEO Rebate o,, 
igo te fyi) : «  & & & 
Na 13 Ne s « s Ne Ne ty 


& Ss Se 5 » $ Se & 


DETERMINANTS IN GENERAL (REISS, 1829) 187 
Gy Gy Gg My As Ag Ay Gy Ag Gy 
b, bs bs by bs be b, bs be b, 
& é 2 é. 3 e 4 &5 & 6 & Es & & 


™m™ "% "3 Ne 5 Ne 5 Ne NM 


Many more products than three (126 in fact) arise in the latter 
case; but, for the reason stated by Reiss, only three of them do 
not vanish. 


CAUCHY (1829). 


{Sur l’équation a Taide de laquelle on détermine les inégalités 
séculaires des mouvements des planetes. Haercices de 
Math., iv. pp. 140-160; or Gwvres (2) ix. pp. 172-195.] 


As the title would lead one to expect, the determinants which 
- occur in this important memoir belong to the class afterwards 
distinguished by the name “axisymmetric,” and thus fall to be 
considered along with others of that class. Since, however, the 
proof employed for one of the theorems therein enunciated is 
equally applicable to all kinds of determinants, it would be 
searcely fair to omit here all mention of the said theorem. 
In modern phraseology its formal enunciation might stand as 
follows :— 


S being any axisymmetric determinant, R the determinant 
got by deleting the first row and first column of 8, Y the 
determinant got by deleting the first row and second colwmn of 
S, and Q the determinant got from Ras R from 8, then, if R=0, 


Bq) = — ¥?; 
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and the theorem in general determinants whose validity is 
warranted by the proof given is in later notation— 


If |b,c,d,| = 0, then | aegd,|-| byegdy| = — | aybycyd,|- | ¢s44|- (XX. 2) 


This, it is readily seen, is not a very obscure foreshadowing of 
Jacobi’s identity 


| A,B,| = | tdycgd, | - | cg, | - 


JACOBI (1829). 


[Exercitatio algebraica circa discerptionem singularem frac- 
tionum, quae plures variabiles involvunt. Crelle’s Journ., 
v. pp. 344-364; or Werke, iil. pp. 67-90. ] 


In the ordinary expansion of (av+by+cz—t)-* there are 
evidently only negative powers of « and positive powers of y 
and z; in the like expansion of (by+¢z+aa—t)"* there are 
only negative powers of y and positive powers of 2 and #; and 
similarly for (c’z+a"e+b’y—t’)"1. It follows from this that 
the ordinary expansion of 


(ae+by+cz—t)-).(Wy+eztaa—t)).(s+a’atb’y—t’)t, 


looked at from the point of view of the powers of 2, y, 2, 
contains a considerable variety of terms; for example, terms in 
which negative powers of x occur along with positive powers of 
y and z, terms in which « does not occur at all, and so forth. 
There is thus suggested the curious problem of partitioning the 
fraction 


1 . 
(aa+by+ez—t)(by+cez+wa-t)(c'z+a'a+b’y—-t’) 


into a number of fractions each of which is the equivalent of 
the series of terms of one of those types. This is the problem 
with which Jacobi is here concerned. 

In the case of two variables he counts three types of terms, 
viz., that in which the indices of both w and y are negative, that 
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in which the index of « only is negative, and that in which the 
index of y only is negative. n the case of three variables he 
_ counts seven types, viz., that in which the indices of w, Y, 2 are 
all negative, the three in which the index of only one variable is 
_ negative, and the three in which the index of only one variable 
is not negative. These two cases are gone fully into, with 
the result that the expressions for the three aggregates in the 
' former are all found to contain the factor (ab’)-1, and the 
expressions for the seven aggregates in the latter the factor 
(ab’c’)-1, The reciprocal of each of those factors is recognised 
as the common denominator of the values of the unknowns in 
a set of linear equations, a denominator “quam quibusdam 
determinantem nuncupamus et designemus per A.” Its per- 
sistent appearance in the problem under discussion,—a persistency, 
in fact, sufficient to suggest the change of the numerator of the 
given fraction from 1 to (a b’) in the case of two variables and 
from 1 to (a@b’c’) in the case of three,—is remarked upon :— 
“Quam determinantem in hac quaestione magnas partes agere 
videbimus, videlicet omnes illas series infinitas, quas ut 
| coéfficientes producti propositi evoluti invenimus, ex evolutione 
dignitatum negativarum determinantis provenire.” Then 
fixing the attention on a unique term of the expansion Jacobi 
ventures on the generalisation that the coefficient of 


DE Pn cin U4) 
in the expansion of 
BEA tig os = W,, 2), 


that is to say, of 
(aa+bytezt+...)-1(Wytcet+... ) (Cet... )oreeeeeee 


is the determinant 


OA gree ee ket (LI1.) 


No proof, however, is given, save for the cases where n=2 and 
n=3. The proposition is most noteworthy in that it supplies 
the generating function of the reciprocal of a determinant. 

To obtain a generalisation in a different direction, viz. from 
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(av-+by)-! (by +a,0)7* to (aa+ by)-™ (dy +.0,%)~", Jacobi pro- 
ceeds in a very curious and interesting way. Denoting 


Seerin ee 4 B3a2+B-2atB ta lta "Bra Xp+ vee 
or Siete 
m=+0 
by;* 
1 1 


since it is the sum of the infinite series for (8—a)~* and (a — B)y-% 
he proves after a fashion that its product by B—a or a— 1s 9, 
and that therefore its product by 


ee hee — 
is simply its product by ae . Turning then from this lemma 
Y 
to the product 


: eae ) Ce ad oh eee 2s 
(aa ee ee eet ea 


where wu, = ae + boy, Uy, = by + Ge, he substitutes for the 
first factor of it 


ade aaa pre eee FE Sons SER cto ee ea Han Fans aP REN SEND AQS ENGR ORSON + Bf seals wad oeaiadn aacoicon eee tte nat Os eRe CRE eC eon Ee 


his justification being the fact that 
b(t — th) = [ad |@ — |Oyto| + Ol — 4); 
but, on account of the said lemma, he leaves the term b)(w, — 4) 


out of both denominators. For the second factor there is there- 
upon substituted 


* Jacobi writes it ia + i with the caution that the two parts are not 


to be taken as cancelling one another. Of course, also, lower down he does not 
write |ab,| but ab, — abo or later (a0). 
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on the ground that we have the identity 
| ob, | - (ty — ty) = d, {lady | y — | aot |} + ty {| gb, |x — |b,ty |} , 


the term a, {| b,|e —|b,t)|} being subsequently left out of 
both denominators for the same reason as before. The result 
thus reached is consequently 


| aby | (> a me, Gan a cere) 


1 1 
| ab | | ob, | 
= Pave eer 4 cee Ae Od enna oy + Race ogenE buhay tecocce writs tancnend eseatons 
Coupenres AA ESTEACY 
FOREN Rte ia eee [aby | i 
| ob, | y — | Qoty | | Obs | — |a)b,|y 


or, if we write €, y for the values of x, y which make uw, —t, = 0, 
wm, —t, = 0, 


2 ra y Pa) pe “s a 2 


Since the general terms of the four doubly-infinite series here 
are 


tf? i< ee n’ 
“er ’ ar , get 2 alia ’ 
we deduce 
| a, b ne tye,” = Peg 
oY | fig in all lil , 
i lad ae 
1.€. af ° ne ate NET PCW ac say WIRE 
? Ona (aye + boy)” by + a,x)" 


Sie | gt |” 


where m, 7 on the one side and yu, y on the other are to have 
all integral values from —o to +0. Since the coefficients 
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of 1,"t,"/x"y” on the two sides must be equal, we obtain the 


theorem:—The coefficient of = in the expansion of 


if 
(a,x + boy )P (by +a.x)"™ 


is the same as the coefficient of tt" in the expansion of 


(byt, = boty)? (acts ae aby)’ : 


| ayb, Gas ee 


it being remembered that m and n are of the same sign as 
wand y respectively and that m+n =p + vy — 2. (Li. 2) 

In similar fashion the author deals with the case of three 
functions Wp, Uz, WM of three variables v7, y, 2, proving labori- 
ously and not very neatly the neat result 


\a b C | ( eos 1 Se ae ett ) ‘ nee 1 (eoeeee -t ea 1 carer ) ‘ siesc 1 rote eae ee cae 1 coer ) 
oral a —ty | ty—Uo/ Uy — t,t —Uy/ gta tg — Un 


=(phpheeegegy Cape 


thence deriving 


m n+? 
One?) unhuy ust geal get 


and ending with the theorem :— 


The coefficient of in the expansion of 


oe 

xe Vi Ze 
it 

(aox + boy Fez)? (biy + eZ ax PH cy2 + agx + bey) 


is the same as the coeffictent of to™t"ty" v7 the expansion of 


{by Colt + [bcolty + [boey|t, ju le&glty + |Coaylto + [yaalty }Y 7 { [agby lt, + laybalty + lagbolt, }? 


jagbyc.e rete? 


it being understood that m,u,xr are of the same sign as u, v, p 
respectively and that m+n+r=p+y+p—3. (LIL. 2) 
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; : , 
The corresponding results for functions of » variables are 


evident. They had already been enunciated in the introductory 


1 ( 1 1 i i 1 1 
A\x)— po re rs eet Seed cca Stray 


section of the paper, and Jacobi now merely adds “Omnino 


similia theoremata de numero quolibet variabilium, quae § I 


_ proposuimus, eruuntur.” It has to be noted, however, that belief 


in the general fundamental theorem, viz, that which includes 


(a) and (8) above, is more strongly induced by the elegance of 
_ the form of the theorem than by the mode of proof. In §1 it 


stands approximately thus— 


1 a ( 1 i 1 1 
oti) sara trae ‘Ch ee é —a es | 


and then follows the passage containing the two deductions, viz., 
“quam aequationem etiam hunc in modum repraesentare licet : 


ee Bae 
t,% i. bi weed = 1 Do p*. ‘ + Prea j 
el ae yn-itl 6A Ae ag A er gn itt 


n-1 


designantibus a), a,, etc. 8), 8,, etc. numeros omnes et positivos et 
negativos a -«o ad +. E quo theoremate videmus, coefficientem 
termini 

1 


ZoPott i .. oapet 


= '“n-1 


in expressione 
1 


Upet) watt... U, 


an-1+1 
m=1 


aequalem fore coéfficienti termini f)% 1%... tan7} 
in expressione 


AP PsP ey oer (LI. 3) 
The use here of 6,+1, 8,+1,.... rather than the change 
made in the two special cases to the less natural 8), 6,,... is 


worth noting. 
The theorems of the remaining four pages of the paper have a 


less direct bearing on our subject. 
M.D. N 


1 


) 


194 HISTORY OF THE THEORY OF DETERMINANTS 


MINDING (1829). 


[Auflésung einiger Aufgaben der analytischen Geometrie vermit- 
telst des barycentrischen Calculs. Crelles Journal, v. pp- 
397-401] 


Unlike Jacobi, Minding was unaware, apparently, of the 
existence of a theory of determinants. The functions occur at 
every step of his investigation, yet he makes no use of their 
known properties to obtain his results. 

He deals with four problems in his memoir, the second two 
being the analogues, in space, of the first two. Nothing note- 
worthy occurs in connection with the latter save that use is 

made of the identity, 


By BY = a(e’—b’e) + a'(b'e—be") + a(be be), 
where B= ba’— ba, B’= Va" — Wa, 
y= 6 — ca, af = éo— Boe 


This identity, it may be remembered, we have noted under 
Lagrange as an elementary case of the theorem afterwards well 
known regarding a minor of the adjugate determinant. Strange 
to say, it makes only its second appearance here fifty-six years 
afterwards. In the interim, too, no other special case of the 
theorem seems to have been established. 

The third is that if P, P’ P’, P’” be four points in space, given 
by the equations, 


gq P =a A+ -b.By- eo Cx dD, 

7 P’ =a_A>+ OB + ¢C + dD, 

q’ ip? — a” A + b” B 4+ Ce C + qQ’ D ' 

Gi bas as Oi IN 5 a b’B + E“e + d/’D ; 
then for the bulk of the tetrahedron PPP’P”, we have 


PP’P’”P” As A+ A’+ A” 
ABC D ee q7¢d ? 


where 


A = 5 (B'y” tee, Boy A’ a 6(B’'y es By”), A” = 6 '( By” =e B’y’), 
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and 

P=40-ab py =ade-ad, S=ad—-ad, 

B” = a b’ robe a bo” : y" ot ao roe pat a’ e ae 7 a” ad’ —_ a oo. 

a = hh ab”, y= oe — re ae oe’ = Get eS Co. 
The transformation of A+ A’+ A” into the form 

wa” \ab’e"'d” | 

—a transformation all-important for Minding’s purpose—is not 
made: but in the remark, 


‘Man kann den Ausdruck A+ A‘’+ A” leicht entwickeln, und wird 
ibn dann durch «’a” theilbar finden,” 


there is evidently a foreshadowing of the identity 
la’ b |, \a’ c |, la d | 
\a”b’|, jae’ |, la’ a’ | | = — wa” |ab'e'd’”. 
|a’”b" |, |a’”’c”|, Ja’’h” | 


The fourth theorem, concerning the tetrahedron enclosed by 
four given planes, 


A+aB+yC+(a +b ate y)C, 
A+aB+yC+(a7 +b’ «+e y)C, 
A+aB+yC+(a" +b’ a+" y)C, 
A+aB+yC+(a"+b”a+ o’y)C, 


is made dependent on the third. The intersections II, IT’, IL”, Il” 
of the four triads of planes are found to be given by 


ql =(@¢ )A+(e a )B+ (a b)C+(a be )D, 
dW’ = c’)A4+(e a’) B+ b’)C + (a be )D, 
q’ I’ = 0’ e”)A + (e’a")B + (a b”)C + (a be" \D, 
qib”= (be JA + (c%a JB + (ab )C + (abe )\D, 
i" (be’) = b(c’—e”) + B(e"—e) + b(e-¢), 
(ca’) = e(a’—a") + ea" —a) + c(a—a), 
(ab) = a(b'—b”) + a(b’—b) + a"0-0), 
and (abe) = a(be’) + b(ca’) + c(ab’), 
= a(b'e”—b’c) + a(b"e— be") + a’ (be —b’c). 
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Hence, by the third theorem, 
1 ae Athy 
A B 1G D ~ aq ‘¢ "g (be )(6'e") > 


where now 
A=6(0'y”"— By ig A’= Oo (By / — By ei 8 AM 36 (8 y Wt —B’y ae 
and 
B= Ue ou — Cede"), B= eee 
Y= Oe)(ab) — (00) GR), Yet ay = ee 
6'= (U’e’)(abe) — (be )\(ab’e). 4 6 = 
Minding then continues (pp. 399, 400) :— 


“Man setze 
a” (be') — a(b'e") + a/(b"e”) — a(b'"c) = M 
Nach den néthigen Reductionen erhalt man: 
B= -('-¢)M, y = -@ =h)M, & = -—U ee —t'c )M, 
B’ = +(¢"—c")M, 7" = +(0" —0")M, 8’ = +(e" -0"C" )M, 
Bv= -(e —&\M, y"= —O"=6 )M, O'= —('c. —b. cM: 
Hieraus erhalt man weiter : 
A = — MEO"? =0: eo) (ee, 
A’ = —MB(O"%c" —b" ee"). {(0"'e'") — (0) }, 
A” = —M3(b ce” —-b'"c ).(Uc"). 
Hine weitere Reduction ergiebt : 
(bc — bc) (B'e") — (Be) (B"c" — BC”) = (e"' — Cb") (0). 
Hieraus folgt A+ A’ +A” = M3(b'c”)(0"c’”), und als Resultat : 
LD Wg Re 9 i ae 
ABOD ~ qa” 


The first point to be noted here is, that since 
(bc'), (ca), (ab), 
are in later notation 


b b’ b” Cc (oe (gt a a Gee 
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the identity 
a(be’) + b(ca’) + cab’) = a(b’e” — bc’) + a'(b"ce — be”) + a’(be’ — bc) 


is the same as 


b Yb" | ee et) Con 2 | ‘a aa 
isieee tod a @ itel to bh 6" Rebs ae ob 
| 
tel, & | | obs “2 | eee TN Ce FE Se ies 


—a disguised special case of Vandermonde’s theorem (XIL), the 
four elements of one row being each unity. (sit, iT) 


The next point is, that since the expression denoted by M, viz., 
aw” (be’) = a(b’c’’) ae a (b"e”’) —eet Oe, b’’c) 


is in modern notation 


o~ 8 
a 
SS 
S 
> 
N 


ie] 
fo) 
©, 


the identity 
Oo pe (b’c” aor! bc’) M ‘ 
is the same as 


Oe 5 Sle a ba.&. 07 

ce e¢ Ge ae 
ee 111 Por ee be OM 
a a a aa. « A. e | aoe eed” 
Oe be sgt 18 ie a 
we ee oe 


and therefore is, like its eight companions, a fresh case of the 
theorem regarding a minor of the adjugate.* (xx. 3) 


*Instead of following Minding’s lengthy process, mathematician of the 
present time would of course observe that the coefficients of A, B, C, D on 
p. 195 are the principal minors of M, and using Cauchy’s theorem would at 
once reach the desired conclusion, viz., that the determinant of them = M3, 
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DRINKWATER, J. E. (1831). 
[On Simple Elimination. Philosophical M agazine, x. pp. 24-28. ] 


Up to this date, almost 140 years after the publication of 
Leibnitz’s letter to De L’Hépital, no English mathematician’s 
name occurs in connection with the subject of determinants,—a 
fact most significant of the comparative neglect of mathematical 
studies in Britain during the 18th century. Apart from the 
contents, therefore, some little interest attaches to Drinkwater’s 
short paper, as being the first sign to us of that revival which, 
as is well known otherwise, had taken place some few years 
before. 

Drinkwater knew of the investigations of Cramer, Bezout, 
and Laplace; and professed only to put the elements of the 
subject “in a more convenient form.” His rule of signs is stated 
and illustrated as follows (p. 25) :— 


‘‘Write down the series of natural numbers 1 2 3 4... mn, and 
underneath it all the permutations of these » numbers, prefixing 
to each a positive or negative sign according to the following 
condition :— 

“Any permutation may be derived from the first by considering 
a requisite number of figures to move from left to right by a certain 
number of single steps or descents of a single place. If the whole 
number of such single steps necessary to derive any permutation from 
the first be even, that permutation has a positive sign prefixed to 
it; the others are negative. or instance, 4 2 13... may be 
derived from 1234 .... n, by first causing the 3 to descend below 
the 4, requiring one single step: then the 2 below the new place 
of the 4, another single step; lastly, the 1 below the new place of 
the 2, requiring two more steps, making in all 4. Therefore this 
permutation requires the positive sign.” 


In this there is essentially nothing new: it at once recalls a 
theorem of Rothe’s (111. 8). In the following paragraph, how- 
ever, we find the discussion of a point not previously dealt with. 
The words are (p. 25) :— 


“The same permutation may be derived in various ways, and it 
is necessary, therefore, to show that this rule is not inconsistent 
with itself: thus the same permutation 4 2 13... might have 
been obtained by first marching 1 through three places, then 2 through 
two ; and, lastly, 3 through one [?], making six [?] in all, an even number 
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as before. Without accumulating instances, it is plain, if g be the 
smallest number of steps by which any number p reaches the place 
it is intended finally to occupy in that permutation, that if p should 
advance in the first instance m places beyond this, it must subse- 
quently return through m places: or, which is the same thing, it 
must at a later period of the march, allow m of those which it has 
passed to repass it, so that it will regain its proper place after the 
number of steps has been increased from g to ¢g+2m, which, by 
the rule, require the same sign as g. The same reasoning applies 
to every other figure; and hence the consistency of the rule is 
evident.” (111. 26) 


He then establishes four properties of the functions, viz. (1) 
Vandermonde’s theorem regarding the effect produced on the 
function by transposition of a pair of letters; (2) Bezout’s 
recurrent law of formation; (3) Scherk’s theorem regarding the 
partition of one of the functions into two; and (4) Scherk’s 
theorem regarding the removal of a constant factor from one 
of the functions. The two latter theorems, which, as we have 
seen, had been stated for the first time only six years before, are 
given by Drinkwater in the following form (p. 27):— 


“(8) If any factor in f{XYZT... (n)}, as X, be divided into 
two parts, X=V+W, the function may be similarly divided, so 
that 


f((V+W)YZT ... (n)} =f{VYZT ... (m)} + fOWYZT ... (m)}, 


placing each part of X in the same relative position (which in this ex- 
ample is the first) which X itself occupied before the division. (XLVI. 2) 


(9) If any quantity which does not vary from one equation to the 
other, and which, therefore, is not liable to be affected with an index, 


is found under the symbol, it may be considered a constant coefficient 
of every term of the developed function ; and written as such on the 
outside of the symbol: of this nature are the unknown quantities 
themselves, so that for instance, 


F{XYGZT ..<« (n)} = af{XYZT ... (m)}; 
and so of like quantities.” (XLVIL 2) 
After these preliminaries the problem of the solution of 7 linear 


equations in n unknowns is taken up. The method followed is 
essentially the same as Scherk’s. 
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MAINARDI (1832).- 


[Trasformazioni di aleune funzioni algebraiche, e loro uso nella 
geometria e nella meccanica. Memoria di Gaspare Mainardi. 
44 pp. Pavia, 1832.] 

In his preface Mainardi explains that the algebraical functions 
referred to in the title are “ funzioni risultanti o determinants.” 
But although he thus speaks of them as if they were known 
to mathematicians by name, and mentions the researches of 
Monge, Lagrange, Cauchy, and Binet in regard to them, he does 
not take for granted that his reader has a knowledge of any 
of their properties. The one theorem on determinants,—the 
multiplication-theorem,—which forms the basis of the whole 
memoir, is consequently sought to be established without the 
use of any previously proved theorem. The attempt, as might 
be expected, is interesting. 

The first two sections (pp. 9-29) of the three into which the 
memoir is divided may be passed over without much comment. 
The first deals with the multiplication-theorem for two deter- 
minants of the 2nd order, and with those applications of it 
to geometry which arise on making the elements of each 
determinant the Cartesian co-ordinates of two points in a plane. 
No proof is considered necessary for this simple case, the opening 
paragraph of the memoir being ;— 


“‘ Rappresentate CON my ny Lay C3 Yo Ym Ya Ys Otto quantita 
qualsivogliano, ed indicati per brevita il binomio 


mela + Ym+Yq COl simbolo (2,%,), 


il binomio 
Ln» Ly + YnYs con (pp) 
e simili, si provera facilmente essere 
(a) (2mYn = Ym) (@Yo oe LYa) 


= (nita) (nie) — (®t) (ia) -” 
All the seven other paragraphs are geometrical. 
The second section in like manner opens with an algebraical 
theorem, viz. (p. 13)— 
{®n(Yp— Yn)} {@a(Yo— Yo)} 
t+ {®m(%p—2n)} {@a (Z—20)} 
+ {Ym(Zp—2n)} {Ya (Ze — 2) } 
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= (XX) (yA) = (Xe) (LpAtq) + (Gpitq) (mo) 

— (®nXe)(Ln Xa) + (LpLa)(nXe) — (pile)(XnXq) 

+ (®mXp)(Xp%a) — (Xm Xq)(XpXp) + (np) (Lpiq) 

- (p%q) (XX) (XpXp)(@nXq) a (Xp%q)(XnXp) 

+ (XpXe)(Lply) = (LX) (pe) + (ane) (H Xo) 

— (nls) (LmXe) + (pte) (Ly) — (App) (Ane), (XXIX. 2) 
where §{@n(Y%p—Yn)} and (aq) stand for 

(LmYp — LpY m) + (LnYm—CmYn) 5 (@yYn—nYp) 
and LmLa + YmYa + 2mZa 


respectively; and the remainder is occupied with the applica- 
tions of the theorem to geometry and dynamics. Each factor of 
the left-hand side of the identity is evidently a determinant of 
the third order, and the three pairs of lines on the right-hand 
side are each the expansion of a determinant of the same order ; 
so that in the notation of the present day the identity may 
be written 


o H, 1 te Uy 1 Be eee) lg fi, 1 
Ze Yn lLleitm Yo 4 

wi Y% 1 Le Ye + Hp iy, 1 Go. Bg-- 

eee th hye ee 1 (ayite) (@yta) 

iu, ce 1 tok Y, 2 1 |) = (tetN (gly) 

Yo % 1 Ye % I (pe) (pq) 

(LnXq) (lpi) 

+} (@n®a) (®n%r) 

(ap%q) (ptr) 

(Gyo) (Le) 

+} (@nts) (ne) 

(Gly) (flo) 


There has been no previous instance of an identity perfectly 
similar to this; the nearest approach to such being, as the 
numbering shows, a result obtained by Binet in 1811. The 
exact character of the affinity between the two, and the general 


+] &% Zn Ler Lh 2 1 


| 
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theorem which both foreshadow, will be most readily brought 
into evidence by a little additional transformation. Taking 
first the right-hand side of the identity, we observe that the 
three determinants have only twelve elements among them, 
being obtainable in fact from a single array of three rows and 
four columns. Their sum may consequently be put in the form 


[eet (ama) (me) (me) 
1 (ie) (Wn) (n&e) 
1 (a,c a) (ep ») (ple) 
0 i! 1 i 
Secondly, we observe that the first factors on the left-hand side 
are similarly obtainable from 
Lm, Ym 2m 
Gn Yn 2% I 
py Yo % 15 
and the second factors from 
te Ye ea) 
Lp Yo Zp 1 
@e Ye % 41; 
and as the determinant which is the so-called product of these 
arrays is equal to the said left-hand member diminished by 


Lm Yn 2m La Ya a 
In Yn 2n\-| % Yo % 
Ly Yn *%p Le Ye We |> 


Mainardi’s theorem may be put in the much altered form— 


1 (Ha) (Cm®p) (Vni®e) 
1 (@nla) (Gn®y) (nile) Xm Ym %m 1 La Ya 2 1 
Li@ez,) (a) Ga) =| 2 Yn 2% 1 |; M Ys & I 
0 1 1 1 Be Ye Bg LA ety ee eee 
Tm Ym @n | | %a Ya % 
=, tn “Yn seule atnra in amen 


Xp Yp Zp Xe Ye Ze |. 
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The constitution of the 3rd section is quite like that of the 
others, the first paragraph dealing with the multiplication- 
theorem for the case of determinants of the 3rd order, the second 
paragraph with the same theorem for determinants of the 4th 
order, and the remaining eight paragraphs with geometrical 
applications. The mode of proof of the multiplication-theorem 
is partly indicated by saying that any particular case is made 
dependent on the case immediately preceding it; but its exact 
character can only be understood by a somewhat minute ex- 
amination. The investigation for the case of determinants of 
the 3rd order stands as follows (p. 29) :— 


“Si considerino i due polinomj 


Lim (YrBp—Yp%n) + Bn(%mnYp — Yk p) + Xp (Ym@n— Ym) 
(1) =e {pps Ynys Ros 
La (YoZo— Yee) + By(ZeYo— %Ya) + Te(Ya% — Ys%a) 
== 125 Y) Z,}- 
Se ne effettui il prodotto, il quale, mediante l’equazione (a) del primo 
articolo, si potra disporre sotto la forma seguente 
Ly La (YnYo) (Yue) — CmB®aCYno) (YpY) 
+ LyLa(YmYo) (YpYo) — Tn®a Ym) (Yp¥e) 
+ G,fl(YmYo) (Yue) — Cha YmYe) Uno) 
+ Ly Ly(YrYo) YpYa) — Lnkls(YrYa) YrYe) 
(h) A Ly (YrYa)(YpYe) — Fuh (YmYo) (YrYa) 
+ Lyfy(YnYo)(YrYa) — Vito Ymia) Ye) 
+ Wy Le (Ya) Yor) ~ %miCe(YnYo) (Yp'a) 
+ Le (Ymio) (YpYa) — Crile (YmYa) Yo¥o) 
+ Lpe(YmnYa)(YrYo) — Lpe(Ymio) (Yuta) « 


Esaminando ora la quantita 


Lpilg {Vly (YoYo) + Lyle(YnYo) + Wyllie 
= LpL(YpYy) — CyXp(YuYo) — UntyhlrXe} 
+ BL {Lm®o(YpYo) + Upto (YmYc) + Lrithis 
= Lpily(YpYo) — Xe(Ymis) — Smite} 
H+ flog { Ln by (YrYo) + Vrbe(YmYo) + Ln ynXe 
= LB (Yrtl) — TnXs(YmYo) — Vmiellnite} y 
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e le due espressioni che si traggono da questa, cambiando, prima a in 0, 
binc, cina; poscia a in ¢, ¢ in J, bin a; con facilita si scorge che la 
somma di questi polinomj é nulla identicamente, per cui si potra 
aggiungere al prodotto (4) senza punto alterarlo. Fatta quest’ 
addizione, V’aggregato altro non sara che lo stesso polinomio (h), ove si 
supponga che 1 simboli (¥,’/), (y,y-), ec. rappresentino rispettivamente 
i trinomj seguenti $ 
Ly Ly ate Yr ot En& oy Tbe a Y pf ¢e ate ees ece. 

Se ora si ordineranno. le espressioni (J) portando fuori dalle parentesi 
y ovvero 2 in luogo di 2, formeremo il prodotto delle medesime cost 
scritte, ed opereremo come sopra, il risultato sara il polinomio che si 
desume da (/) cambiando le « che sono fuori dalle parentesi in y ovvero 
in 2 egualmente accentate. Se faremo per ultimo la somma di queste 
tre espressioni, tal somma si cavera dal polinomio (h) scrivendo (LnLa) 
OVVETO (pz) invece di Lp, ; (lq) I luogo di #7, ec. ec. @ sara 
eguale al triplo prodotto delle expressioni (/). 

Essendo poi quella somma divisibile per tre, effettuata la divisione 
per questo numero, avremo 


{®mx Yns Rp» {kar Yos Zo} = (Lia) (2 ip) (ZpX_) + (2a) (Mtr) (pile) 
+ (2B) (®pil) (Brite) 
~ (ig) (2 ft») (nile) — (rin) (mit) (Me) 

— (Wf) (pS) (Wmite)” 

(xvi. 6) 


That the essential points of this method of demonstration may 
be seen, let us apply it as it would be applied if adopted at the 
present day :— 

The given determinants being 


|a,b,c,| and |a,B,y53|, 
we should say eee Bays 


| abae3 | = | bye, | — ay] Dyeg | + ay | Oye |, 
and | a,Bsy3| = | Bev3| — a2|Brvs| + as | Byy2\; 
hence, using the multiplication-theorem as established for deter- 
minants of the 2nd order, and (to save on the breadth of the 
page) denoting 
aa + bB + cy +... by 


we should have 


WU, Ose ee 
Gs vere 


| ayb.e3|.| ayBoys | 
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ae eS eg ae By, Gy by, 6 

he Bao Bs, Y3 eas Bo ¥2 Bs,¥s apie Ba Yo Bs ¥s 

ba Gy DG, bs, Cg bs, Cg Day Cy de, ee 

Ba» ¥2 Bs¥3 Px Ye Bs ys Boo Py Ys 

Be 6 05. 6 Le ae Cn 0, 6 

— Mag|5— Z| + aa,| Fe 24! - aga,| 27 2 

8 Bays Bs'¥s | S| Bay Bs¥3 | Buy: Bs:¥s 

bs C5 by Cg! | Bie Ba Mes. Op Betis, ADO 

Biv Bs, ¥3 Buv Bs,¥s Buy: Ps¥s 

BG 0. 6 1G. 6. Os 6 bree Nees 6 

+ a@.a,| 24 | — a,a,; 4? “4 + a,a,; 2 4 

ey Buy » V2 4 * Bus Boo ge Bun » V2 

by Cz bs, Cy bs, Cs bs, Cg Dy Cy by, Cy 

Biv Ba Ye) | Bu v1 Po ¥2 Puy Bao 

That each line of this result is not altered in substance by writing 

iy Dex, Cx he Oy ine =e, a, Lo for aS be. 
a2; 32,2 Ba Yo a3; 23,3 Bs Y3 : 


would probably be shown by expressing the line in the form of a 
determinant of the 3rd order, e.g., the first line in the form 


a b,, Cy by, Cy 
eee 
Bx Yo Bs '¥s 
Day Cp by Ce 
ay |, B 
2» Y2 2 3 
a bs, Cg bs, Cg 
3 ; 
Po ¥2 Bx ¥z ) 


and increasing each element of the second column by a, times 
the corresponding element of the first, and each element of the 
third column by a, times the corresponding element of the first. 
The whole result would in this way be transformed into 


yay 


AyQy 


30 


hy, 05,6;  @,, 0,6, 
dy,Be,¥2 43,P 373 | 
ea 
Ay, Bo,Y2 4333s 
te, Uxes (Ge; U5, ¢, 
as, Ps)Y3 


Ag, Bo, Y2 


Aya, 


Ose, yb; 
ay, Py yr a3,3, ¥3 
Ba hs Og Cy Vas Cy 
ap Ppyr dz; (P3,Y3 
Gg, Dy, Cg Mg, Dg, Cg 
a3, V1 as, 33,73 
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Cys dy, Cy yy Dy, G 
A143 

ay; 84,Y1 dy,Bo,Vo 
Cy, Day Cy Ay Dy, Cg 

+ | AM s B ‘ B 
pPpYy1 » Po V2 
e Obs, bs, C3 Gy D3, C3 

y 302 e B 6 
pPpY¥1 F%P2V2 


Now by either of the interchanges 


(a As» Os » Ay» Ag» @) ee Os , Oy> 3 >» oe 
) 
by, by, bs, Bi» Ba» Bs Cy, Cg» 3» Yi» Ya YB 


the first columns of this,—and the first columns only, —would be 
affected, the a’s and a’s becoming b’s and f's respectively in the 
one case, and c’s and y’s in the other; and as neither interchange 
could affect the left-hand side of our identity, we should con- 
sequently note that thus three different expressions would be at 
once obtained for |a,b,cs|.|a,Cxy3|- Adding these together, and 
combining the nine determinants of the sum in sets of three by 
means of the addition-theorem (XLVI.), we should have finally 


Ay 0,0, Gy bye, Sy by % 
ay, By 1 A,B V2 a3, B3Y3 
ios Ghz, Digs Cae Cig, Digailg > Chap Coals 
3la,D3ee|- laos 8 2 
a8 V1 ao, Bas Vo a3,B3,Y3 
dy, Dg, Cg Ags bs, C3 Gg, Og Cg 


ay,By¥1 d,Bo,Y2 a3 Bg V3 ’ 


from which it is only necessary to delete the common factor 3. 


JACOBI (1831-33). 


[De transformatione integralis duplicis indefiniti 


opoy 


A+Bcos¢+Csin $+(A’ +B’ cos ¢+C'sin $)cosp + (A” +B’ cos$+C’ sin ¢)sit 


Onod 
s7 cos 6—G" sin 7 sin 7 
Crelles Journal, viii. pp. 253-279, 321-357; or Werke, iii. 
pp. 91-158.] 


in formam simpliciorem 
. D G—G' co 
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[De transformatione et determinatione integralium duplicium 
commentatio tertia. Crelle’s Journal, x. pp. 101-128; or 
Werke, iii. pp. 159-189.] 

[De binis quibuslibet functionibus homogeneis secundi ordinis 
per substitutiones lineares in alias binas transformandis, 
quae solis quadratis variabilium constant; una cum variis 
theorematis de transformatione et determinatione integral- 
ium multiplicium. Crelle’s Journal, xii. pp. 1-69; or Werke, 
ili. pp. 191-268.] 

The first two of these memoirs may be viewed as continua- 
tions of a memoir with a similar title, which appeared in the 
second volume of Crelle’s Jowrnal, and to which we have already 
referred. They are noted here merely in order that the thread 
of investigation may be preserved unbroken, for the last memoir 
practically swallows up, by means of its splendid generalisations, 
all those that had gone before. 

So long as we confine ourselves, in problems of transformation, 
to three independent variables, the explicit employment of the 
theory of determinants may be dispensed with. When, however, 
a sufficient number of special cases have been investigated, and 
an alluring glimpse has thereby been got of a generalisation 
involving them all, he who attempts the establishment of the 
generalisation must have recourse to the new weapon. In this 
latter position Jacobi now found himself. He wished to pass 
from the problem of orthogonal substitution in the case of three 
variables to the analogous problem in which the number of 
variables is , or in his own words (p. 7) :— 


“Tnvestigare substitutiones lineares huiusmodi 


Wy = ty hy Fy Sg tw ee + ie wes 
Yq = Oy" By + Ag By + 6. + Oy Ens 
Yq = 0", + agg bin a's s + OQ Oy, 
quibus efficiatur 
YY + Yon He eH YnYn = Uy, + Vel to es + Unkns 
simulque data functio homogenea  secundi ordinis variabilium 
as Bay --» « a Un transformetur in aliam variabilium 4, #2, - + +» Yn 


de qua binarum producta evanuerunt.” 
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This being the case he introduces determinants at the outset, 
fixing upon a notation which is practically Cauchy’s, and imme- 
diately using properties of them without proof. Much that is 
contained in the memoir falls to be considered later, as it 
concerns special forms of determinants,—those afterwards 
known as Jacobians, axisymmetric determinants, and, of course, 
determinants of an orthogonal substitution. Indeed, the half- 
page of introduction is almost all that is of interest at present, 
but even in this a new and important theorem is enunciated. . 
The first sentence of it stands as follows :— 


“Supponamus, designantibus a,” datas quantitates quaslibet, ex 
n eequationibus linearibus propositis huiusmodi 


Yn = ott + ag!" ata + Oke ee Me 
per notas regulas resolutionis algebraic haberi equationes forme : 
/ Jt 
Aa, = B'Y,+ Biyot - +--+ BRYa- 


Ipsum A supponimus denominatorem communem valorum incogni- 
tarum, qui per algorithmos notos formatur: sive fit 


Re D2 6 ae ons a” 


nd 


signo summatorio amplectente terminos omnes, qui indicibus aut 
inferioribus aut superioribus omnimodis permutatis proveniunt ; signis 
eorum alternantibus secundum notam regulam, quam ita enunciare 
licet, ut termino cuilibet per certam permutationem indicum orto 
idem signum tribuatur, quo aflicitur productum sequens conflatum e 
differentiis numerorum 1, 2, ... , ” 


(2-1)(3-1).... (w-1).(8-2)(4-2) .... (@-2).(4- 3) ete, 


eadem numerorum permutatione facta.” 


It will be at once observed here that Cauchy’s italic letters S, a, b 
are simply changed into Greek &, a, 8. 
The next sentence is :-— 


“Hadem notatione adhibita, sit 
BS 22 BB een (n)- 


n 9 
ubi ipsam B e quantitatibus 2,” eodem modo compositam accipimus, 
quo A ex ipsis a,” componitur. Quibus statutis observo fieri : 


= -1 
' B= At, 
ac generalius : 


/ ” ) =f! 1 
34 B/ By’ PO = ATs RO aoe 


DETERMINANTS IN GENERAL (JACOBI, 1831-33) 209 


As for the first theorem thus formulated, the credit of it is, of 
course, due to Cauchy: the second, however, is new, being 
indeed the theorem referred to above under Minding as having 
been foreshadowed by Lagrange, and left for over fifty years 


undisturbed. Jacobi evidently knew it in all its generality, 
for he adds— 


_ “De qua formula generali cum pro variis valoribus ipsius m, tum 
indicibus et superioribus et inferioribus omnimodis permutatis, per- 
multae aliae similes formulae profluunt.” 


Jacobi’s mode of proving the two theorems occupies § 6 (pp. 
9-11). Temporarily denoting by X,, the left-hand member 
of the m™ given equation 

ae, + aa, +... Fa = Ym 
and by Y,, the left-hand member of the m™ derived equation 
Bruit + BnYs + +++ + Bi Yn = Atm: 
and explaining that by 
lu] 4 


LL » «» Ly, 


he means the coefficient of x,-'v,.'...#,~' in a certain specified 
expansion of U, he recalls his paper of the year 1829 on the 
“ discerptio singularis,” and affirms that he had there proved 


c 
fore 1 aes, 
be Re 1 A 
tee) ig 
sive etiam, quod idem est, 
1 ] Je! 
se eee 1 ov 
; thy ++ Yn 
ac generalius 
[ Deine sate eat . 
ee A oe 
GB. . » Ly (LIL. 4) 
1 BU Nie ee de ig 
Zz Attret Frnt ery ae mae y, ent 1 
WY2 aioe Yn 
designantibus 7), 7,--+,7 AC $1, S,--+, 8, numeros quoslibet integros 


sive positivos sive negativos.” 
M.D. O 
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A glance, however, suffices to convince one that the concluding 
general theorem here given differs considerably from the 
theorem which he had previously enunciated and_ possibly 
proved. As originally stated the theorem was— 


i 
free see ee 1 
os 
Pie Peel es 
we Pott Pith... aenat 


1 
ei | pop. hes opie 


aot a On, — 
tot... tt, 


which being altered into the notation of his present paper by 
the substitutions 


po ue mo 5 Meo ane ae 
Uys thaw +. Oe oie ae 

ob Y, Y, 

Po: Pi» ae A? ‘hi » 
Qo, A> - Ty, Te, 
Bo; ie CAOGGr a 815 85; 
Avs A, 
becomes 
il 
Kea Rae 1 
7 n 
op, 8a ee card 
1 


= Asi set eee tSn+1 n 


kes .Y, 2 
Pie) Pit oN te 


Using on both sides of this the fact that if an expanded function 
be multiplied by the product of certain powers of the variables, 
any particular coefficient in the original expansion has now for 
ce its original facient multiplied by the said product, we 
obtain 


61g ea ae 
XT Xa a a 1 
Din ns 
1 | YO ] 


~~ Asitst .. + +8nt1 yyrtly,tt ss ae Re 


Se 
YYo +++ Yn 
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—a statement differing from Jacobi’s in having 7’s and s’s on the 
right-hand side where he has s’s and 7's respectively. The 
oversight was probably not noticed by reason of the fact that 
in the special instances considered by him the values of any r 
and the corresponding s are the same. 

In the first of these instances he puts 


n=, =...=7,=—1 
3 = 3 = =3s,=-l, 
and obtains . ee 
ley | ot 
W142 +> Yn 
thus arriving at Cauchy’s theorem regarding the adjugate, viz., 
B= A. (XxI. 3) 
In the second instance, he puts 
P= Vy = 2 my = 1, es = Pee = = Fn = 0, 
& = 8 =... = 8, = —-l, * One = Ono, =~ = 8 = O, 


and obtains 


: | — 
Xim4iXm+e aS Xn 1 
Em+ilm+2-+- Ln 


1 
ate m-1 = 
=e l wey; a ode 


YiYo-+- Ym 

He then recalls the fact that by the conditions attaching to the 
expansion of the expressions enclosed in rectangular brackets 
the powers of 2,, %,...&, contained in the one and the powers 
Of Ymntir Ym+2,-+» Yn contained in the other are all positive; and 
argues that as we are concerned only with terms that do not 
involve these variables, it is quite allowable to put them all 
equal to 0. This being done it is seen that 


i 1 
a (m-+1) _ (m-+2) (m) ? 
bees Fw don 1 Detain Amee °° Sn 


Lm+i%m+2 are) 
and 


1 er 
lyyeYe| 1 Sa 
YrYo-++ Ym 


+ 
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so that there is obtained 
eu m— +1) (+2) (7) 
3436)... 8 = ee ae a cee 
as was expected. 


The only other point to be noted at present is contained in 
the casual remark that the §’s may be expressed as differential 
coefficients of A. When dealing later (p. 20), with a special form 
of determinant, he says— 


“Data occasione observo generaliter, si a, et o,,« Inter se diversi 
sunt, propositis n aequationibus linearibus hujusmodi : 


OU + Ayla +... 6 + nln = V1, 
Op Uy + On olla + Se ee + Oy Un —— V2 
Oy Uy = On oly Sha eye deuce ae On nUn a Un 
statuto 
Dae Oi er a ees 
sequi vice versa 
Tw or Antes or ee is O : 
4 rss Oa, 1 Cay 2 s Oa, n> 
or or or 
T v : v 
Us On, Ody.9 2 a = Can 2 nd 
el ok or 
ry = Pog Cpa wenn) es Sq lat (xi. 5) (vi. 8) 
1,2 2. nn 


JACOBI (1834). 


[Dato systemate  aequationum linearium inter 7 incognitas, 
valores incognitarum per integralia definita (n—1)tuplicia 
exhibentur. Crelle’s Jowrn., xiv. pp. 51-55; or Werke, vi. 
pp. 79-85. ] 


This short paper is, as it were, a by-product of the investigation 
which resulted in Jacobi’s long memoir of. the preceding year. 
Its only interest for us at present lies in the fact that values 
which are ordinarily expressed by means of determinants are 
here given in the form of definite multiple integrals. Indeed, 
instead of viewing the result obtained as being the solution of a 
set of simultaneous linear equations, it might be equally appro- 
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priate to consider the investigation as belonging to the subject of 
definite integration. It will suffice, therefore, merely to give a 
statement of the theorem arrived at. In Jacobi’s own words, 
a is— 
“Sit propositum inter » incognitas 2, %,..., 2, systema m aequa- 
tionum linearium 

biy% + Dypte +o... + Oinea = My, 

D2 + Date +. 22s + Donen = Mg, 


BBs =F Divs =F ea Sts Dnn®n Ed Mn 5 
statuamus 
x = [Oya + Dono + eee + baa, |* 
+ [rot + Dory +... + Bast, ]? 
cs [Orn cr: Dons Fo sis te Ortta| 
porro 
M = my + Mla +... + MnEn 
ubi 


a, = /(l—af—af—... —@2_,) 
radicali positive accepto ; porro ponamus 
V=tDd+0yda...d 


signo ancipiti, ante ipsum > posito, ita determinato, ut valor ipsius V 
positivus prodeat. Quibus omnibus positis, erit 


nny 


mm PIM (Oy, + Dada +... + Oyt,,)80,0%,.» , OLy_y 
Se Ly XA (n-+2) i 
io Se M (byt + Oaotlg +... + Dpgly) 8, 00y.. . by 
aS Ty, Xd (n+2) : 


? 


i ae VM (Bip8 + Danity + oes + Dppiln) 8,50... Sin 
gnr-16 7 v i | Ly X2 (n+2) 
integralibus (n —1)tuplicibus extensis ad omnes valores reales ipsorum 
I, Ia) +++, Gp €b positivos et negativos, pro quibus etiam z,, realis 
sit sive pro quibus 
ete io afee Ph teay c= LS 
et designante S aut 


1 T\3 1 (5) 
races a), ree aN 


prout m aut par aut impar.” (LIIL.) (XII. 6) 
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JACOBI (1835). 


[De eliminatione variabilis e duabus aequationibus algebraicis. 
Orelle’s Jowrnal, xv. pp. 101-124; or Nowv. Annales de 
Math., vii. pp. 158-171, 287-294; or Werke, iii. pp. 295-320.] 


In a memoir having for its subject Bezout’s method of elimi- 
nating # from the equations 

Age” + Ayr... . + atta = 0, 

6,0" +b, +.... +004 = 4 
determinants are certain to occur explicitly or implicitly; and, 
the author being Jacobi, one is not surprised to find them 
introduced near the outset and employed thenceforward. It is 
of course only a special form of them which appears, viz., that 
afterwards distinguished by the term persymmetric; conse- 
quently, for the present the main contents of the memoir do 
not concern us. Note has to be made, however, of two points. 
—(1) that while Jacobi does not discard his former notation 


Ut a, aOnis, 2 > + Orputap he introduces and uses another, viz., 
| PO pe ened ae 
Maeda te ox) »>*m 
a : (vil. 8) 
les er, 


(2) that a page is devoted to a fuller statement of the above- 
mentioned theorems regarding the adjugate determinant and a 
minor of the adjugate. The final sentence of this statement is. 
all that need be reproduced. It is 


“Sint igiturs7, 7, 7, -.sey T™ SOkQue S, 55°55 =a eee 
omnes 0, 1, 2,...,2—1, quocunque ordine scripti; erit 


f Tes meee eRe gs Be Re is oa me 
A SP ae te (xx. 5): 
$ 


\s™, gin an aoa Sk veh oo] ” 


bs 


where L stands for Y+apo01 . . + + G—1,»-1 and the adjugate of L, 
is D+ AgoAy,..- Ann No proofs of the theorems are given. 


CHAPTER VIII. 


DETERMINANTS IN GENERAL, FROM THE YEAR 1836 TO 1840. 


THE writers of this period are nine in number, viz. Grunert, 
Lebesgue, Reiss, Catalan, Molins, Sylvester, Richelot, Cauchy, 
Craufurd. Of these the most prominent is Sylvester, who 
apparently in ignorance of all previous work discovers the 
functions for himself, gives a fresh investigation of some of 
their properties, and in a second paper makes an afterwards 
widely-known application of them to the theory of elimination ; 
Richelot, Cauchy, Craufurd contribute papers dealing with the 
said application; Lebesgue explains the results of another 
application previously made by Jacobi and Cauchy; and Grunert 
Reiss, Catalan, Molins give elementary expositions of the general 
theory. 


GRUNERT (1836). 


[Supplemente zu Georg Simon Kliigel’s Worterbuch der reinen 
Mathematik. Art. Elimination (I. Gleichungen des ersten 
Grades), ii. pp. 52-60. ] 


With Grunert it is necessary to take a long step backward. 
Although the memoirs of Bezout, Vandermonde, and Laplace 
were known to him, in addition to those of Hindenburg, Rothe, 
and Scherk, he advances only a short distance into the subject ; 
his aim, indeed, is little more than the establishment of Cramer’s 
rule for the solution of a set of simultaneous linear equations. 
His mode of presenting the subject, however, is fresh and 
interesting, the method of “ undetermined multipliers” being 
taken to start with. 
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Writing his equations in the form 


(1),a% + (2),a + (3) Fs... + (na, = [1], 
(1) p81 + (2)yfty + (3)o%g +... + (re, = [1] 
(1), + (2)g@_ + (3)3@g +... - + (2)3%, = [1], 


and taking p,, ), P3,-.-> P, a8 multipliers, he readily shows of 
course that if the multipliers can be got to satisfy the conditions 


(2),.P1 + (2)oP2 + (2)sp3 +. - - - + (2)nPn = 0 
(3), Pi + (3)eP2 + (8)aP3 +. - - - + B)nPn = 0 
(4), 24 =F (4). + (4)3 905 + gee i i (4) 7; = | 
(10), Py +.) og + ) Derk che (2)nPn = 9); 
the value of «x, will be 
(1), + [1]. + [Us ee [WnPn . 
2, His (1). So (1)3p5 + hae oe al Bs (1) pe 
in other words, that x, can be determined at once if a function 
(1)p, + Dos + Ags +. - - ~- +0) nPa 
can be formed of such a character that it will vanish when 
instead of the coefficients (1),, De, Css «+ ~ C1), we substimate 
the members of any one of the n—1 rows 
m3 eat) Saree 109 
(3) Cy, (py a eu 48)e 
(4), (Ae (ye SS WD 
(n), (”), (0). eae (i). 


the said function itself being the denominator of the value 


of x, and the numerator being derivable from the denominator 
by inserting [1] (ij, ees [1], im place of “(1),. (ie 
(1)3,..., (1), Further, as any one of the unknowns may be 
made the first, the complete solution is thus put in prospect. 
“Alles kommt demnach auf die Entwickelung einer Function 
von der angegebenen Beschaffenheit an.” (xm. 7) 


ee 
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Two rules, Grunert says, have been given for the construction 
of such a function, one by Cramer, the other by Bezout. The 
former he states, and illustrates by constructing the desired 
function for the case where n=4, The proof of it is then 
attempted, and is said at the outset to consist essentially in 
establishing the proposition that a permutation and any other 
derivable from it by the simple interchange of two indices must, 
according to Cramer's rule, differ in sign. This proposition is 
therefore attacked. The permutation 


Gea 2 a set ene) A 


is taken in which the inferior indices are in their natural order 
fy, « «> 2, and k and 1 being interchanged, there arises 
the permutation 


re 1b ae ea) ae ee B 


The part preceding (/:), in A is called I., which thus of course 
also denotes the part preceding’(1), in B; the part between (k), 
and (1),;, in A or between (1), and (k),:, in B is called II; and 
the remaining part common to both A and B is called III. The 
number of inversions in both, when 1 and & are left out of 
~ account, is denoted by y; the number in both due to k and the 
division IIT. is denoted by ); the number in A due to & and the 
division II. by \’; and the number in both due to the division I. 
and k by X”. The counting of the inversions then takes place 
for the two permutations. In the case of A there are the 
inversions due 


(1) tol. andk, whichare )” in number. 
(2) tol. and IL 

ro) ata RO ig © re el Weyer cy 
(4) tol. and III. 

Comte, otis LE Ts bt Sa ee 
MO Beer ONT gst ca iD aie 
(Wile Seo 27 ON 0D ee ae Le! eee 
a co WE et 0) i (i ere 


(9) to II. and III. 
CO Moriewanwitl, fy e.. Oates tats 
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and as those not counted here are y in number, the total is seen 

to be atBPtytrA+N +r" 1. 

Similarly in the case of B the total is found to be 
atBty+tA—-—N+X —2. 

But the former total exceeds the latter by 2\’+1, and this being 

an odd number, the proposition is proved. (111. 27) 

Before proceeding further it is important to note that Grunert 
here establishes a more definite theorem than. he proposed to 
himself, viz., the theorem of Rothe (III. 7). If he attains greater 
simplicity it is in part due to the fact that instead of taking any 
two indices for interchange, / and r say, he takes & and 1. 

To prove now that the function constructed in accordance 
with Cramer’s rule will satisfy the requisite conditions, it suffices 
to show by means of this theorem that on making any one of 
the n—1 specified sets of substitutions the function will be 
transformed into one consisting of pairs of terms which annul 
each other; in other words, to prove Vandermonde’s theorem 
regarding the effect of making two indices alike. This is done; 
and then it is shown how 2, can be got by interchanging @, and 
x, in all the given equations, the first step being of course to 
establish the fact that the denominator of x, and the denominator 
of w, only differ in sign. 

Bezout’s rule of 1764 is next taken up, and shown to be 
identical in effect with Cramer’s. The proof, by reason of the 
recurring character of the former, is inductive; that is to say, 
it is demonstrated that, if the two rules agree in the case of n 
unknowns, they must also agree in the case of n+1. Para- 
phrasing the proof, but taking for shortness’ sake the case where 
n=4, we say that it is.agreed that both rules give in this case 
the signed permutations 

1234, —1248, +1423, —4123, —13824, 4+... 


Now for the case where n=5 Bezout’s rule directs that to the 
end of each of these permutations, e.g., the permutation — 4123, 
a 5 is to be put, and asserts that the result —41235 will be one 
of the desired permutations with its proper sign. That it is a 
permutation of the first five integers is manifest, and since the. 
number of inversions in 41235 is necessarily the same as the 


er ee a ee 


nite ele 
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number in 4123, its sign is correct according to Cramer’s rule. 
In order to obtain four other permutations, Bezout’s rule then 
proceeds to bid us shift the 5 one place and alter the sign, shift. 
the 5 another place and alter the sign again, and so on. The 
result is 
+41253, —41523, +45123, —54123. 

In regard to this, it is clear as before that permutations of the 
first five integers have been got, and that the altering of the sign 
simultaneously with the shifting of the 5 is in accordance with 
Cramer’s rule, because every time that the 5 is moved one place 
to the left the number of inversions is increased by unity. The 
only question remaining is as to whether all the permutations 
are thus obtainable; and as it is seen that each of the 24 per- 
mutations of the first four integers gives rise to 5 permutations. 
of the first five, we have at once grounds for a satisfactory 
answer. (III. 28) 


LEBESGUE (1837). 


[Théses de Mécanique et d’Astronomie. Premitre Partie: For- 
mules pour la transformation des fonctions homogénes du 
second degré 4 plusieurs inconnues. Jowrnal (de Liowville) 
de Math., ii. pp. 337*-355.] 


This simply-worded and clear exposition is a natural outcome 
of a study of Jacobi’s memoirs on the subject. Like these it 
mainly. concerns determinants of the special form afterwards 
individualised by the term axisymmetric; and, indeed, it is. 
notable as being the first memoir in which a special name is given 
to a special form, the expression “déterminants symétriques” 
being repeatedly used for the particular determinants referred to. 

His general definition is (p. 343) :— 


“Si lon consideére le systéme d’équations 


Aish + Asolo + a te eee @ + Ai nln = my, ’ 
Aait; + Aste +... .. + Aanty = Mg, 
Aaah + Annals zr Ce ge ee or poe al My, ” 


* N.B.—There are two pages numbered 337. 
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le dénominateur commun des inconnues 1, f, .--, 4, est ce que lon 
nomme le déterminant du systeme des nombres 


(17) 
No ae oN ees fee 
Comme ce dénominateur peut changer de signe, selon le mode de 


solution qu’on emploiera, on conviendra de le prendre de sorte que le 
terme A,,A,oA33 ..- Anm Qui en fait partie, soit positif.” (VIII. 3) 


No use, however, is made of this for the purpose of establishing 
the properties of the functions, results being for the most part 
taken from previous investigators and merely restated. A nota- 
tion for what are nowadays called the minors of a determinant 
is given in the following words (p. 344) :— : (XL. 7) 


“Ceci rappelé, si lon représente par D le déterminant du systeme 
(17), par [g, 7] le déterminant du systéme qui se tire du systéme (17) 
par la suppression de la série horizontale de rang g et de la série 


h,k 
minant du systéme qui résulte de l’omission des séries horizontales de 
rangs g et 7 et des séries verticales de rangs z et & dans le systéme (17), 
on pourra, «7 


verticale de rang i, et semblablement par la notation a : | le déter- 


Further, the determinants thus denoted are spoken of on 
page 346 as “déterminants partiels.” (XL. 8) 


REISS (1838). 


{Essai analytique et géométrique. Correspondance math. et 
phys., X. pp. 229=290.] 


Reiss’s memoir, the first part of which appeared in 1829, was 
never completed. In the course of some remarks-introductory 
to the present essay, he says by way of excuse :— 


“Je m’apergus bientdt, et plusieurs savans me ont fait remarquer 
que ces recherches, fussent-elles trés-fécondes en résultats élégans, 
étaient trop abstraites pour intéresser le public qui napprécie 
les théories que selon le degré de leur utilité. J’ai done taché de 
montrer, par un exemple, de quelle maniére on peut se servir de ces 
fonctions dans la géométrie analytique: et j’ai choisi le ¢étraddre qui, 


ee ee A Mee A SE PRIEST SAE A BY A. A ahem PRAM al 


Smeaienaeiiiios 


. 
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par le concours de plusieurs circonstances qu’on aura occasion de 
reconnaitre plus tard, permettait une application trés-facile et presque 
immédiate des premiéres conséquences auxquelles j’étais parvenu.” 


The analytical portion of the essay is to a considerable extent 
identical with the original memoir. In so far as there is a 
difference, the change is towards greater simplicity, less seem- 
ingly aimless plunging into widely extensive theorems, and in 
general a better and more attractive style of exposition. Less 
space too is given to it,—not even half what is occupied by the 
portion on the tetrahedron, the main aim now being to urge on 
mathematicians the capabilities of the analysis in its application 
to geometry. 

The matters falling to be noted as not having been given in 
the original memoir are few in number and of little importance. 
In restating the theorem 


(abe... 17, aBy... p)=(abe...7, aBy... p) 


the remark is incidentally made that the order of the terms on 
the one side is never the same as that on the other except when 
the number of bases is 1, 2, or 3; for example, the number of 
bases being 4, we have 


(abed, 1234) = a,b,c,d, — a,b,¢,d, — a,bcod, 
+ a,bed,+...., 


whereas 
(abed, 1234) = a,b,c,d, — a,b,d,c, — a,cybd, 
+ a,ed,b,+...., 
the difference first appearing at the fourth term. (1x. 6) 


Bezout’s recurrent law of formation, formerly merely enun- 
ciated, is now accompanied by a demonstration. This is not 
without its weak point, the cause of which, as might be expected, 
is the awkwardness of Reiss’s rule of signs. The first paragraph, 
which will suffice to show its character, is as follows (p. 233) :— 


“Portons notre attention d’abord, seulement sur la fonction 
(abc... 7, aBy ...p). Si Von se représente la maniere dont on 
fait les permutations des n élémens a,f,y, .. . p, on verra qu’a partir 
de la premiere, il y aura 1.2.3... (m—1) complexions qui commencent 
par a, et que, si l’on sépare cet élément par un trait vertical des autres, 
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on aura A droite toutes les permutations des élémens f,y, .- - Pp: Les 


1.2.3....(m—1) premiers termes de (abc... 7, aBy... p) com- 
mencent done tous par a*, et puisque les signes de ces termes sont 
déterminés d’aprés la maniére exposée plus haut, on trouvera leur 


somme =a%(bc...7, By... p)” 


Vandermonde’s theorem regarding the effect, on the function, 
of interchanging two bases is stated generally, and a demonstra- 
tion is given. The mode of demonstration, which occupies one 
page and a half, will be readily understood by seeing it applied 
in later notation to the case where there are fowr bases, that is 
to say, where the theorem to be proved is 


| dadgcyds| = — | d.aec,ds|. 
By repeated use of the recurrent law of formation we have 


| abpeyds| = a | Dacyds| — p| bacyds| + ay| acpds | — a5 bata), 


=  ao{ bp|cyds| — b,|¢pds| + bs| ced, |} 
— ag{ba|c,ds| — by | cads| + bs | cady|} 
+ d,{ba|¢pds| — bp|cads| + ds| Cats |\ 
— a{ba| cpt, | — bp | catdy| + by | cade | YF 


By collecting the terms which have 6, for a common factor, 
bg for a common factor, and so on, this result becomes 


| dabeens| = — bat og |c,ds| — | cads| + 0| ead, |} 
=e bp(da| cds — dy|Cads| + as| cacy } 

— by { da Cpls| — dg|Cads | + as| Cade } 

+ bs{ da| Cpl, | — dg|cacly| + a,| Cade 1s 

= — b,|adgc,d3| + bg|a.cyds| — b,| dacgds| + ds | dated 


> 


ata | butpeyds | , 


as was to be proved. (x1. 5) 

The suggestion readily arises that this process would be equally 
applicable in proving Vandermonde’s theorem regarding the 
vanishing of a function in which two bases are identical, and 


the process, it may be remembered, was actually so employed 
by Desnanot. 
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One of the theorems given by Scherk, and later by Drink- 
water, appears in the following form (p. 240), the peculiar notation 
adopted for a determinant with a row of unit elements being 
constantly employed throughout the remainder of the essay :— 


“Si une des bases, par exemple a, est telle que la quantité qu’elle 
represente soit la méme quel que soit l’exposant dont elle est affectée, 
cest-a-dire, si at=a® =aY=..., on aura 


(abet, aBy... p) 
=as[(be...7, By...p) — (be...17, ay...p) + (bc...7, a60...p) ...|. 


La quantité qui se trouve sous la parenthése, peut done étre représentée 
de la maniére suivante : 


(ile. apy’. .- py (XLVII. 3) 
en admettant une fois pour toutes que le chiffre romain I soit tel que 
1=I*=[®=]y=... I] va sans dire que toutes les propriétés qui ont 
lieu pour (abc... 7, aBy... p) se rapportent également A 


bet, apr. ss py 


The character of the identities used in the treatment of the 
tetrahedron will be learned from a glance at the following 
examples :— 

a, (Ibe, 123) — b, (lac, 123) + ¢,(Iab, 123) = (abe, 128). 

(a, —)(Ibe, 123) — (b, —b,)(Lae,123) + (c,—c¢,)(Iab, 123) = 0. 

{ab, 12)(ac, 34) — (ab, 34)(ae, 12) = — a, (abe, 234) + a,(abe, 184), 
= + a,(abe, 124) — a,(abe, 123). 

(lab, 123)(Iae, 124) — (Lab, 124)(Iae, 123) = — (a, —a,)(Iabe, 1234). 

(lab, 123) (abe, 124) — (ab, 124)(abe, 123) = + (ab, 12)(Iabe, 1234), 


The first of these we have already seen used by Minding; the 
second is nothing more than the manifest identity, 


pe hae | ho) ee | 
Ay— A, A, Ag Os x dy dy Gy Gs | _ 6: 
nay d 
b,—6,. 3b, 0b, 5, te, oD, Oy 
C—Cy GC, Cy e, oat, iO 
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the third is evidently the equatement of two expansions of 


CS epee Cig ill oe ee 
Oh Oy Uy UH) Az Cy, Ay My 
Bi De Deg, De. Ue eee 
Cy Op ey 7G, Bg Sy) ig EAS 


the fourth is a case of the fifth: and the fifth is itself a case 
of a theorem (C’) of Desnanot’s. 


CATALAN (1839). 


[Sur la transformation des variables dans les intégrales multiples. 
Mémoires cowronnés par V Académie royale ... de Brua- 
elles, xiv. 2™¢ partie, 49 pp.] 


The first of the four parts into which Catalan’s memoir is 
divided bears the title “ Valewrs générales des inconnues dans 
les équations du premier degré, et propriétés des dénominateurs 
communs,’ and in the introduction it is said to contain several 
remarkable new properties of the functions called reswltants 
by Laplace “et connues aujourd’hui sous le nom de déer- 
minants.” 

His method of dealing with the opening problem is to derive 
the solution of equations with n unknowns from the solution 
of n—1 equations with n—1 unknowns; or more definitely, to 
show that if the multipliers \,, A,, A; necessary for the solution 
of the set of equations, 


a0, + b0, + C40, = | 
Mel, + dat, + CoM, 
gl, + Dey + Cah, = aa} 


I 


as 


be the determinants of the systems 


ay 0s CRIRUR Oe OF 


DETERMINANTS IN GENERAL (CATALAN, 1839) 225 


then the multipliers ,, d,, As, A, necessary for the solution of 
the set 


Aye, + b,x, + cas + dia, = a, 
eX, + byt, + cv, + dy, = a, 
Ash, + dye, + cyts + dyn, = ay 
Age, + bye, + ev, + da, = a, 


are the determinants of the systems 


a, Os ¢, a. 0, “G, ig Ue e, id ae 

ie 0, i ee ot 6 i, 1, oe 

a, OU, 6, e 8, <, a 5, =e, ie On Get 
(xuL 8) 


This of course means that in the first case 
GA, + a,Ay + aA, = 0, 
b,Ay + BA, + bAz = 0, 


— Ardy + Agay + Agas. 


and ’ 
AyCy + Agly + Agls 


and in the other 
Ayr, + MyAy + AgAz + Ary = 0,% 
BA, + bry + br + BA, = 0, 
GA + Cody + Cary + 6A, = 0, 


ae Aya + Agata + A3a3 + Nyay 


ee ed. ed, 


The proof is disappointingly weak and unsatisfactory, and, what 
is still more surprising, rests at one point on a manifest 
inaccuracy. He says (p. 9)— 


“Par un calcul direct, on vérifie la formule (6) et les relations (5) 
pour le cas de trois équations. En méme temps, l’on reconnait que 

“° Le dénominateur de la valeur de z,, par exemple, renferme 
toutes les combinaisons trois 4 trois des coefficients, chaque combi- 
naison ne contenant ni deux fois la méme lettre, ni deux fois le méme 
indice. 

“2° Deux termes qui, dans l’expression de ce dénominateur, peuvent 
se déduire l’un de l’autre par une permutation tournante ont méme 
signe. 

«3° Deux termes qui ne different que par le changement d’une 
lettre en une autre, et réciproquement, sont de signes contraires. 


* Note, however, the error in sign of dy and Aq. 
M.D. P 
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“4° Par suite, le dénominateur est le méme pour toutes les inconnues, 
pourvu que l’on prenne convenablement le signe du numeérateur. si 


He then proceeds— 


“Supposons donc que pareille vérification ait été faite pour n—1 
équations entre n—1 inconnues, je dis qu’elle se fera encore dans le 
cas de n équations.” 


Now although the statement in 2° is true for the case of three 
equations, it is not true generally, and therefore cannot be 
proved.* 

The theorems which follow this introductory matter concern 
a special determinant, viz., the determinant of the system, 


GUA ee k, |, 
Gy Os 6 x5 cae ky by 
ligt Oe Ce ee ne i 


in which the elements are connected by the $n(n—1) relations 


a,b, + dyb, + dgbg +... + dnbn = 9 ) 
D1C, + Aly + Axlg +... + Anln = 0 


yl, + Gely + Ogle +... + Onl, = 9 
bie, + Deeg + dee, +... + DnCn = 0 
bd, + bod, + bydg +... + dad, = 0 
byl, + Dolo + daly +... + Onln = 0 


kl, + hela + kgly +... + Kenly = 0 
Such determinants are only a little less special than determinants 


of an orthogonal substitution, and thus naturally fall to be con- 
sidered later along with those of the latter class. 


*In the proof he is fortunate (or unfortunate) enough to use another special 
case in which the statement is true. He says :—‘ Les deux termes a,b,c,d,e Fy et 
er fet bsCsdq qui entrent dans D,, et qui se déduisent Pun de Paavo pall ake 
permutation tournante entre les lettres ont méme signe.” 
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SYLVESTER (1839). 


[On Derivation of Coexistence: Part L* Being the Theory of 
simultaneous simple homogeneous Equations. Philosophical 
Magazine, xvi. pp. 37-43; or Collected Math. Papers, i. 
pp. 47-53.] 


Sylvester was apparently first brought into contact with deter- 
minants while investigating the subject of the elimination of 
between two equations of the m' and n™ degrees. At the close 
of a paper on this subject (Phil. Mag., xv. p. 435) he says—* I 
trust to be able to present the readers of this magazine with a 
direct and symmetrical method of eliminating any number of 
unknown quantities between any number of equations of any 
degree, by a newly invented process of symbolical multiplication, 
and the use of compownd symbols of notation.” These last 
words, indicative of the method, exactly describe the matter 
dealt with in the paper we have now come to, and as will soon 
be seen, the functions which are the outcome of the said 
“compound symbol” of operations are determinants. 

It would also appear that Sylvester was unacquainted with 
any of the important memoirs of his predecessors regarding the 
functions: the twenty-seventh chapter of Garnier’s Analyse 
Algébrique, to which he refers, may very probably indicate the 
extent of his knowledge. 

Premising that he is going to use such symbols as a, dg, . 
he calls the letter a the “base,” and the complete symbol “an 
argument of the base,” a, being the first argument, a, the second, 
and so on. Taking then a number of expressions, “each of 
which is made up of one or more terms, consisting solely of 
linear arguments of different bases, 7.¢., characters bearing indices 
below but none above,” ¢.g., the expressions, 

d,—b,, &—G; 
he alters them by writing the index-numbers above, ¢.g., 

G@=b!, dae 
takes the product of these resulting expressions in its expanded 
form a? — alo! — alc! + dic!; 


* Misprint for II., as an expression in the paper itself shows. 
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and then reverses the operation on the index-numbers, thus 
finally obtaining 
Gy — a,b, — ae, + b,c. 
The full series of these operations he indicates by the letter ¢, 
and denotes by the name of “zeta-ic multiplication.” Thus, as 
results in zeta-ic multiplication, we have 
§ (dy — 0, )(@y = Gy) = Ag — yd, — 40, +046, , 

and €(a,+0,)? = a,+2a,b,+6,.* _ 
Further ¢,, is used to denote that, after the operations ¢ have 
been performed, the indices are all to be increased by 7, the 
result of so doing being called the zeta-ic product in its r” phase. 

He nexts recalls a notation previously introduced by him for 
the functions which came later to be known shortly as difference- 
products; denoting, for example, 

(b—a)(ec—a)(c—b) by PD(abce), 
(b—a)(c—a)(c—b)(d—a)(d—b)(d—c) by PD(abed), 

and “. abe(b—a)(e—a)(ec—b) by PD(Oabe), 

Lastly, he combines the two notations; and any reader who 
remembers Cauchy’s mode of solving a set of simultaneous 
linear equations can with certainty predict the result of the 
union to be determinants. A new notation and a new name 


for the functions thus come into being together, the determinant 
of the system 


Gad Coes 
b, bz bg 
of te es 
being represented by 
¢abePD(abe) or €PD(Oabc), (viL.9) 
and being called a zeta-ic product of differences. (xv. 7) 


These special zeta-ic products being reached, the rest of the 
paper is taken up with an account of some of their properties, 
and the application of them to the discussion of simultaneous 


*He would not hesitate even to extend the use of the symbol, denoting, for 
example, 


a a 
Us 7) + [oa =a 2 es DYaGecos (aa): 
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linear equations. Some of the matter may be passed over as 
being already familiar to us, although its earlier appearances 
were certainly made in a less picturesque dress. The first 
really fresh theorem concerns the zeta-ic multiplication of a 
determinant €PD(Oabe ... 1), by those symmetric functions of 
a, b, ¢,..., 1, which we should now denote by 


2a, Lab, abe, 
but which Sylvester writes in the form 
S,(abe...1), S,(abe... 1), S,(abe... 0), 
In his own words it stands as follows (p. 89) :— 
“Let a, b, ¢, ... 1 denote any number of independent bases, say 


(n—1); but let the argument of each base be periodic, and the number 
of terms in each period the same for every base, namely (n), so that 


d,. = G+» a Opn a, p= XU = A_», 
b, = ae = cars b,, a by = ae 
(= Crtn = Cyn = = Cn 


L, = Ltn a Be l, <F ly = las 
r being any number whatever. Then 


¢_;PD(Oabe ...1)-= €(S, (abe... 1). €PD(Oabe ... 2) 
C,PD(Oabe ... 1) = ¢(S,(abe... 1). CPD (abe . .. 2) 


¢_PD(Oabe...1) = ¢(S,(abe... 1). CPD (Oabe ... 1)),” 
The limitation made upon the arguments of the base would seem 
to imply that the theorem only concerned determinants of a 
very special kind. Such, however, is not the case. A special 
example in more modern notation will bring out its true 
character. Let the determinant chosen be 
| Bsc, |, 
and let the symmetric function be 
ab + ac + ad + be + bd + cd. 
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Multiplying the two together “ zeta-ically;’ that is to say, in 
accordance with the law 
Ay X As = Apts, 
we find that 120 of the total 144 terms of the product cancel 
each other, and that the remaining 24 terms constitute the 
determinant 
| @,b.¢,45 |, 

the identity thus reached being 

€(| abycgd,|. Zab) = | a,b,0,4,|- 


Now Sylvester’s ¢PD notation being unequal to the representa- 
tion of the determinant |a,b,c,d,| in which the index-numbers do 
not proceed by the common difference 1, he would seem to have 
been compelled to give a periodic character to the arguments of 
the bases in order to remove the difficulty. At any rate the 
difficulty is removed; for the number of terms in the period 
being 5 the index-numbers 4 and 5 become changeable into 
—1 and 0, and thus we can have 


| a,becyds | = ayb.¢_,dy iF 
= jax does, 


—a determinant in which the index-numbers proceed by the 
common difference 1, and which is obtainable from |«@,b,c,d,| by 
diminishing each index-number by 2. Sylvester’s form of the 
result thus is 


€{S,(abed). €PD(Oabed)} = ¢ ,PD(Oabed).* 


*Tt is rather curious that Sylvester overlooks the fact that the legitimate 
equatement of two zeta-ic products implies an identity altogether independent 
of the existence of zeta-ic multiplication. Thus, the identity just discussed is 
essentially the same as the identity 

Gh ae ht ah a a at oP 

(i) TEE Use tas: b bt BA Be 
x (ab + ac + ad + be + bd + ed) = 

Ch ee oo en cin eee 

dd 0s Naz add daa. 

where the index-number denotes a power and the multiplication is performed in 

accordance with the ordinary algebraic laws. From this point of view the above 

quoted proposition of Sylvester’s involves an important theorem regarding the 
special determinants afterwards known by the name of alternants. 
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Following this comes the application to simultaneous linear 
equations, or as they are called “equations of coexistence.” The 
system is represented by the typical equation 


ae+ by +tezg+... +1t=0, 


in which r can take up all integer values from —o to +o, 
there being really, however, only n equations, because of the 
periodicity imposed on the arguments of the bases. One sgo- 
called “leading theorem” is given in regard to the system, its 
subject being the derivation of an equation linear in a, he REA ene 
by a combination of the equations of the system. The theorem 
is enunciated as follows (p. 40) :— 


“Take f, g,..., k as the arbitrary bases of new and absolutely 
independent but periodic arguments, having the same index of perio- 
dicity (n) as a, b, c,..., 1, and being in number (n-1), 2, one 


fewer than there are units in that index. 
“The number of differing arbitrary constants thus manufactured is 


n(n—1). 
“Let Axv+By+Cz+ ... +Lt=0 be the general prime derivative 
from the given equations, then we may make 
A = (PD(0afg .. .4) 
B = ¢PD(0bfy ... k) 
C = (PD(0cfy... k) 


L= (PD(Olfg ... k).” (XIII. 9) 


As in the case of the other theorems, no demonstration is 
vouchsafed. In order, however, that the connection between it 
and previous work may be more readily manifest, it is desirable 
to indicate how it would most probably be established now. 
Taking the case where the number of unknowns is thie and 
the number of given equations fowr, viz.— 


ae+ by +oz= | 
aye + by + cg = 0 

a,@ + bey + 6,2 = 4) 
a+ by + ez = 0), 
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we should form an array of 4(4—1), ¢.e. 12, arbitrary quantities, 


An ly 
to G2 Ng 
ts 93 hs 
ts Ga Me, 


from which we should select the multiplier | f,9,h,| for the first 
given equation, the multiplier |f,g,h,| for the second equation, 
and so on. The multiplication then being performed we should 
by addition obtain 
| foGshs|@ + [Di fgsluly + |afegshslz = 0, 
which is what Sylvester would call “the general prime deriv- 
ative of the four given equations,” the process being an instance 
of what he would similarly term the “derivation of coexistence.” 
By proper choice of the arbitrary quantities it may be readily 
shown, as Sylvester proceeds to do, that the theorem gives (1) 
the result of the elimination of 7 unknowns from 7 equations; 
(2) the two equations of condition in the case of 7+1 equations. 
connecting 7 unknowns; (3) the ratio of any two unknowns in 
the case of n —1 equations connecting n unknowns; and (4) the 
relation between any three unknowns in the case of n—2 equa- 
tions connecting n unknowns. For example, the equations being 
ae+ by +e2=0 
ae + by + oz = 0 
Ast + bey + cz = O) , 
the theorem gives the general derivative 
ah n bh a+ Gh | 
de fy Go |% +] 0, fo G2ly + C fe G |\2#=0, 
as fs Gs bs fs 9s Cs ts Qs 


which is true whatever f,, fy, fy Ip Jo g, may be. By putting 
Sv to Fe Gv Yor Ig=Oy by, by, Cy, Co Cg, this takes the form 


| dyb5¢5 | @ + | byboe3 | y + | ybo¢g|2 = 0, 


whence the equation of condition, or resultant of elimination, 


| 4,bo¢,| = 0. 


DETERMINANTS IN GENERAL (SYLVESTER, 1839) 233 


As a corollary to one of the deductions from the leading 
theorem,—the deduction numbered (3) above,—the following 
proposition of a different character is given (p. 42) :— 


“Tf there be any number of bases (abe... 1), and any other, two 
fewer in number, Cig 2 <8), 


(PD(afg ...k) x €PD(be... 1) 
+ (PD (b/g ...k) x (PD¢aec... J) 
+ (PD (afg ...k) x €PD(be... 1) 


+ (PD(Ifg...k) x (PD(abe... ) = 0, 
a formula that from its very nature suggests and proves a wide 
extension of itself.” (xxi. 11) 


It belongs evidently to the class of vanishing aggregates of 
products of pairs of determinants, of which so many instances 
have presented themselves. There is a manifest misprint in the 
third product, which should surely be 


CPD(efg ... k) x EPD(ab... 1); 
and there is an error in the signs connecting the products, 
which, instead of being all +, should be + and — alternately, 


When the determinants involved are of the third order, the 
theorem in the later notation is 


l@yfo9s|-|0,2045| — |b, f.9s|-|41¢ods| + le1F29s|+|4%1b2d5| — | fo9s|-|ayboe,| = 0, 
which is readily recognised as an identity given by Bezout. 
With this theorem the paper proper ends, but in a postscript 
an additional theorem of a curious character is given. As 


enunciated by the author—even his double mark of exclamation 
being reprinted—it is (p. 43) :— 


“Let there be (n—1) bases a, b, c, ..., J, and let the arguments. 
of each be “recurrents of the n order,” that is to say, let 


Qari Qari Qt 
Ca #(cos.=*), b, = Y(cos. =) ¢ = x(cos.), 


( =") 
«5 & = (cos. —). 
n 
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Let R, denote that any symmetrical function of the 7 degree 1s 
to be taken of the quantities in a parenthesis which come after 
it, and let S indicate any function whatever. Then the zeta-l¢ 
product, 

(CR, (abe... 1) x GSPD(Oabe... 1)) 


is equal to the product of the number 
Qa —— ; . 4 
R,( (cos. 2 + J= 1. sin =) : (cos. = 4 —1.sin =) , 
n n n 
6 ne 
(cos. 27 += if? sin) et te 


Cos. (eos + /—1. sin aa) 
n n 
multiplied by the zeta-ic phase 
6 -PD(Oabe ... 1)!” 


Unfortunately the meaning of the proposition is seriously 
obscured by misprints and inaccurate use of symbols. Instead 
of “7” degree we should have t degree; the € preceding 
R,(abe ... 1) is meaningless, and should be deleted; € preceding 
SPD (Oabe ...1) in the first member of the identity is unnecessary 
when a ¢ has already been printed at the commencement; and 
the subscript p, although giving an appearance of greater 
generality, serves no purpose whatever. Making the corrections 
thus suggested, and denoting 


Qa — . Wr Ar sete 
cos +4/—1sin =, cos —+4/—Isin—, 


which are the roots of the equation 


ert 4 gm-2 4 gm-3 4. te tl=0, 


by a, 8, y,..., A, we are enabled to put the theorem in the 
more elegant form 
C{R,(@,6,e ..., DiS ZPD Gi ed.6 5...) 


= €,{B,(a,8,y,...,).¥.PD(0,a,b,¢,..., 0}. 


It is readily seen to be a generalisation of the first theorem of 
the paper, into which it degenerates when 9, instead of being any 
function of a,b,c, .. . l,is a constant, and R,, instead of being 


DETERMINANTS IN GENERAL (SYLVESTER, 1839) 2385 


any symmetric function, is one of the series Na, Sab, Sabe,.... 
As, however, the constant Ri(a,B,y, ...X) on the right-hand side 
will then be one of the series, Xa, LaB, LaBy, .... and will 
not therefore be +1 unless when ¢ is even, there must be an 
inattention to sign in one or other theorem. The matter can be 
more appropriately inquired into when we come to the subject 
of alternants, because, as has been pointed out in a recent foot- 
note, it is to this branch of the subject that identities between 
two zeta-ic multiplications of difference-products really belong. 
This early paper, one cannot but observe, has all the charac- 
teristics afterwards so familiar to readers of Sylvester's writings, 
—fervid imagination, vigorous originality, bold exuberance of 
diction, hasty if not contemptuous disregard of historical 
research, the outstripping of demonstration by enunciation, and 
an infective enthusiasm as to the vistas opened up by his work. 


MOLINS (1839). 


[Démonstration de la formule générale qui donne les valeurs 
des inconnues dans les équations du premier degré. Journ. 
(de Inowville) de Math., iv. pp. 509-515.] 


The real object of Molins was simply to give a rigorous 
demonstration of Cramer’s rules. His literary progenitors, so 
far as determinants were concerned, were apparently Cramer, 
Bezout, Laplace, and Gergonne, the last of whom, it may be 
remembered, wrote a paper which might well have borne the 
same title as the above. The writer, however, whose work that 
of Molins most closely resembles is Scherk, and very probably 
the two were unknown to each other. Both had the same 
purpose in view, and both used the method of so-called 
“mathematical induction.” The difference between them may 
be most easily explained by using a special example and modern 
notation. 

To make the solution of the set of three equations 


Ae + AgY + A,z = Ay, 
be + by + bz =-b, 


C10 + CY + Ce = Cy 
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dependent upon the already obtained solution of two, Scherk put 
the first pair of equations in the form 

A402 + AyY = A, — Sa 

bat boy = by — 0,2) , 
solved for a and y, and substituted the values in the third 
equation. 

Molins, on the other hand, having used the multipliers m,, 
m,,1, with the equations of the given set, performed addition, 
solved the pair of equations 

Mydy + Mgby + Cg = 0 
M4d3 + Mod, + ¢, = 0 


for m, and m,, and substituted the obtained values in the result 


Pekan MD, E (xu. 10) 
Ma, + Mb, + 


His exposition is laboured and uninviting. 


SYLVESTER (1840). 


[A method of determining by mere inspection the derivatives 
from two equations of any degree. Philosophical Magazine, 
Xvi. pp. 182-135; or Collected Math. Papers, i. pp. 54-57] 


The two equations taken are 


Ant + Oy 14+... $ae+a, =0 
Bt ++ Om yO + 2.4. $b0+6 = . : 


and rules are given for attaining three different objects, viz. (1) 
a rule for absolutely eliminating «; (2) a rule for finding the 
prime derivative of the first degree, that is to say of the form 
Axv—B=0; (8) a rule for finding the prime derivative of any 
degree. The first of these concerns the process afterwards so: 
well known by the name “ dialytic.” Only part of it need be 
given (p. 132) :— 

“Form out of the a progression of coefficients m lines, and in like 


manner out of the 4 progression of coefficients form’ n lines in the 
following manner: Attach m-—1 zeros all to the right of the terms in 
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the a progression ; next attach m—2 zeros to the right and carry 1 over 
to the left; next attach m—3 zeros to the right and carry 2 over to 
the left. Proceed in like manner until all the m-—1 zeros are carried 
over to the left, and none remain on the right. The m lines thus 
formed are to be written under one another. 

Proceed in like manner to form n lines out of the 5 progression by 
scattering n—1 zeros between the right and left. 

If we write these n lines under the m lines last obtained, we shall 
have a-solid square m+n terms deep and m+n terms broad.” (LIV,) 


The rest of the rule deals of course with the formation of 
the terms from this square of elements, the old and familiar 
method being followed of taking all possible permutations and 
separating the permutations into positive and negative. As 
applied by Sylvester in the case of the elimination of x between 
the equations 

axz*+be +ce¢=0 
la? + ma+n = ae 


that is to say, as applied to the development of the determinant 
of the system 


Ge be 0 
Cee & -« 
Ee an ae 0) 


Or hm. 18; 
_ the method is lengthy. 

No hint at an explanation of this or either of the two other 
rules is given. The principle at the basis of them all, however, 
is essentially that of the preceding paper. A single example 
will make this plain, and will at the same time serve to give 
a better idea of the two remaining rules than could be got by 
mere quotation.* Let the two given equations be 


ax + ba? +ca+d = el 
ax* + Bar + yu? + dut+e=0 : 
and suppose that it is desired to obtain their “ prime derivative ” 
of the 2nd (7) degree, that is to say, the derivative of the form 
Az? + Be + C = 0, 


* The third rule is incorrectly stated. 
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Taking the first equation followed by m—r— 1 equations derived 
from it by repeated multiplication by «, and then the second 
equation followed by »—r—1 equations derived from it in like 
manner, we have m+n-—2r equations, 


at + bai + cx? + dx ai 


aa? + ba? +ca+d=0 
wtieroe tas” =a 


from which we have to deduce an equation involving no power 
of w higher than the 2nd. To do so we employ, as just stated, 
exactly the same method as was used in obtaining the “ leading 
theorem” of the preceding paper. That is to say, we form 
multipliers 


a b S| ee a 
a (Bx; e oS ls a: by, 
effect the multiplications, and add, the result being 
GB =:  € . & @ 
a b ecl|e@+ia6bdija+tia 6 .|=0. (tv. 2) 
a B y a Bix: a Sse 


This is what Sylvester’s third rule would give. His second rule 
is simply a case of the third, viz, where r=1; and his first 
rule is another case, viz., where r=0. Had he followed the 
order of his former paper, he would have called the third rule 
his “leading theorem,” and given the others as corollaries. 
from it. 


RICHELOT (May 1840). 


[Nota ad theoriam eliminationis pertinens. Crelle’s Journal, 
Xxi. pp. 226-234; or Nouv. Annales de Math., ix. pp. 228- 
232. 


Just as Jacobi (1835) brought determinants to bear on Bezout’s 
abridged method of eliminating « from two equations of the n™ 
degree, so did his fellow-professor Richelot, in-treating of the 
other method of elimination, Euler’s and Bezout’s, discovered in 


DETERMINANTS IN GENERAL (RICHELOT, 1840) 239 


the same year (1764). Euler's method, it will be remembered, 
consists in transforming the problem into the simpler one of 
eliminating a set of unknowns from a sufficient number of 
linear equations; and Richelot in a few lines (p. 227) points 
out that this may, of course, be done by equating to zero the 
determinant of the system of equations. An investigation 
connected therewith occupies the main portion of the paper. 

Sylvester's method (1840) is described in passing, and the 
principle at the basis of it given. We have just seen that, when 
originally made known by the author, it was merely in the 
form of a rule without any explanation. Although no doubt 
exists as to the mode in which it was obtained, still this first 
published description of the mode by Richelot deserves to be 
put on record. The whole passage in regard to it is as follows 
(p. 226) :-— 


“Quam exquationem* inveniendi methodi diverse a geometris 
adhibentur, ex quarum numero eius, que a clarissimo Sylvester in 
diario The London and Edinburgh Philosophical Magazine and Journal 
of Science nuper exposita est, mentionem faciendi hanc occasionem 
haud pretermittere velim. Ibi illius eliminationis problema reducitur 
ad problema eliminationis m+n-1 quantitatum ex systemate m+n 
equationum linearium. Multiplicata enim equatione f,=0 ex ordine 


pee, fees, nec non #xquatione f,=0 ex ordine per 
yy", ...., y, adipiscimur systema m+n zquationum linearium 
inter quantitates y™*"") y"*"™", ..., y, quarum m+n-—1 prioribus 


eliminatis, equatio inter coefficientes ¢ a’ et a” prodit. Que eliminatio 
facillime ita instituitur, ut determinantem harum m+n equationum 
linearium ponamus =0. Determinans vero, cum quantitates a’ et a” 
in equationibus ipse tantum lineariter involvantur, et quantitates 
a in n, nec non quantitates a” in m ceteris wquationibus solis reperi- 
antur, respectu illarum dimensiones nte est, respectuque harum mte. 
Unde coneluditur, eam positam =0, esse quesitam illam wquationem 
finalem X=0, que omni factore superflua careat. Notissima enim 
est proprietas ab Hulero inventa equationis X =0, quod eius dimensio 
respectu quantitatum a’ est =n, atque respectu quantitatum a” =m, 
ita ut queque functio integra evanescens, inter quantitates a’ et a”, 
has dimensiones quadrans, pro genuina equatione finali habenda 
sit.” (LIV. 3) 


* T.e., equationem finalem. 
+ The equations are taken in the form 


a — O my” oie Bm—1y"* ales 6 oF aie = 0, 
Jp = a'ny” + py) +o... +0% =0. 
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Taking Sylvester’s example, 


ae Sea 
av? + Be +y= 0 ? 


and doing as Richelot here directs, we should first multiply both 
members of the first equation by x! and by a’, then both 
members of the second by a"! and by a, thus obtaining 


ax + be? + cx ae 
awvt+ ba+c=0, 
ax? + Bu? + yx = |. 
ax? + Ba +y = 0, 


and finally eliminate from these four equations 2%, x, a, by 
equating to zero the determinant of the system. 

The statement “Ibi illius..... linearium,’ which seems to 
contradict what we have above said in regard to the absence 
of explanation in Sylvester’s paper, is not literally true. 
Richelot may have meant by it that Sylvester’s result vmplied 
that the problem had been transformed as stated. 


CAUCHY (1840). 


[Mémoire sur l’élimination d’une variable entre deux équations 
algébriques. Hwercices danalyse et de phys. math., 1. 
pp. 385-422; or Huvres completes, 2° Sér. xi.] 


After the appearance of the special papers on this subject by 
Jacobi, Sylvester, and Richelot, a review of the whole matter 
could not but be a desideratum. This was supplied by Cauchy 
in the singularly clear and able memoir which we have now 
reached. After an introduction of four pages there is an 
account (1) of Newton’s method as expounded by Euler in 1748; 
(2) of Euler’s and Bezout’s method of 1764; (8) of Bezout’s 
abridged method; and (4) of a method* by means of the 
differences of the roots of the equations. 


* Huler’s, although not called so. 
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Euler and Bezout’s method is shown to lead to the same 
determinant as Sylvester’s, and the cause is made apparent. 
Cauchy’s says (p. 389) :— 


“Supposons, pour fixer les idées, que les fonctions F(@), E(z) 
Et Pune du troisiéme degré, l’autre du second, en sorte qu’on 
a S(@) = aa® + be? + cx + d, 

F(z) = Az? + Br + C.: 
Alors u, v devront étre de la forme 
u= Pr +Q, 
| v= pir + qet+r; 
et, si l’on élimine « entre les deux équations 
f(z) = 0, F(2) = 0, 


Péquation résultante sera précisément celle qu’on obtiendra, lorsqu’on 
choisera les coefficients 


BD, P,Q 
de maniére a faire disparaitre x de la formule 
(2) uf (x) + vF (xz) = 0, 


par conséquent de la formule 
(Pet Q)f(0) + (po? + 924+1)F (0) = 0, 
que l’on peut encore écrire comme il suit: 
(3) Paf(e) + Qf(a) + po°F (2) + qxF (2) + 1F (2) = 0. 


Les valeurs de 

P; q ’; if Q 
qui remplissent cette condition sont celles qui vérifient les équations 
linéaires, 


aP «+ + Ap am. 

bP + aQ + Bp + Ag = 0, 

(4) cP + 0Q + Cp + By + Ar = 0, 
dP + cQ + Cq¢ + Br = 0, 

+ dQ “pi Cir == 0), 


Done, pour obtenir la résultante cherchée, il suffira d’éliminer les 


coefficients =e 
EY oF 
M.D. Q 
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+ . . A nq , 
entre les équations (4), ou, ce qui revient au meme, dégaler 4 zéro 
la fonction alternée formée avec les quantités que présente le tableau 


a, 0. Ay 0, 0; 
b,. a Bey Bg, 
(5) 6 OD VE Baas 
dy. 6. Oy 
Ors OO 


On arriverait encore aux mémes conclusions en partant de la 
formule (3). En effet, choisir les coefficients P, Q, p, % 7 de maniere 
3 faire disparaitre de cette formule les diverses puissances 


au, a, a, sees 5: sre 
de la variable z, c’est éliminer ces puissances des cing équations, 


(6) af(a) = 0, f(a) = 0, F(z) = 0, 2F(z)=0, Fi) = 9, 


ou 


art + ba + cx? + dz = 0, 

aw + ba? + cu + d = 0, 

(7) Aa*t + Ba? + Ca? =, 
Az? + Ba? + Ca = 0, 

\ Av? + Bre + C= 0. 


C’est done égaler & zéro la fonction alternée formée avec les quantités 
que présente le tableau, 


i tn eee, 0 
0, a, b, Cy d, 


(8) ‘Ay Beet es 0: 
0, A, B, C, 0, 
0” OSA Be 


Or cette fonction alternée ne différera pas de celle que nous avons 
déja mentionnée, attendu que, pour passer du tableau (5) au tableau 
(8), il suffit de remplacer les lignes horizontales par les lignes verticales, 
et réciproquement.” (Liv. 4) 


Bezout’s abridged method for the equations 
args” ye" oo et An + Oy, = 0 
be” + baw... +t Owe +b, = of 
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is shown to lead to the final equation 
S = 0, 


where S is “une fonction alternée de l’ordre 1 formée avec les 
quantités que renferme le tableau, 


Avo Ao, oS eS Dies Aon 
Aga Ai ae Ss 1 yes Ain 


in which 
Aor = Ain — Dots, 
Ay, = Obi) — Didiss + AG res 
Az, = AD — Betis, + Ayu 
In connection with this, however, no reference is made to 
Jacobi’s paper of 1835. 
The fourth method, which occupies much the largest space 
(pp. 397-442), is not a determinant method. 


SYLVESTER (January 1841). 


_ [Examples of the dialytic method of elimination as applied to 
ternary systems of equations. Cambridge Math. Jowrn., ii. 
pp. 232-236 ; or Collected Math. Papers, i. pp. 61-65.] 


In returning to extend the method, here and generally after- 
wards called “dialytic,’ Sylvester takes oceasion to say that 
“the principle of the rule will be found correctly stated by 
Professor Richelot of Kénigsberg in a late number of Crelle’s 
Journal.” It may be noted, too, that he now for the first time 
uses the word determinant. 

Only the first and last of the four examples need be given, 
as the subject strictly belongs to the application rather than 
the theory of determinants. Even these, however, will suffice 
to show the masterly grip which Sylvester had of his own 
method. 
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“To eliminate a, y, z between the three homogeneous equations 


Ay? — 2C'ay + Ba? = 0 (1), 
Be — 2A’yz + Cy2=0 © ‘(2), 
Ca? — 2B’ea + A? = 0 (3). 


Multiply the equations in order by “~ 2, 2, y®, add together, and 
divide out by 2ay; we obtain : 


‘C2 4 Cry — Alxz — Byz = 0-~ (4). 
By similar processes we obtain 

A's? + Ayz — Bye ~ Cen =0 (5); 2 

By? + Ber - Cay — A’zy = 0 (6). 


Between these six, treated as simple equations, the six functions of 
L, Wy % Viz, 2, 9%, 22, xy, v2, yz, treated as independent of each other, 
may be eliminated; the result may be seen, by mere inspection, to 
come out 


ABC(ABC - AB? - BO? - CA? +2A'BC’) = 0, 
or rejecting the special (N.B. not irrelevant) factor ABC we obtain 


ABC — AB? — BC? — CA? + 2A’BC’ = 0.” (Liv. 5) 


The example, however satisfactory as illustrating the dialytie 
method, cannot be passed over without a note in regard to the 
unaccountable blunder made in developing the determinant 
involved. In later notation the determinant is 


“CB. At 
Co ee ee 
Bis Swen Mpc 
OS eee a 
BB, -C>2B 2s 
Cn IBeeae © 


Now neither of the factors given by Sylvester are really factors 
of this, the truth being that it 


= 2(ABC+2A’B’C’—BB?—CC2— AA”)? 
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_ The fourth example concerns the elimination of a, y, 2 between 
the three equations : 


Ax? + By? + C2? + 2A’yz + 2B’za + 2C’ay = 0 
La? + My? + N2? + 2L/yz + 2M’en + 2N’ay = | 
Pa? + Qy? + Re? + 2P’yz + 2Q’ex + 2Ray = 0), 
Using each of the three multipliers , y, z with each of the three 
equations, we obtain nine equations linear in the ten quantities, 
a, y*, 2, ay, wz, yx, yz, 2m, ay, vyz. 

Another such equation is thus necessary for success. Sylvester 
obtains it very ingeniously by writing the given equations in 
the form 
(Az+ Bz + C'y)a + (By +C’a +A’z)y+ (Cz+A’y +B’x)z = 0 
(La + M’z+N’y)e + (My+N’a+L2)y +(Nze+L'y + Ma)z = | 
(Px+Q’z +R’y)a + (Qy +B’a + P’z)y +(Rz + P’'y +Q’z)z = 0), 
and then eliminating z, y,z. The work is not continued further. 

We may ourselves note, in conclusion, that the fourth example 
includes .in a sense the three others, but that it does not follow 
therefrom that by giving the requisite special values to the 
coefficients in the result of the general example, we should 
obtain the results for the particular examples in the forms 
already reached. Indeed, it is on account of this apparent 
non-agreement that the dialytic method is valuable to the theory 
of determinants, some very remarkable identities being arrived 
at by its aid. An explanation is also thus afforded of the 
trouble we have taken to elucidate its history. 


CRAUFURD, A. Q. G.* (February 1841). 
[On a method of algebraic elimination. Cambridge Math. 
Journal, ii. pp. 276-278.] 
In Craufurd we have an independent discoverer of the dialytic 
method. A full account of his paper is quite unnecessary: the 
* Only the initials A. Q. G. C. are appended to the article. There can be 


little doubt, however, that they belong to Craufurd, whose name in full appears 
elsewhere in the Journal, 
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few lines dealing with his introductory example will suffice to 
establish the fact. He says :— 


“Let it be required to eliminate « from the equations 
e+pe+q =0, 
a+ pa+g' =0, 


Multiply each of the proposed equations by a, and you obtain 


e+ pe +qu =0, 

e+ par+qe=O0, 
These two combined with the two given equations make a system of 
four equations containing three quantities to be eliminated, viz., a, 2, a3; 
_ and they are of the first degree with respect to each of these quantities. 


We may, therefore, eliminate 2, 2”, x° by the rules for equations of the 
first degree. The resultis....” 


He enunciates a general rule, and then takes up the analogous 
subject in Differential Equations, where successive differentiation 
takes the place of successive multiplication by x. In a postscript 
he acknowledges Sylvester's priority which the editor had 
pointed out to him. He knew nothing of determinants, 


CHAPTER IX. 


DETERMINANTS IN GENERAL IN THE YEAR 1841. 


LIKE the year 1812 the year 1841 merits a chapter to itself; 
and in 1841 as in 1812 it is the work of only two authors that 
concerns us. Strange to say, however, the two notable years 
had an author in common, the writers of 1812 being Binet and 
Cauchy, and those of 1841 being Cauchy and Jacobi.* In 1841 
Jacobi’s contributions constituted a comprehensive monograph 
similar to that produced by Cauchy in 1812, and Cauchy’s in 
1841, as was to be expected, were more of the nature of an 
aftermath, 


CAUCHY (March 8, 1841), 


{Note sur la formation des fonctions alternées qui servent a 
résoudre le probleme de l’élimination. Comptes Rendus ,., 
Paris, xii. pp. 414-426; or Guvres completes d’ Augustin 
Cauchy, 1" Sér., vi. pp. 87-90.] 


Recalling the fact that the final equation, resulting from the 
elimination of several unknowns from a set of linear equations, 
has for its first member “une fonction alternée,” and pointing 
out the further fact that the same holds good in regard to the 
elimination of one unknown from two equations of any degree, 
“puisque les méthodes de Bezout et d’Euler reduisent ce dernier 
probléme au premier,” Cauchy affirms the importance of being 
able easily to write out the full expansion of such functions. 
There can be little doubt, however, that it was the second fact 
alone,—in other words, the discoveries of Jacobi, Sylvester, and 


* 


* Cauchy was born fifteen years before Jacobi and lived six years after him, 
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Richelot,—which influenced the veteran Cauchy to return to a 
subject practically untouched by him for thirty years. 

The opening part of the paper is, of course, necessarily old 
matter. One thing to be noted is that Cauchy tacitly discards 
the term determinant, which he was the means of introducing, 
using uniformly the more general expression fonction alternée | 
instead. Another is that he adopts the rule of signs which — 
makes use of the number of interchanges. From this his own 
peculiar rule of signs is deduced, and made the starting point 
for the fresh investigation which forms the main portion of the 
paper. The exposition of his rule, which differs from that of 
1812, is worthy of a little attention, both on its own account 
and because otherwise the matter following would be scarcely 
intelligible. In the case of any term (“terme” or “ produit”) of 
the determinant 

>t = Ho, 9%y 1 V2, 93 34 4s, 56.6 » 

say the term 

Wo, 1y ole 5A 34 65, 4%g,9 5 
there is an underlying separation of the indices 0,1,.. . , 6 into 
groups (“groupes”’), by reason of the system of pairing; that is 
to say, since an index is found paired along with one index and 
not with another, there arises the possibility of looking upon 
those which happen to be paired with one another as belonging 
to the same family group. Thus, attending to the first a of the 
term, we see that 1 and 0 belong to the same group, and as on 
scanning the rest of the term, we find neither of them associated 
with any other index, we conclude that the group is binary 
(“un groupe binaire”). Again, we see that 2 is paired with 5, 
5 with 4, 4 with 6, and 6 with 2; this gives us the quaternary 
group (2, 5, 4, 6). Lastly, 3 is seen to be paired with 3, and 
thus forms a group by itself. Now, if we wish to find how 
many interchanges of the second indices are necessary in order 
to obtain the given term 

Ao,1%1,0%2,5%3, 34,65, 4,2 
from the typical term 

Mo,0%,1%2,203, 34,45, 56,6 » 
we may do the counting piecemeal, attending at one time to only 
that part of the term which corresponds to one of the groups of 
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indices. In the case of the group (3), the number of interchanges 
is 0; in the case of the binary group (0, 1) it is 1; and in the 
case of the quaternary group it is 3—the number of interchanges 
being “évidemment” one less than the number of indices in the 
group. If, therefore, for a given term there be in all m groups, 


_. viz. f groups of one index each, g groups of two indices each, h 


of three, k of four, &e., the number of necessary interchanges 
will be 
: Jy a aS eo 


which 
= Fe2.g4+3.h+4.hb+ Ce a 
—(f+ gt h+ k+...), 
= nN—-—M; 


and consequently the sign of the term will be + or —1 according 
as 7— is even or odd. (111. 29) 

The first step of the new investigation is to define “termes 
semblables ou de méme espéce.” Two terms are said to be alike 
or of the same species when the one may be obtained from the 
other by subjecting both sets of indices in the latter to one and 
the same substitution or permutation. Thus recurring to the 
term above used, 

: A911, 0%2,5%3,3%4,645,4%,0 » 

and substituting in both of its sets of indices 6, 0, 1, 4, 3, 2, 5, 
instead of 0, 1, 2, 3, 4, 5, 6 respectively—in order words, and with 
the notation of the memoir of 1812, performing the substitution 


Cd 2 38 4.6 4 
+ O21 4 55° .2 §/> 

we obtain the like term 

6,04 0,6%1 204,43 5(bo, 30s, 1 - (LV.) 
The groups in two like terms are evidently similar, the values of 
t,g,h, ... for the one being the same as those for the other. 
Indeed, since it is in this matter of groups or cycles that the 
terms have any likeness at all, the expression “cyclically alike” 
would have been a better term for Cauchy to use. 

From the definition there arises the self-evident proposition— 

Terms which have similar indea-cycles or are cyclically alike in 
their indices have the same sign. (111. 30). 
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Also, the full expansion of a determinant may be represented 
by writing a term of each cyclical species, and prefiaing to each 
such typical term the symbol X with its proper sign, + or —. 


(LY. 2) 
To obtain a term of any given cyclical species, that is to say, 
corresponding to given values of f, g,h, ..., all the preparation 
that is necessary is to write the indices 
OT a. oak oe ee 


enclose each of the first f of them in brackets, enclose in brackets 
each of the next g pairs, then each of the next h triads, and 
so on. This gives the groups of the term, and the term itself 
readily follows. For example, if we desire in the case of the 
determinant D + Ay, Ao:hggh4yAp5gg & term corresponding to f=2, 
g=1, h=1* we take the indices 

0; 1, 2. 854s 526; 
bracket them thus 

(0), (1), (2, 3), (4; 5, 6): 

and with the help of this, write finally 

Ao,0 A,1 L2,3 U3,2 V5 e.g Nea (IL 7) 

The number of different cyclical species of terms in a deter- 

minant of the »™ order is evidently equal to the number of 
positive integral solutions of the equation 


fHt2%+8h+...+nl=n. (LY. 3) 


Cauchy’s illustration of this is clearness itself. He says 
(p. 419) :— 


“Si, pour fixer les idées, on suppose »=5, alors, la valeur de n 
pouvant étre présentée sous l’une quelconque des formes, 


1+1+1+141, 
1+14+1+4+2, 
1+2 +4 2, 
1+1+3, 

2+ 3, 

1+ 4, 

5; 


* It would be convenient to say, a term whose index-cycle scheme is 
2(1)+1(2)4+1(3). 


or 
pa 
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les systémes de valeurs de 


. f, 9 hy k, 1, 

se réduiront a l’un des sept systémes 
J=5, g9=Y, h=0, k= ’ 1 = 0, 
f= 3, g=1, h=0, k=0, L=0, 
t= ’ = 2, h= ’ k= ’ l= ’ 
J.= 2, g = 0, h= ’ k= 0, l= ’ 
J = 0, g=1, = 1, k= ’ l=0, 
J=1, ees h= ’ k=1, L=0, 
j= ? g = 0, h=0, k = 0, b=1; 


et par suite, une fonction alternée du cinquiéme ordre renfermera 
sept espéces de termes.” 


The next question considered is as to the number of terms of 
a given cyclical species which exist in any determinant of the 
n™ order. The species being characterised by f groups of one 
index each, g groups of two indices each, h groups of three 
indices each, &., the required number of terms is denoted by 

ie tee, ba 
Now all the terms of the species will certainly be got if we 
write in succession the various permutations of the n indices 
0, 1, 2, 3,....,”—1, and then in the usual way mark off each 
permutation into the specified groups, viz., first f groups of one 
index each, then g groups of two indices each, and so on. As a 
rule, however, each term of the species will, in this way, be 
obtained more than once. For, if we examine in its grouped 
form the particular permutation which was the first to give rise 
to a certain term, we shall find that changes are possible upon it 
without entailing any change in the term. For example, the set 
of groups 
(0), (1), (2, 3), (4 5, 6), 
instanced above as corresponding to the term 
Ao,0%,1 L2,3 3,2 V4.5 5,616, » 

might be changed into 


(1), (0), (2, 3), (4, 5, 6) 


e. or (1), (0), (8, 2), (6, 4, 5) 


or . ean & oy. + 
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which, while still corresponding to the term 

Ao,0 1,1 Lo,3 43,2 4,5 15,6%6,4 » 
are derivable from different permutations of the seven indices 
0, 1, 2, 3, 4, 5, 6. In fact, the f groups of one index each may 
be permuted among themselves in every possible way, so may 
the g binary groups, the h ternary groups, &c. Further, with © 
like immunity to the term, each separate group may be written 
in aS many ways as there are indices in it,—the group (4, 5, 6), 
for example, being safely changeable into (5, 6, 4) or (6, 4, 5). 
The number, therefore, of different permutations of 0, 1, 2, 3, 4, 
5, 6, which will give rise to any particular term, is 


(1.2.3...f%1,2.3...9X1.2.3...0X...%1.2.3...1)x (17298"...n8), 


or say, 
Cfigtin. ., UCP 203 ey: 


There thus results the equation 
Cfigihlaas LIC 28". Ne se es 
N Eagar: n! 
Ee9ikewesh (Pl G Ui esd CP oo eeea oe 
Following this interesting result a few deductions and verifi- 
cations are given. First of all it is pointed out that since the 
total number of terms of all species is n! we must conclude that 


whence 


(Lv. 4) 


n! 
— 3 
ve DuFigikt TRS a’ 


where F+29+3h+ ... +nl=n. 
Cauchy says (p. 423) :— 


A 


“Cette dernitre formule parait digne d’étre remarquée. Si, pour 
fixer les idées, on prend n=5 l’équation donnera 


1,2.3.4.5 = N50,000 + N31,000 + Ny,20,0,0 + Neo1,00 


28 
; + Norroo + Nao02,0 + Noooo25 
et par suite 


1.2.3.4.5=1+4+ 10415 + 20 + 20 + 30 + 24 = 120, 
ce qui est exact.” 


Again, since the number of positive terms in a determinant is 
equal to the number of negative terms, and since the terms, 
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whose number N,,,,....., has just been found, have all the 


sign-factor 
(=1) tot. 40, 


we have on leaving out the common factor (—1)" the identity 


C= =f Stotht ... +0 n! 
2-1) (Figiht... U)(Va28"... a)’ 


which like its companion may be illustrated by the case of n=5, 
viz., 


0=1—10+4 15 + 20 — 20 — 30 + 24.* 


Lastly, attention is directed to the fact that when n is a prime, 
and therefore not exactly divisible by any integer less than 


itself, the number 
n! 
(figih}...bI(7273* ... n*) 

must be exactly divisible by 1, except in the case 

pat =i, Ma Os b= 0, 
when it has the value 1, and in the case 

r= 0; g=), Pree. pled mele 
when it has the value (n—1)! It, therefore, follows from either 
of the two preceding identities, that the sum of these two values 
must be divisible by n,—which is Wilson’s theorem. 

The remaining two pages are occupied with the expansion of 

a determinant of special form, viz., that afterwards known by the 
name axisymmetric. 


JACOBI (1841). 


[De formatione et proprietatibus Determinantium.  Crelle’s 
Journal, xxii. pp. 285-818; or Werke, iii. pp. 355-392. ] 


The value which Jacobi attached to determinants as an instru- 
ment of research has already become well known to us: we have 


*Tn connection with this and in illustration of a previous remark regarding a 
mode of expressing the full expansion of a determinant, we have 
TA AM yA g9M3g%44 = yy AyyMaplgy%qq — — VOL qq My Uoa%gq yp 
+ Day yg Ayq yg + VAqg%y1Ayg%34%49 
= DAq Ay oMox%g4%qq — AAU yy 2%9%34%41 
+ Lay Ay oAgg%g4%a4o + (Lv, 2) 
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found him, indeed, in almost constant employment of the 
functions. In the memoir now reached, however, we have still 
stronger evidence of his interest in the subject, and of his 
opinion as to its importance. Knowing of no succinct and logi- 
cally arranged exposition of their properties readily accessible 
to mathematicians, he deliberately set himself the task of pre- 
paringa memoir to supply the want. In his few words of 
preface he says :— 


“Sunt quidem notissimi Algorithmi, qui aequationum linearium 
litteralium resolutioni inserviunt. Neque tamen video eorum pro- 
prietates praecipuas, ita breviter enarratas atque in conspectum positas 
esse, quantum optare debemus propter earum in gravissimis quaestion- 
ibus Analyticis usum. Scilicet illae proprietates quamvis elementares 
non omnes ita tritae sunt, ut quas indemonstratas relinquere deceat, et 
valde molestum est earum demonstrationibus altiorum ratiociniorum 
decursum interrumpere. Cui defectui hic supplere volo quo commodius 
in aliis commentationibus ad hanc recurrere possim ; neutiquam vero 
mihi propono totam illam materiam absolvere.” 


While Jacobi was aware, as we have already partly seen, of 
the labours of Cramer, Bezout, Vandermonde, Laplace, Gauss, 
and Binet, his main source of inspiration is Cauchy. Of all the 
writers since Cauchy’s time, indeed, he is the first who gives 
evidence of having read and mastered the famous memoir of 
1812. It scarcely needs be said, however, that his own indi- 
viduality and powerful grasp are manifest throughout the 
whole exposition. 

At the outset there is a reversal of former orders of things ; 
Cramer’s rule of signs for a permutation and Cauchy’s rule being 
led up to by a series of propositions instead of one of them 
being made an initial convention or definition. This implies, of 
course, that a new definition of a signed permutation is adopted, 
and that conversely this definition must have appeared as a 
deduced theorem in any exposition having either of these rules 
as its starting point. 

The new definition has its source in Cauchy, and rests on the 
well-known agreement as to a definite mode of forming the 
product P of the differences of an ordered series of quantities. 
This being settled to be 


a 


er a satay 


2g Ries 


i 
i} 
} 
a 
: 


DETERMINANTS IN GENERAL (JACOBI, 1841) 255 


(@1— Gy) (Gg—Ay)(As— Ay) os (a, — Gp) 


(a@y—@,)(dg—,) . . . . (4-4) 
(@g— ag)». + « (4, — a) 
Meier te eee Rey 

(4, G1) 


for the quantities a,, My, Gy, .... G,, While in the order here 
written, the definition stands as follows (pp. 285-286) :— 


“Vocemus eas indicum 0, 1,....,  permutationes, pro quibus P 
valorem eundem servat, positivas; eas pro quibus P valorem oppositum 
induit, negativas; sive priores dicamus pertinere ad classem positivam 
permutationum, posteriores ad classem negativam.” 


This implies of course that the original permutation 0,1,2,...., 
n is to be considered positive; and, such being the case, there 
seems to be a certain appropriateness in applying the term 
negattve to a permutation whose corresponding difference- 
product is of the opposite sign from the difference-product 
corresponding to 0,1, 2,....,%. 


The propositions which lead from the definition to Cramer’s 
rule may be enunciated as follows :— 


(a) One permutation performed upon another gives rise to a 
third, and the combined effect produced by performing 
the second and first in succession is the same as the 
effect of performing the third. 

(b) Two given permutations belong to the same class or to 
opposite classes according as the permutation by means 
of which the one is obtained from the other belongs to 
the positive or negative class. 

(c) If the same permutation be performed on a number of 
permutations which all belong to one class, the resulting 
permutations will still all belong to one class, viz., the 
same or the opposite according as the operating permu- 
tation is positive or negative. 

(d) The order of compounding a set of permutations is, as a 
rule, not immaterial. 
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(e) The permutations, which arise by compounding a set of 
permutations in every possible order belong all to the 
same class. (111, 32) 

(f) The interchange of two indices is equivalent to the per- 
formance-ofa negative permutation. 

(g) The interchange of two indices causes all the positive per- 
mutations to become negative, and all the negative to 
become positive. a al 

Definition —Two permutations may be called reciprocal which 
being performed in succession do not alter the order 
existing before the operations. (XXIV. 2) 

(kh) Reciprocal permutations belong to the same class. 


In the original, it must be borne in mind, these are not separated 
and numbered, but appear merely as consecutive sentences in a 
paragraph. The words “classem negativam” of the definition 
above given are followed in the same line by 


“Binis propositis permutationibus quibuscunque, certa exstabit 
permutatio, qua post alteram adhibita altera prodit. Pertinebunt 
duze permutationes proposite ad classem eundem aut ad_ classes 
oppositas, prout permutatio, qua altera ex altera obtinetur, ad classem 
positivam aut negativam pertinet,” &c. 


—that is to say, by the propositions which have been paraphrased 
into (a), (b), &e. 

The most essential point to be considered in connection with 
them is the probable meaning of the expression “ permutationem 
adhibere,” or the free English translation of it, “to perform a 
permutation.” An example will make it clear. To perform the 
permutation 35412 would seem to be the operation of removing 
the 3rd member of a series of five things to the first place, the 
5th member to the second place, the 4th member to the third 
place, and so on. With this explanation the proposition (a) is 
self-evident, an example of it being (if we may improvise a 


symbolism) 
(35412)(41352) = (32541), 


where 35412 is the operating permutation. Cauchy's usage, it 
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may be remembered, was to speak of “applying a substitution 
to a permutation.” * 

Of the proposition (b) a proof is given, which may be para- 
phrased as follows:—Let the three permutations referred to 
change P, the original product of differences, into é,P 4,2, oP, 
respectively, the e’s of course being either +1 or —1. Then as 
the performance of the first two permutations in succession will 
result in the change of P into €,.€.P, we must have 


@1-€, = eg, 


so that e, and e, have the same or opposite signs according as 
é is +1 or —1; and this is virtually the proposition to be 
proved. (111. 31) 

A demonstration of (d) is also given. The two permutations 
being A and B, / the first index of A, and ™ the first index of B, 
the performance of A on B implies that the J index in B is to 
take the first place, and the performance of B on A that the 
m™ index of A is to take the first place. The resulting per- 
mutations will consequently not agree in the first index, unless 
the /" index of B is the same as the m* index of A, which 
_ manifestly need not be the case. + 

To prove (f) is of course the same as to prove that the inter- 
change of two indices r and s, r being the greater, alters the 
sign of the product of differences; and this is done by separating 
the product into three portions, viz., (1) the portion which con- 
tains neither a, nor a,, (2) the single factor which contains both, 
@,— ds, and (3) the product of all the factors having either one 
or the other for a term. It is then asserted that the interchange 
of r and s cannot alter the last of these, because it is symmetrical 
with respect to a, and a,; also, that no alteration is possible in 


* He says, for example (Journ. de I’ Ec. Polyt., x. p. 10), “Si en appliquant 
ase A, A 
successivement a la permutation A, les deux substitutions ( a) et ( ah on 


obtient pour résultat Ja permutation A,; la substitution ( i sera équivalente 


au produit des deux autres et j’indiquerai cette équivalence comme il suit 


aeining 


+ This also is a paraphrase of Jacobi’s proof. 
M.D. R 
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the first, and consequently that the change in the second accounts 
for the validity of the proposition. (111. 38) 

As for the permutations which are called reciprocal they are, 
exactly those whose existence we have seen noted by Rothe, 
and called by him “verwandte Permutationen.” Jacobi’s de- 
finition, however, presents them in a slightly different light, the 
property involved in it being readily deducible from Rothe's. 
The latter’s illustrative example was, as may be seen on looking 


back, ; 
3, 08; 5,, 10,9; 456, Ge 4 
810-1 eS eon aro, 4 Bry 


Now the performance of either A on B or B on A* gives rise to _ 
1,20 3.4.5, Boe oees ey 


the original arrangement: consequently A and B satisfy J acobi’s 
definition. The proposition (h) is also Rothe’s. 

After these propositions, as already intimated, the subject of 
other rules of signs is taken up, the first rule considered being 
Cramer’s. Since in the product of differences corresponding to 
any permutation every factor in which an index is preceded by 
a smaller index would require the sign-factor —1 to be annexed 
to it in order that the said product might be transformed into 
the original product of differences, it is clear that the deter- 
mination of the class to which the permutation belongs is 
reduced to counting the number of such inversions. But the 
pairs of indices in the product of differences corresponding to 
the given permutation are exactly the pairs of indices to be 
examined in applying Cramer’s rule. The identity of the two 
rules is thus apparent. (111. 34) 

To the demonstration Jacobi adds “quam regulam olim cel. 
Cramer dedit ill. Laplace demonstravit.” The last assertion is 
notable for two reasons: first, because the rule like Jacobi’s own 
is incapable of proof being a definition, postulate, or convention 
according to the mode in which. it is expressed: secondly, because 
an examination of Laplace’s memoir shows that there is no 
ground for the statement. The fitness of the rule for the deter- 


* In the compounding of reciprocal permutations the order is immaterial. This 
is the exception hinted at in (d). i 


4 
i 
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mination of the signs of the numerators and denominators of the 
unknowns in a set of simultaneous linear equations may of 
course be demonstrated, and perhaps this was in Jacobi’s mind, 
but prior to the statement the abstract subject of permutations 
had alone been discussed. 

The other rule of signs dealt with is Cauchy’s, in which per- 
mutation-cycles are counted instead of inversions. The existence 
of such cycles is the first point to be established, that is to say, 
it has to be shown that any permutation of 123... may be 
obtained from any other by the performance of one or more 
cyclical permutations. Let 3271654 be the permutation sought,* 
and 2647513 the permutation from which it is to be derived, 
Placing the former under the latter, thus 


2647513 
Beko 4 


we see that 2 has to be changed into 3, then seeking 3 in the 
upper line we see that it has to be changed into 4, similarly 
that 4 has to be changed into 7, 7 into 1, 1 into 5, 5 into 6, and 
6 into 2, the element with which we started. Now the proof 
turns upon the simple fact that the elements in the two lines 
being exactly the same, by following a string of changes like 
this we are bound sooner or later to reach in the second line the 
element we started with in the first. It may be that as here one 
cycle 


suffices for the second transformation; but if not, as in the case 
of the two permutations 
2604 7°65 1.8 


ot 67 28 6 


where the short cycle 245 is obtained, we turn to the remaining 


*This is a paraphrase of Jacobi’s demonstration, which is not so simple as it 
might have been. The notation of substitutions, which Jacobi did not follow 
Cauchy in using, is here a great help toward clearness. 
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elements, and knowing that those in the first line are of necessity 
the same as those in the second, we see that the application of 
the same process to them must, for the same reason as before, 
lead to a cycle. The possibility of arriving at any permutation: 
by means of cyclical permutations alone is thus made manifest. 
The next point to be established is that a cyclical permutation 
of x elements can be accomplished by r—1 interchanges of pairs 
of elements. Little more than the statement of this is necessary. 
For if the elements of the cycle be @,, da, dz.» - , Gy, it is clear 
that to change a, into dg, a, into a3, &e., has the same effect as to 
interchange a, and a,, then a, and @,, then a, and a, and so on, 
the final interchange being that of a, and a,; and there are in 
all y—1 interchanges. This being proved, the final step is taken 
as in Cauchy’s Note of 8th March. (111. 35) 

This rule of Cauchy’s Jacobi deservedly characterises as_ 
beautiful. It is important, however, to take note that it 
possesses the other quality of usefulness in as marked a degree; 
and such being the case one is surprised to find that it has not 
received the attention which was its due. Any reader who will 
make a comparison of it and Cramer’s by actual application of 
them to a number of examples will soon find that Cramer’s is 
more lengthy and requires more care to be given to it to avoid 
errors.* 

The preliminary subject of permutations having been thus 
dealt with, determinants are taken up. In the first section 
regarding them there is little noteworthy. Cauchy’s word 
“terme” is supplanted by the fitter word element, and term 
(“terminus”) is put to a more appropriate use; that is to say, 
a, is called an element of the determinant > +aa’,a").. ‘Os 
and a,0,0",,....a) a term. Further, the word degree is em- 
ployed in place of Cauchy’s more suitable word order, “ipsum R 
dicam determinans n+1" gradus.” 


A section of two pages is given to considering the effect 


*The best way perhaps of applying Cauchy’s rule is to write the primitive 
permutation, 123456789 say, above the given permutation, 683192457 say, draw 
the pen through 1 and the figure below it, seek 6 in the upper line and draw the 
pen through it and the figure below it, and so on, marking down 1 on the com- 
pletion of every cycle. 
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produced upon the aggregate of terms by the vanishing of 
certain of the elements. The propositions enunciated, with the 
exception of one made use of at an earlier date by Scherk, are 
as follows (pp. 291, 292):— 


.. : ae : 
is Quoties pro indicis esalcribue-0, *t, 25... m1 evanescant 
elementa a,", a,"*", .... a’, determinans 


> + 04,4," .:..a 
abire in productum a duobus determinantibus 
, (m—1) 1 
2 tay’... aD. De amMalmty | gin, (xiv. 6) 
II. Evanescentibus elementis omnibus, 


m (m+1) (n) 
ay 5 a,. ? sa) ee a, 


mm quibus respective index inferior & indicibus superioribus m, m +1, 
., % minor est, fieri 


, ” 1 f , — 
2 + Ady'dy".... a) = amarrt c..a . Daa’... (vr. 9) 


IV. Evanescentibus elementis omnibus, 


(m+1) (n) 
ie ty ea Hr 


(m) 
a, @ soon Wes 


in quibus indices inferiores superioribus minores sunt, si insuper habetur, 


(m) __ (m+) a 
BO ys os Se SL, 


fit Br Oy Ge a. OS = DS £00,'.... a.” (vi. 9) 


m—1°* 
As immediate deductions from the definition these are somewhat 
out of place, the trouble of demonstrating the first of them being 
virtually thrown away. The trouble taken by Jacobi, too, was 
less than required, the question of sign, for example, being 
inadequately discussed. 

In the course of the next section which deals with what we 
have called the recurrent law of formation, and with the 
vanishing aggregate connected with this law, Jacobi gives an 
expression for the complete differential of a determinant, the 
elements being viewed as independent variables. The passage 
is (p. 293) :— 

() 


“Determinans R est singularum quantitatum a‘) respectu expressio 
linearis, atque ipsius a") coefficientem, qua in determinante R afficitur, 
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ae) Prec sige 2 = (i) 
vocavimus A”; unde adhibita differentialium notatione ipsum A’, 
exhibere licet per formulam, 


Sik Gemee 


oa 
Hine si quantitatibus a‘ incrementa infinite parva tribuimus, 
da", 
simulque R incrementum dR capit, fit 
4, dR = DACda®. . (LV1.) 
siquidem sub signo summatorio utrique indici i et & valores 0, 1, 


2, ...,  conferuntur.” 


The recurrent law of formation and its dependent neighbour 
formula he is enabled, by means of (3), to view as the partial 
differential equations which the determinant must satisfy. His 
words are (p. 295) :— 


“Substituendo formulas (3), inventas formulas sic quoque exhibere 
licet : 


‘ a a! ges ») OR 
ig Ce on + nar ke 
atic ch a ae Pea as 

i! OR 0 OR a! oR 
= @ LI kets - ap 
aise. POR eee eee OG: 


Quae sunt aequationes differentiales partiales quibus determinans 
R satisfacit.” 


Passing over a section (7) on simultaneous linear equations, 
and a short section (8) in which Laplace’s expansion-theorem is 
enunciated, we come to two sections dealing with what at a 
later time would have been called the secondary minors. No 
name is given to them by Jacobi; they only appear as co-factors 
of the peau of a pair of elements, the aggregate of the terms 
containing ay) a¥” as a factor being denoted by 


(7) af) SiS! 
a, eee (XL. 9) 
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From observing that the interchange of f and f’ or of g and J 
alters R into —R and cannot alter AY”. . it is concluded that 


9,9 ? 
Po AT? AF, 2° 
ype ng a ri Bop 
and that the full eo-factor of fois alt al) — al) a? in accord- 


ance with the expansion-theorem of the previous section. The 
remark that AY can be expressed in terms of n of the quantities 
Aj’7, leads up to a curious set of equations the determinant of 
which belongs to the special class of determinants known 


afterwards as zero-axial skew determinants. The passage is 
(pp. 300, 301) :— 


“‘Designemus br. causa per (k, k’) expressionem 
10. Av, = (h, k), 


ita ut sit (ei) = — (F,%). 
Fit e (8) ipsi g substituendo numeros 0, 1, 2,.., 7: 
A” = * +a; (0, 1) + af (0, 2). . + a'(0, n) 


Av ea0,0)+ * +al(1,2).. + alfeten) 


Bey AD = a! (2, 0) 02,1) + al(2, 0) 


Ae = a” (n, 0) abe ay’ (n, 1) oie as) (n, 2) Pape * 


‘Similes formulae e (9) derivari possunt. In aequationibus (11) ipsorum 
at), a", ete. coéfficientes in diagonali positi evanescunt, bini quilibet 
coéfficientes diagonalis respectu symmetrice positi valoribus oppositis 
gaudent. Quae est species aequationum linearium memorabilis in 
varlis quaestionibus analyticis obveniens.” (LVIL.) 


The simple step from the expression of AY? as a differential 
coefficient to the similar expression for ae is next made 
(p. 301) :-— 


“Ex ipsa enim ageregati A””, definitione eruimus formulas 
p a9 


‘sale Co ea oR 
: a9 —— Catoalt) ~ ~ BaF Taqi? 
g g g gy 
0. ee Noi i ll aay ” 


Cae cot = ea. 
Oa al? oa" y 
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By taking the identities 


02 aA, + aap 2 balay 
, (nr) 4”) 
0 = mA, +a,A,4+.... + a,A%, 
igh (n) 
R = a,A, 7 OA k ae alts san, a ao AY ? 
/ (n). 
ares Oy Ay + a’ A ie See eee avAG 2 
using the multipliers 
AS KE) Nore 
and adding, there is obtained 
4. R. AS _ AY AW ate i A® 7 


—a result at once recognisable as a case of the theorem re- 
garding a minor of the adjugate. Next by starting with 
Bezout’s identity connecting any eight quantities, the particular 
eight taken being ; . 
AQ, Ay, “Ap, An, 
AO, AC. AS AY. 
and making six substitutions of the kind 
AQAM — ADAM — RAT. 
just seen to be valid, there arises the identity 
AR Ap At Ay to (xxut. 12) 
This clearly belongs to the class of vanishing aggregates of 
products of pairs of determinants; but in order that its true 
character may be seen, and comparison made possible between 
it and others of the same class already obtained, a more lengthy 
notation is necessary. Taking for shortness the case where the 
primitive determinant is of the 8th order, but writing it in 
the form 
: | Ubaesh ees feGrhg | 
and making 


i, = 3,6 and b,U,k’, k= 5,6, 7,8, 
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we find the identity to be 
| Ab.dse,9,h, |. la,bodse. slhg | — | ab. dseygghs .| a,bydsegsh, | 
sF | Abed seqgahy |.| Adadseyqshs | = 0, 
a glance at which suffices to show that it is nothing more than 
the extensional of 
| Grhs|-|gshe| — | Gohs|-\gshz | + \Poh;|.|gsrs| = 0, 
the very identity of Bezout which was taken as a basis for it. 
As the same extensional has already been found among those of 
Desnanot, any new interest in it is due to the peculiar way in 
which Jacobi obtained it. By the same method, viz., by substi- 
tuting for secondary minors an expression (4) involving primary 
minors and the primitive determinant, he shows that 
AD Age + APA, + ADAM = 0, (xxi. 13) 
This being translated in the same manner as the preceding, 
becomes 
| doses foGrhs |.| A dedse.gchs| — | adds, fag,hs |.| ADodsesgglrs | 
+ | bods, Fagehs|.| Abd ,eg;hs| = 0, 

and is thus seen to be another of Desnanot’s results, viz., the 
extensional of 


\fo97|-Js — \Fs9r|-Jo + \Fs9e |-G7 = 0. (xxi. 13) 
The deduction 
aS seas OA amass 
eal? AS AS Gar? AM Ae 


is made from it by substituting appropriate differential co- 


efficients for the primary and secondary minors involved in it. 
(LVIII.) 


The eleventh section is devoted to the establishment of the 
general theorem which includes the theorem 
R, Aye = AM Ae) — Aig 
of the preceding section, and which, as we have seen, Jacobi had 
first enunciated in 1833. To start with it is repeated that the 
system of equations 
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a t+t+a,t,+... + Oy te + Opsihy +. +t, = UW, 
Wtt+a/t+:..¢%6&F Gotha +... +t, = th, 


Ik k k (k) ets 
UM + at te FONE, FOO tay Hee Fat, = Uy 


AMG + AM, + HOM, HO tray Hee + OME, 


I 
s 


n? 


gives rise to the system 
Awt Alu +... + AM, + AMM +... + AM, = Bat 
Aut Aju, +t... + APu, + AP uy, +... + Au, = Bt, 
Aywt Ayu, to. + AMU, + AM Ma, $e AMY, = B.t, 
A,w+ Ayu, +... + AMu, + ASM a +... + AMu, = Rt 
in which ' 

Ra Dad ccd), AO a 


ui 


Then taking only the first k4+1 equations of the first system 
and eliminating ¢, t,,... , ¢,,, there is obtained 


ae + Crriteas + of a? | cwllete: + Ca, = Du + Dy, + Scie Te + Dy; (X) 


where the multipliers D, D,, ..., D,, by which the elimination 
is effected, are 


(-1f S00, ae, 


k-+1 , k 
(21) Sida ee 
ttt (k—1) 
aad, Osea: oe 
and consequently by C,,; Csi, .. . » Cy, ave denoted 


roy! qglt Weyl) 
2 OA, i Oe 


tot (&—1) 5 (3) 
ZEA, Og” iar Oy, 


oon 1A (t—-1 (Kk) 
2 OG, Oy ny Oe 
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“= 


Similarly, taking only the last n—k+1 equations of the second 
system and eliminating U4, Unga, ++. , U, there is obtained 


Eu + Ew, +... +B,u, = BF, + RF yt +... +REFatp, (Y) 


where the multipliers F,, F.,,,..., F, by which the elimina- 
tion is effected are 


(k-+1) 4 (k-+2) (x) 
eae ae. A 


nm? 


ud (k-+1) 4 (+2) (n) 
AA ya, 
n—k (K+1) A (k-+2) (n) 
Sod) gencbea nd ane) Waal ae Wiad 
and consequently by E, E,,... , E, are denoted 
(i-+1) (n) 
Bae ae tas kk Poe hag 
1 A (e-+1) 
Bare A Aes se AO 


(%) 4 (%-+1) (n) 
aA A nA. 


These two derived equations (X), (Y), however, must be identi- 
cal, because they may be both viewed as giving t, in terms of 
ors > - > ty, U, Uy, ... 5; Uy, and, as the first system of 
equations shows, this can only be done in one way. We thus 
have the deduction 


D, _ _E, 
oo hs ly ree. 
Co BF 
= Fe. te (4-1) (k) 4 (k-+F1) (n) 
ee 2 + aaya,”....0%-) _ ey cng An 
1g 77 i (EFI) 4 (-F2) tn) * 
AEE Og scx Oe PES AT dy DG 


This is the keystone of the demonstration. The simple con- 
tinuation of it may for sake of historical colour be given in 
Jacobi’s own words (p. 304):*— 
“In hac formula generali ipsi £ tribuendo valores 
ili 22% = 8... 5 yl, 


prodit : 


* The demonstration in the original is considerably disfigured by misprints. 
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, (n—2) (n—1) 4 (”) 
2 tta:...08 2A ae 

7 (n—1) (n) 
DRE OG aia, RA, 


2) 


/ (n—3) (n—2) 4 (n—1) 4 (n) 

2+ Ody... 0) Zt AT AL ao. 
7 (n—2) m—1) A(n) 

2 Hie, 8 6 Re eae 


n—2 


ms ae 
Sku, REASA ea 


“Harum aequationum prima suppeditat, 
=) x0 = 
D4 ACT AY | RD ea, ne ee 


quae cum formula (4) § pr. convenit. Deinde aequationum (10) duas, 
tres, quatuor etc. primas inter se multiplicando, prodit formularum 
systema hoc: 

(n—2) 


Di ACP AS ee Ro eae ae 


(n—3) 


(n—2) (n—1) (n) , 
oy A A Ae le Ea ae 


D4 A,’A,”«... Ao = aR. 
Quas formulas amplectitur formula generalis, 


Sa ek er eee Qt, ..+.Qy.” (XX. 6) 


k+1 k+2 


Cauchy's theorem 
SAA 2.5 AD aah 


which may be viewed as the ultimate case of this, Jacobi arrives 
at by expressing 2 + AA,’... A” in terms of A, A,,..., A, and 
their cofactors, substituting for the said cofactors their equiva- 
lents as just obtained, viz. 


aR-!, a,R°-1, a,R"-1,-....., a,R"-1, 
and then using the identity 
Aa+Aja,+... +A,a, =R. 


Passing over the twelfth section, which relates to certain 
special systems of equations, we come to two sections devoted 
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to the multiplication-theorem. Of the five formally enunciated 
propositions which they contain, two, the second and fourth, 
need not be more than referred to, as their substance comes from 
Binet and Cauchy, and as the mode in which they are established 
will be sufficiently understood from the treatment of one of the 
others, The general problem of the two sections is the investi- 


gation of the determinant 
pee of 
Pas Cl sae Os 


where 
co = ) — gldg®) + ala @) 1 eae eS aa®, 


Taking a single term of the determinant, we have of course 


C0yCy"...0 =  (ad@+a,a,+.... + a,d,) 


xX (a’a’+a)a)+.... + a, 4,) 


x (aa + aa” bee © a eye 
and we see that if the multiplications indicated on the right be 
performed there must arise a series of (p+1)"+1 terms of the 
type 


si GO, so Os kona, ama", 


or by alteration of the order of the factors 
Gyflg Gy =i Oe’ - Uplig 2,” ... 0, 


where each of the inferior indices 7,s,t,..., w may be any 
member of the series 0,1, 2,..., p. If we bear in mind the 
meaning which we thereby assign to the summatory symbol S 
we may write this in the form 


” (n) (n) 


, (n) __ FEE rey 
CG, nae, = §(2,0,¢,"...ue). a,0,4,"... 0%). 


The next point to consider is the transition from the single term 
c¢,‘cy”...c) to the full aggregate  +ce,’c,”...c”. A glance at 
the sum of terms denoted by c shows that by permuting the 
superior indices of cc,‘c,’...c”, the superior indices of the a’s 
are subjected to the same eiccnaiecon, and that, on the other 
hand, when we permute the inferior indices of ce,‘cy’...c” it 
is the a’s that are affected, the like permutation being given to 
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the superior indices. Making the choice of the superior indices 
of the c’s, let us permute them in every possible way, and to each 
term thus derived from ce,‘c,’...c” prefix the sign + or — 
according as its superior indices constitute a positive or negative 
permutation. By so doing the left-hand side of our identity 
becomes D+ ce,’c,”...c; and, owing to the consequent per- 
mutation of the superior indices of the a’s, each term on the 
right-hand side gives rise to 1.2.3...(n+1) terms whose 
signs are the same as the signs of the terms corresponding 
to them on the left-hand side;—in other words, each term 


Ap Os Oy” + a” . A, a,” ...a” gives rise to the compound term 
Blige ve OS). DS ae, cata 
We thus reach the result 
Dk 06)". = 8 (aa OS De eed 


Although the number of terms on the right is the same as before, 
viz. (p+1)"*}, arising from giving to each of the n+1 indices 
7, 8,t,..., w any one of thep+1 values 0, 1, 2, ... , p, it 
has now to be noticed that a goodly proportion of them must. 
vanish because of the fact that D-+a,a,‘a;’...a% = 0 when 
any two of its inferior indices are alike. The right-hand side 
will thus not be altered in substance if the summatory symbol 


be now taken to mean that 7, s,¢,..., ware to be any n+1 
of the p+1 indices 0, 1,2,...,. If p be less than vm it will 
be impossible to have 7, s,¢,..., w all different, so that in 


that case the right-hand side must be 0. This is Jacobi’s first 
proposition, and it constitutes his addition to the multiplication- 
theorem. His formal enunciation of it is (p. 309):— 


“ Sit 


(i i) i) (a) i) 
Ce 6 8 On, eee +g 


quoties p <n evanescit determinans 
I Dany (2) 92 
2 B60; Cy warwie (Xvi. 6) 


The consideration of the case when p=” leads to his second 
proposition. The natural addendum is then made regarding 


— ea 
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the multiplication of more than two determinants of the same 
degree (p. 310):— 


“Datis quotcunque eiusdem gradus determinantibus, eorum pro- 
ductum ut eiusdem gradus exhiberi posse determinans, cuius elementa 
expressiones sint rationales integrae elementorum determinantium 
propositorum.” (xvi. 7) 


The equally natural transition to the subject of the multipli- 
cation of two determinants of different degrees results in the 
proposition (p. 311):— 

“Sit pro indicis 7 valoribus 0, 1, 2, .... 5 Mm, 


aie a 
ea aa. ow ae, 


pro indicis z valoribus maioribus quam m, 


(é) (k) () (x) ( (k) (®) (Ky) , 
Ce = Me HOO, + OMe + 2... + ana: 
erit 
Dt Woy’... Om. Dt A0d,'.... 09 = D+ 06,'¢," 4... 0." . (XVIL 8) 


Proposition IV. concerns the case where p>n. Proposition V. 
is but a corollary to the combined propositions I., IL, IV., its 
subject being the effect of the specialisation 


a = a, 
The enunciation is as follows (p. 312):— 


“ Posito 


z k) a) (k 4) (k) (é) (x) 
c = ay = aa” + aa + ee 6 + MyGy, 


sit determinans 
Dent ice we Py 


ubi p < n fit 
= P =; 
ubi p = n fit 
P = {2+ aa,’....a0}?; 
ubi p > n fit 


(n) 2 
P = S{ Bi Fig igh nae Carey > 


siquidem pro indicibus inferioribus m, m’ &c. sumuntur quilibet ae 
diversi e numeris 0,1,2.... p.” (xvi. 7) 
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The two remaining sections (15 and 16) deal with a special 
system of simultaneous linear equations, interesting application 
being made to the theory of the Method of Least Squares—an 
application probably due to a suggestion of Binet’s in his note 
of November, 1811. 

It is important to note, in conclusion, that from one point of 
view Jacobi’s memoir was but the introduction to two others 
of really greater importance, both treating of a special class of 
determinants. The first concerns determinants of the kind 
afterwards deservedly associated with his name, and bears the 
title “De determinantibus functionalibus.” It occupies the 
forty-one pages (pp. 319-359) immediately following the general 
memoir. The other, with the title “De functionibus alter- 
nantibus earumque divisione per productum e differentiis 
elementorum conflatum,” treats of those determinants, first 
considered by Cauchy, in which the members of one set of 
indices represent powers, and to which the name alternants 
afterwards came to be assigned. It extends to twelve pages 
(pp. 360-371). The three memoirs together constitute an ex- 
cellent treatise on the subject, and are known to have been 
markedly influential in spreading a knowledge of it among 
mathematicians. 

The second and third memoirs, from the nature of their 
subject-matter, fall to be considered later. On the last page of 
the third memoir, however, where a possible simplification of 
a special determinant has to be effected, the general theorem on 
which the simplifying operation rests is enunciated ; and as this 


theorem does not appear in the first memoir, it calls for attention 
now. The wording is :— 


“Constat enim non mutari Determinans si singulis seriei horizontali 
terminis addantur earundem serierum verticalium termini multiplicati 


per quantitates quascunque, quae tamen pro omnibus eiusdem seriei 
horizontali terminis eaedem esse debent.” (LIX.) 


One cannot but wonder why the afterwards familiar fact re- 
garding the effect of “increasing a row by a multiple of another 
row” was not formulated long before this date. 
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[Note sur les diverses suites que l’on peut former avec des 
termes donnés. Evxercices Vanalyse et de phys. math., ii. 
pp. 145-150; or Huvres completes, 2° Sér. Xii.] 

{Mémoire sur les fonctions alternées et sur les sommes alternées. 
Exercices Vanalyse et de phys. math., ii. pp. 151-159; or 
wores completes, 2° Sér. xii.] 

* [Mémoire sur les sommes alternées, connues sous le nom de 
résultantes. Hxercices Vanalyse et de phys. math., ii. 
pp. 160-176; or Guvres completes, 2° Sér. xii] 

{Mémoire sur les fonctions différentielles alternées. Exercices 
Panalyse et de phys. math., ii. pp. 176-187; or Cures 
conpletes, 2° Sér. xii.] 

From internal evidence there can be little doubt that this 
series of papers, containing the fundamental conceptions and 
salient propositions of the theory of determinants, was prompted 
by the appearance of Jacobi’s memoirs, and by the consequent 
conviction that the work of 1812 had begun to bear fruit. The 
first paper, called a “note,” is introductory, on the subject of 

_ signed permutations; the three others, called“ memoirs,” corre- 

spond to Jacobi’s,—the first of them to Jacob’s third, the second 
to Jacobi’s first, and the third to Jacobi’s second. 
The note, although on so trite a subject as the division of 

“permutations into positive and negative, is most interesting. 
Cauchy’s original stand-point with. regard to the subject is so 
far unaltered that the rule of signs specially known by his name 
is made fundamental, and all others deduced from it. The ex- 
planations preparatory for the rule are, however, on the lines of 
his paper of 1840, that is to say, it is growps and not circular 
substitutions that are spoken of. The preference is a little 
difficult to justify ; for notwithstanding Cauchy’s assertion that 
groups come naturally into evidence, the idea is far-fetched as 
compared with that of circular substitutions. He says (p. 145):— 

“Si l'on compare une quelconque des nouvelles suites* 4 la premiére, 
on se trouvera naturellement conduit par cette comparaison a distribuer 


es divers termes 
Ca a a a 


* I.e., permutations of a, b, c, d, ... 
M.D. S 
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en plusieurs groupes, en faisant entrer deux termes dans un méme 
groupe, toutes les fois qu’ils occuperont le méme rang dans la premiére 
suite et dans la nouvelle, et en formant un groupe isolé de chaque terme 
qui n’aura pas changé de rang dans le passage d’une suite a Vautre.” 


The question of the natural order of ideas and the best mode 
of presentment is really, however, of small importance, for in 
application a group and a circular substitution are essentially 
the same. The difference is entirely one of stand-point, nomen- 
clature, and notation. The permutation 


6; Uh jOs Cetra k. 


being in question, and comparison between it and the primitive 
permutation 
ih. DY Cy Ce ae 

having been instituted, we are directed to form the members 
(“termes”) of the permutation into groups, commencing to form 
a group with e and a, because they occupy like positions in the 
two permutations, putting b in the same group because it 
occupies the same position in the second permutation as one 
already in the group occupies in the first permutation, putting ¢ 
in for the same reason, making d constitute a group by itself, 
and finally putting f and y together to form a third group. 
We are directed further, to write the members of each group in 
such an order that any member and the one following it may 
be found to occupy like positions in the primitive and derived 
permutations respectively. .The result thus is 


(a, e, ¢, 6), (d), (fF, 9), 
or (e, C, b, a), (d), (9; IN 
or ie EO on. se 5 rR eS 


> 


it being possible to write the first group in four ways, and the 
last in two. Now all this is nothing more than an unreasoning 
way of arriving at the circular substitutions which are necessary 
for the derivation of the given permutation from the primitive 
one. Cauchy himself, indeed, in pointing out that there would 
only be one way of writing a group if the members were dis- 
posed in a circumference instead of in a straight line, says:—_ 
“C’est par ce motif que dans le tome x du Journal de U Ecole 


” 


- 
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Polytechnique jai désigné sous le nom de substitution cireulaire 
Yopération qui embrasse le systéme entier des remplacements 
indiqués par un méme groupe.” It must be borne in mind, 
however, that not only the operation, but the symbol of the 
operation, was so denoted, and such being the case, we may 


' then very pertinently ask, What is a group in Cauchy’s usage 


but the symbol of a circular substitution ? 

The peculiarity of using the number of groups to separate 
the various permutations of a, b, ¢, d,.... into two classes 
makes its appearance in the following sentence (p. 147):— 


“De plus, ces mémes suites ou arrangements se partageront en 
deux classes bien distinctes, la comparaison de chaque nouvel arrange- 
ment au premier 

a Bee d,s. 


pouvant donner naissance 4 un nombre pair ou & un nombre impair 

de groupes.” 

Of course, the primitive permutation is looked upon as having 

its groups also, viz., one for every letter in the permutation. 
Then comes the important proposition—The interchange of 


_ two letters wncreases or diminishes the wumber of groups 


(substitution-cycles) by unity. In proving it the two letters 


are first taken in different groups, 


(G06. #0; Mk), (l,m,n, ..., 7,8); 


and since any member of a group may occupy the first place, 
the letters a and / are fixed upon. Now what the groups imply 
is that the letters 


CERRO ee Gk, hy by Mt, Wee se . TB 
in the primitive permutation are changed into 
b, ¢, ee a Ne a a 


respectively to form the given permutation. If therefore in 


the given permutation the letters a and / be interchanged, the 


new permutation so obtained will be got from the primitive by 
changing 

eee oi. t, Wi... < 3 7; 8 
into 

ae ea ae a Sa ne 
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that is to say, by the changes indicated by the single group 
(0,D,6; sue 5 RL, hy eee) 
The interchange of two letters belonging to different groups 1s 
thus seen to reduce the number of groups by one. On the other 
hand, it is clear that had this single group belonged to the given 
permutation, the interchange of two letters, a and / say, would 
have had the effect of breaking up the group into two, 
(€,0,6n <5:5 Rh) Od (0, HOW, re 8) 

The theorem is thus established. (111. 36) 

It is next pointed out that the transformation of the primitive 
permutation into any other may be accomplished by inter- 
changes only, because by this means any given letter may be 
made to occupy the first place, then any other given letter to 
occupy the second place, and so on. From this also it follows 
that any system of circular substitutions may be replaced by a 
system of interchanges. Should the transformation of one 
permutation into another be effected by interchanges, the number 
of these will be even or odd according as the two permutations 
belong to the same or different classes; for, by the above 
theorem, every interchange makes only one group more or one 
group less, and consequently the total number of interchanges, 
and the net increase or diminution of the number of groups, 
must be both even or both odd. The counting of interchanges 
may thus be substituted for the counting of cycles. (111. 37) 

Finally, Cramer’s rule is introduced, in which, as we know, 
it is neither cycles nor interchanges that are counted, but 
enverted-pairs, or, as Cauchy, like Gergonne, calls them, 
anversions. To establish the rule, it is clear that two courses 
were open, viz., to connect inversions directly with cycles or to 
connect them with interchanges. The latter course is taken, 
the requisite connecting theorem being that the interchange of 
two elements of a permutation increases or diminishes the 
number of inversions by an odd number, an odd number of 
interchanges thus corresponding to an odd number of inversions, — 
and an even to an even. The proof is not direct, like Rothe’s, _ 
being effected with the help of a fourth related entity, the 
difference-product. The order of thought in it is as follows :— 
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If we define the difference-product of the primitive permutation 
@.¢,d,... to be 


(a—b)(a—c)... .(b—c)...., 


then it is clear that in the difference-product of any derived 
_ permutation there will be found exactly as many factors with 
changed sign as there are inversions of order in the permutation. 
A change of sign in the difference-product thus becomes a test 
for the existence of an odd number of inversions, and conse- 
quently, instead of the theorem just enunciated, it will suffice 
to show that the interchange of two elements of @ permutation 
alters the sign of the difference-product. This Cauchy says must 
be true, for, the elements being fh and k, it is manifest that the 
factor which involves them both, 


h—k or k—h, 


must change sign, but that the factors which involve them and 
any third element s constitute a partial product 


(h—s)(k—s) or (h—s)(s—kh), 


_ the sign of which cannot change. (III. 38) 

Of the three memoirs, the first and third, like Jacobi’s third 
and second, do not at present require attention. A slight 
reference to the first—on alternating functions—is, however, 
“necessary, because Cauchy, unlike Jacobi, makes determinants 
a special class of alternating functions, and it is therefore of 
importance to see the exact position he assigns to them. It will 
be remembered that in 1812 he partitioned symmetric functions 
into permanent and alternating, and made determinants a class 
of the latter; that is to say, his scheme of logical relationship 


was 
[ (a) Determinants. 


{ (a) Alternating 


Functions | (o) Permanent 


Ne Symmetric 


The memoirs we have now come to indicate a departure from 
this, both verbal and substantial. The change is made too 
without any reason being assigned; indeed, there is not even 
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a word to imply that any change had taken place. Alternating 
functions are, as in his Cours d’analyse, put on the same level 
as symmetric functions; the term permanent is dispensed with ; 
a new entity, alternating aggregates, is introduced ; what were 
formerly called determinants are made a class of these alternating 
aggregates; and for the name determinant resultant is sub- 
stituted. The scheme of relationship is thus transformed into 


— (a) Resultan 
(a) Alternating Sagres] 


ie Alternating 
Functions (B) Symmetric 
lo 


Neither scheme, we must at the same time remember, is really 
as simple as here indicated, being complicated by the fact that a 
function may be alternating in more than one way. This is 
brought out much more explicitly and clearly in the present 
memoirs than in that of 1812, as the following quotations will 
show. We have first of all (p. 151), an alternating function of 
several variables. 


“Une fonction alternée de plusieurs variables 2, y, 2, ..., est 
celle qui change de signe, en conservant, au signe prés, la méme valeur — 
lorsqu’on échange deux de ces variables entre elles.” 


Next we have an alternating function with respect to several 
indices (p. 155) :— 
“‘Quelquefois on représente ces mémes variables par une seule lettre 

affectée de divers indices 
ee ee, 


et lon peut dire alors que la fonction ou la somme dont il s’agit est 
alternée par rapport & ces indices. Ainsi, par exemple, le produit 


(2g — 2%) (2a ~ 2) (2 ~ 2) 
est une fonction alternée par rapport aux variables 
Es Pee mdi 
ou, ce qui revient au méme, par rapport aux indices . 
0, Ae 
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_ This example being an alternating function according to the 
first definition, it would seem that here we have a mere abbre- 
- viation or variation of language. There are, however, it must 
be borne in mind, functions which are alternating with respect 
__ to indices, and are not alternating according to the first definition. 
- For example, any determinant, like 


AyboC3 + Ugb,Cg + Agb3¢, — Agb,C, — Ayd,Cz — AydgCo, 


is alternating with respect to all the indices involved, but is not 
alternating with respect to all or any other number of the 
variables ,,2,03, b,,b,,b3, €,€2,¢3. Strange to say, Cauchy makes 
no mention of this, but goes on to a third definition, by means 
of which alternating functions are made in another way to 
include determinants. He says (p. 156) :— 


“On pourrait obtenir aussi des fonctions qui seraient aliernées par 
rapport a diverses suites, C'est & dire, des fonctions qui auraient la pro- 
priété de changer de signe, en conservant, au signe prés, la méme 
valeur quand on échangerait entre eux les termes correspondants 
de ces mémes suites. Considérons, par exemple, m suites différentes 
composées chacune de n termes qui se trouvent représentés, pour la 
premiére suite, par 

et aa oe 


pour la seconde suite, par 
Yor Yrs > ++ +9 Yn-1s 
_ pour la troisiéme suite, par 
Cetin tel es. Pacts 
EG, «... 3 et solt 
f(x, Ly) Pees Lyi 5 Yoo yy» see Yn-13 oy ay bala Pee en—15 erat 


une fonction donnée de ces divers termes. Si a cette fonction l’on 
ajoute toutes celles que l’on peut en déduire, 4 aide d’un ou de 
plusieurs échanges opérés entre les lettres 


ae a ae 


prises deux & deux, chacune des nouvelles fonctions étant prise avec le 
signe + ou avec le signe —, suivant qu'elle se déduit de la premitre 
' par un nombre pair, ou par un nombre impair d’échanges ; le résultat 
de cette addition sera une somme alternée par rapport aux suites dont 
il s’agit.” 


It is a little unfortunate that this definition proceeds on different 
lines from the others, being rather indeed a rule for the forma- 
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tion of an alternating function with respect to several sets of 
variables than a definition of such a function. It would have 
been much more appropriate and instructive to have said that 
a function was called alternating with respect to two or more 
sets of the same number of variables when the interchange of 
each member of a set with the corresponding member of another 
set altered the function in sign merely. Examples like the 
following could then have been given to make the two usages of 
the term perfectly clear, and to show the exact>relation between 
them. To illustrate the first usage, the expressions 


ac—be, 
(a—b)(c—d), 
(a—b)(a—c)(b—c), 


might be taken, where ac—be is an alternating function with 
respect to the variables a, 6b; (a—b)(c—d) an alternating 
function with respect to a, b, and also with respect to ¢, d; and 
(a—b)(a—c)(b—c) an alternating function with respect to a, b, 
with respect to a, ¢, and with respect to 6, c, or shortly, an 
alternating function of all its variables. On the other hand, 
the expressions 
a?b—c'd , 


ab—cd, 


would illustrate the second usage ; a2—c’d being an alternating 
function with respect to the sets of variables ab, cd; and ab—cd 
an alternating function with respect to the sets ab, ed, and also — 
with respect to the sets ac, bd. In a word, the alteration which 
produces change of sign is, in the-case of the first usage, inter- 
change of two individual elements; in the case of the second 
usage it is interchange of two ranks or sets of elements. 

The entity to which the new name somme alternée is given is 
explained as follows (p. 160) :— 


“ Soit 
TG, Yee 
une fonction queleonque de n variables 


wv, Y;, %,. 
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et ajoutons a cette fonction toutes celles qu’on peut en déduire par la 
transposition des variables, ou, ce qui revient au méme, par un ou 
plusieurs échanges opérés chacun entre deux variables seulement, 
chaque nouvelle fonction étant prise avec le signe + ou le signe —, 
suivant qu’elle se déduit de la premiére A V’aide @’un nombre pair ou 
impair de semblables échanges. La somme s ainsi obtenue sera la 
somme alternée que nous représentons par la notation 


pti: y, eos: ) i 
On trouvera, par exemple, en supposant n= 2, 
s = f(a, y) — f(y, 2); 
en supposant 7 = 3, 
s = E(a,y,z) — £(z,2,y) + £(y,2,%) — £(y,a,2) 
= f (2,2) al £(2,4,2), 


”» 


ete. 


The only matter now remaining for explanation is the mode 
of transition from sommes alternées to résultantes, the difficult 
point being, as in the memoir of 1812, to include all kinds of 
the latter as special cases of the former. The two pages which 
Cauchy devotes to the subject are curious to read, and deserve 
a little attention. He says (p. 161) :— 


“Concevons maintenant que la fonction 


EGF es) 
se reduise au produit de divers facteurs dont chacun renferme une 
suite des variables 

ek Sa ae 


en sorte que l’on ait, par exemple, 
£(a,4,2, ...) = (%)x(y)¥(2).... 
alors, pour obtenir la somme alternée 


s = S[+4(2)xy)¥2)..- ] 
a) sutra, =” 


and having shown the mode of formation, and given the examples 


8 = $(@)x(y) — (Y)x(@), 
s= o(z)x(y)V@ — o(@)x@Wy) + --- 
he adds 


“Les sommes de cette espéce sont celles que M. Laplace a désignées 
sous le nom de résultantes.” 
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In regard to this the first comment clearly must be that it is not 
a little misleading. The sums referred to are only a very special 
class of those functions which Laplace called resultants; they 
belong, in fact, to that peculiar type for which in later times the 
name alternant was coined. In the second place, Cauchy's 
virtual renunciation of his own word “determinant” must be 
noted,—a renunciation all the more curious when we consider 
that the word had now been adopted by Jacobi, and had thereby 
become the recognised term in Germany. It may be that 
Laplace’s word “resultant” had proved more acceptable in 
France, and that Cauchy merely bowed to the fact; but there is 
little or no evidence to support this.* 

In the paragraph following the above Cauchy proceeds, as it 
were, to rectify matters. He says (p. 162):— 


“Les formes des fonctions désignées par 


b(a), x(z), ¥(a), ete. 
étant arbitraires, aussi bien que les variables 
BY, Bees 


permettent aux divers termes qui composent le tableau (2) d’acquérir 
is valeurs quelconques, et représentons ces variables a l’aide de lettres 
iverses 


Hh Uy Py oa a oy 
affectés indices différents 
OL 2) meas ee iter 


dans les diverses lignes verticales. Alors, au lieu du tableau (2), 
on obtiendra le suivant 


Xo, Ly Day eT 
Yor. Yr» Yes » Yr 
(5) oy yy oy ? ent 


tos hy bo, gat) EAD ta 


* Liouville, in a paper published in the same year as Cauchy’s memoirs, uses 
resultant, but adds in a footnote, ‘‘Au lieu du mot résultante, les géométres 
emploient souvent le mot déterminant” (Liowville’s Journ., vi. p. 348). 
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et la résultante s des termes dans ce dernier tableau sera 
$= 8| 2 mye... b-).” 


The general determinant is doubtless here reached, but the 
transition requisite for the attainment of it, viz., from #(«), x(a), 
v(x), .... to the perfectly independent a, x,, v7, ... . is not 
made without considerable strain. This is all the more sur- 
prising, too, when we consider, that a much less troublesome and 
less objectionable mode of bringing determinants under alter- 
nating aggregates lay ready to Cauchy’s hand. Bearing in 
mind the definition given above, of fonctions alternées par 
rapport & diverses suites, we see that a determinant of the n™ 
order could have been made to appear as an alternating function 
with respect to n ranks of 1 variables each. For example, the 
determinant 


A,Dol3 + bgb,Cy + AgdsCy — Agdy0, — MbgdyC3 — Ayb5Cp, 


could have been introduced as a function alternating with 
respect to any two of the three ranks, 


a Ae 
b, bd, 6, 
Cy Cy 63; 


and indeed, as we know, it is alternating also with respect to 
any two of the ranks 


& 0, , 
Gig Ug. Cys 
ie De ts 


that is to say, according to another phrase of Cauchy’s, used 
above, it is alternating with respect to the indices, 1, 2, 3. 

The fourteen pages (pp. 163-176) which follow, are taken up 
with the properties of determinants as thus defined and with 
the application of them to the solution of simultaneous linear 
equations. Most of the matter is already familiar to us, and 
may be altogether passed over. One of the theorems it is 
necessary to give verbatim, not because of its importance, but 
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because it serves to make evident the untenable position Cauchy 
had taken up in so peculiarly bringing determinants under the 
head of alternating aggregates. The theorem is (p. 164):— 


“i, avec les variables comprises dans le tableau (5), on forme une 
fonction entiére, du degré nm, qui offre, dans chaque terme, n facteurs 
dont un seul appartienne 4 chacune des suites horizontales de ce tableau, 
et qui soit alternée par rapport 4 ces mémes suites, la fonction entiére 
dont il s’agit devra se réduire, au signe prés, a la résultante s.” 


This not only justifies the definition proposed above to be sub- 
stituted for Cauchy’s, but it also entitles us to say that Cauchy 
having started by including determinants among alternating 
functions of one kind, viz., functions alternating with respect to 
every pair of ” variables, soon succeeds in showing that they are 
alternating functions of an entirely different kind, viz., functions 
alternating with respect to every pair of n ranks of variables. 
The only other notéworthy matter is a theorem in regard to 

the solution of a set of simultaneous equations. Viewing the 
equations 

ae + by + 2 = € 

ye + Dey + Co = 9 

age + by + c,2 = ¢ 


as giving each of the three variables €, , ¢ in terms of the other 
three , y, z, we see that on solving for a, y, z, we obtain a con- 
verse system, that is to say, a system giving each of the three 
x, y, Z, in terms of €,7,¢ The latter system is, as we know, 


A 
An 
ar By B, B; 


A A 
oe ee ae 


een C, 0; 
a A A E a A” tr A Se 
where A is the determinant of the original system. and 


Ay, Bie Ogata news 


are the cofactors in A of ay, d,, ¢, My,...., respectively. Multi- 


> 
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plying the determinants of the two systems, we obtain the 
determinant of the quantities 


ion 0 
ie EO 
Y 2-0 J 
Hence (p. 176) :-— 
“Si, n variables 
UA Sr ee eg 


étant liées A m autres variables 


SSW sielg) wide ee Us 


par n équations linéaires, on suppose les unes exprimées en fonctions 
linéaires des autres, et réciproquement; les deux résultantes formées 
avec les coefficients que renfermeront ces fonctions linéaires dans les 


£9) 


deux hypotheses, offriront un produit équivalent a l’unité. (XXI. 4) 


CHAPTER X. 


DETERMINANTS IN GENERAL, FROM 1813 TO 1841: 
A RETROSPECT. 


THE characteristics of this period are best brought out by 
comparison with those of the preceding period, it being carefully 
borne in mind, in making the comparison, that the two are 
markedly unequal in length, the period of pioneering, as we may 
term it, extending to 120 years, and the next to only about 30. 

In the first place, then, the evidence shows that as time went 
on there was considerable increase of interest in the subject, and 
a more widely spread knowledge of it; for, whereas to the longer 
period there belong 21 papers by 16 writers, for the shorter 
period the corresponding numbers are 38 and 19. Among the 
19 writers, too, are represented nationalities which had previously 
not put in an appearance, viz. English, Italian, and Polish. 
In both periods the French language greatly predominates in 
the writings, even although in the second period the number of 
German contributors is about equal to the number of French. 
The details on this point are :— 


(1693-1812) (1813-1841) 


French, — - - : : 16 17. 
Latin, - - - - 3 29 
German,  - 2 = = 2 6 
English, - - : : wee 5 
Italian, - = = . ae 1 


The Latin papers are mainly those of Germans, Jacobi alone 
being responsible for 8 in the later period. 


DETERMINANTS IN GENERAL ; 287 


In the second place, we have proof that the early period was 
by far the more fruitful in original results. The pioneers had 
mapped out most of the prominent features of the new country ; 
their successors had consequently to concern themselves in a 
considerable degree with filling in the details. During the 
second period one finds the fundamental propositions of the first 
period reproduced in new varieties of form; also, there are not 
awanting new proofs, extensions, and specialisations of old 
theorems; but of absolutely fresh departures there are com- 
paratively few. An examination of the results numbered xLIv.— 
LIX. will show the character of these departures. It will be 
seen that they are due to Desnanot, Scherk, Schweins, Jacobi, 
Sylvester, and Cauchy. The most notable name of the period is 
Jacobi's, and next to it perhaps that of Schweins. There is no 
one name, however, which stands out in this period so con- 
spicuously as Cauchy’s does in the first period. Sylvester, unlike 
the others, it must be remembered, was only beginning his 
career, and we have yet to see him in the fulness of his power. 
It is worthy of note, too, that the striking figure of the first 
period is not by any means dwarfed in the second, his name 
occurring five times in the chronological list, and his papers at 
the close of the period showing much of his old insight and 
vigour. 

In the next place, the second period contrasts with the first in 
that during it important work was done on the subject of special 
forms of determinants. This will become more apparent after 
consideration of the chapters which follow. It will then be seen 
that of the five most important forms there dealt with, viz., 
those subsequently known as Axisymmetric Determinants, Alter- 
nants, Jacobians, Skew Determinants, Orthogonants, three had 
their origin during the second period ; and, further, that although 
the two others originated during the first period the greater 
bulk of the work done on them belongs to the second. Here, 
again, the noteworthy names are those of Jacobi, Cauchy, and 
Schweins. 

Lastly, it having been noted in the retrospect of the first 
period that the subject of determinants was almost entirely 
a creation of the French intellect, we must not fail to take 
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cognisance now of the fact that in the second period the pre- 
eminence belongs to Germany, France however taking still a 
fairly good second place. 

To aid in bringing all these facts more clearly home to the 
reader a table similar to that supplied for the elucidation of the 
first period (see page 132) is annexed. The cautions formerly 
given as regards the imperfections of such a table and the care 
consequently necessary in using it are expected to be again 
borne in mind. 


TABLE—SHOWING THE ADVANCE OF THE THEORY OF DETERMINANTS FROM 1813 TO 1841. 


# |3]s a a] # s| Ale bi tate 
@ |) 8 2 Sy ate ef ee = B/2/2/2| 2 | 2 2/2 
s # = a ra bey ea . c. 
a | I Be j I : & 2 2 ofp | ot ¥ J 
5 |f/2 aA alte 2 Z| og |2\l 3 ARETE Plaid 
A u 5 a a 5° 3 : ‘S 
& isle A 3 ene c: a] a. 48 |e 0 PES De is ee ee 
IL. . aa 
III. | 134-5 156, 158 179 199 218, 219 
se 145 159 We | 212 
ile 60 179 | | 
VIII. si 220 
TX 162 182(2) 221 
XI, 161 222 
ot 135 143 ie 165 197 
. 148 1 ‘ 
ee bi. 212 | 213 216 
uae 136 160 
XVIII. | 204 
ess 188 | 197 208 214 
XXIII. 140, 142, 145 171 184, 185 | a 
XXIV. | 
Lx 
XXXVII. 162 oo 
XL. ate 
1813. Gergonne, SPs tests 
1814. Garnier, 
1815. Wronski, 
1819. Desnanot, 
XLIV. 139, 140, 142, 145 185 
XLV. 145 171 
1821. Cauchy, 
1825. Scherk, : 
XLVI. 154 199 
XLVII. 154 199 223 
XLVIII. 158 
Schweins, 
XLIX. 167, 169, 170(2), 171 
L. 174 
1827. Jacobi, 
LI. 178° 
1829. Reiss, 
Cauchy, 
' Jacobi, 
Minding, | 
1831. Drinkwater, | 
1832. Mainardi, 
. Jacobi, i 
. Jacobi, ' | 
q 213 
1835. Jacobi, ae ed 


1836. Grunert, 
1837. Lebesgue, 
1838. Reiss, 
1839. Catalan, 
Sylvester, 
Molins, 


1840. Sylvester, 


Richelot, 
~ Cauchy, 
ean oe 


CHAPTER XI. 
AXISYMMETRIC DETERMINANTS, FROM 1773 TO 1841. 


ATTENTION has already been drawn to certain identities of 
Lagrange’s which might possibly be viewed as contributions to 
the theory of determinants. Among these were the following 
published in 1773 :— 


ten S 4 fel 


(aye + yea" + 2a'y” —ady” — ya's’ — zyx" Y 
= Wy te\@rty2+2\ (0% +y2+2) 
+ 2(va’ + yy +27)(an" + yy" +22" (aa + yy" +22) 
—(@+yY+2)\(aa' +y/y +22’) 
= (oP 4y2+2\(ee" +yy" +22") 
— (02 + 9'? + 2!) (ee + yy’ +22’) 5 
(y'2'-y'2) + a" 2’? + (wy —a'y’P 
= (ety? +27) ty? +2) — (wa +y'y" +22"); 
and 
(pr—q?)(Mn—Nm) = (pM?+2qMm+rm?)(pN?+2qNn+rn’) 
— (pMN+qMn+qNm+rmn)’. 
Four of the expressions here occurring would doubtless at a 


later date have been viewed as axisymmetric determinants, and 
in Cayley’s notation of 1841 would have been written 


a2 +- of + 22 aca’ A yy es ool aca’ he yy” i ze” 
| aca’ - yy + ze/ ap/2 a y? ae 7/2 ata’ + yy + 2/2” 
ae” + yy + oe” oa” + yy + Pane ge? a af? 4+. (2 ' ete.; 
but a reference to the original papers, already described, will 
‘M.D. T 
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make it almost perfectly certain that Lagrange did not view 
them in this light. 

The like is true of Gauss (1801) who discovered the next case 
of the third of the preceding identities. 


ROTHE (1800). 


[Ueber Permutationen, in Beziehung auf die Stellen ihrer 
Elemente. Anwendung der daraus abgeleiteten Satzen 
auf das Eliminations-problem. Sammlung combinatorisch- 
analytischer Abhandlungen, herausg. v. CO. F. Hindenburg, 
ii. pp. 263-05. ] . 


The position of Rothe was quite different from that of 
Lagrange and Gauss, as his paper dealt explicitly with 
determinants (or, rather, with the functions afterwards known 
as determinants), and the case of axisymmetry is definitely 
referred to, although not by name. 

His one theorem may be illustrated by the case where the 
number of given equations is 4, and is then to the effect that if 
we have 

ax, + ba, + cx, + da, = 8 

bat, + ety + fats + 9a, | 
cw, + ft + hits + 10, = | 
dit, + 9, + is + je, = &), 


I 
ee) 


where the array of coefficients on the left is axisymmetric, then 
the same peculiarity of axisymmetry must make its appearance 
in the derived set which gives each of the a’s in terms of the 
four s’s. 

Starting with the more general set of m equations 


Ll.a, + 12.@, + ... +10.% = 8, 
Q1.a, + 22.0, + . 2s + 20%, = 8% 
N1.0,4+072.0,+ 2... NN. = Sy), 


and denoting the determinant formed from the coefficients on 
the left by N, and the cofactor in N of any coefficient pq by fpq, 
he proves in Laplace’s method that 


Nahi ia 
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fll.s, + {21.8.4 .... + fnl.s, = N.a, 
112.8, + f22.s,4 .... + {n2.s, = N.a, 
fln.s,+f2n.,,+ .... +{nn.s, = N.ty 


where, be it observed, the coefficients of s, are not the cofactors 
of the coefficients x, in the original set of equations but the 
cofactors of the coefficients of «,, @,,..., @» in the first equation 
of that set: in other words, the first column of coefficients in 
the derived set of equations corresponds to the first row of 
coefficients in the original set. Then taking another set of n 
equations having the same coefficients 11, 12, .... differently 
disposed, viz., 


Ll.gg+ 2l.y.+ ..-. + nly, = 2, 
P29, + 22.40 -F 1 . + WAY, = Vz 
PRY, PAT Yg ewe ND y = Vu) , 


but where of course the determinant of the coefficients is in 
substance the same as before, and therefore denotable by N, and 
where consequently the cofactors of the elements of which the 
determinant is composed are also the same as before, he proves, 
rather unnecessarily, that 


filo, + 112.0,4+.... +flrvw,= N.y, 
{21.v, + f22.4,+ .... + f2n.v, = N.y, 
fnl.v,+fn2.0,+ .... +f{nn.v, = N.Yn 


In this way it is made to appear that the coefficients of the one 
set of derived equations are the same as the coefficients of the 
other set of derived equations, the difference in the arrangement 
of them being exactly the difference observable in regard to 
the primitive sets. 

From this he passes to the case where the array of coefficients 
of the primitive set of equations possesses the property of 
axisymmetry, his words being (p. 301)— 
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“Tgt endlich fiir jedes p und g, pg=qp, oder ist bey den gegebenen 
Gleichungen, fiir jedes m, die mte Horizontalreihe der Coefticienten 
mit der mten Verticalreihe derselben einerley ; die Horizontalreihen 
nehmlich von oben herab, und die Verticalreihen, von der Linken nach 
der Rechten zu gerechnet, so ist auch allgemein fpg={qp, oder die mte 
Horizontalreihe der Coefficienten, mit der mten Verticalreihe derselben, 
auch bey den Auflésungsgleichungen einerley.” 


It may be noticed in passing that as the determinant of 
the coefficients in the derived set of equations is the conjugate 
of the adjugate of the determinant of the original set, there 
is involved in Rothe’s proposition the well-known proposition 
of later times, viz, that the adjugate of an awisymmetric 
determinant is also axisymmetric. 


BINET (1811). 


[Mémoire sur la théorie des axes conjugués .... Journ. de 
Ecole Polytechnique, ix. (pp. 41-67), pp. 45, 46.] 


[Sur quelques formules d’algébre, et sur leur application a des 
expressions qui ont rapport aux axes conjugués des corps. 
Nouv. Bull. des Sciences par la Société Philomatique, ii. 
pp: 889-392. ] 


With Binet we have a recurrence to those axisymmetric 
determinants which appear as equivalents to second powers of 
determinants or to sums of second powers. His theorems 


Ma? + 1,2)? + Molin? +o. MLYA MY, + Mylo + .. MLZ+ MLZ + MgNgto + . . 
MEY My LYy + Moog + .. MY? +INY,? + MgYo? + ~~ MYZ+ IM YZ + MoYo%y+ « 
MLZ MHZ + Mflgtg + + MYZ+ MY 12 + MpYo%y + +s M2? ++ m,2,7 + m2,2 +o. 


2 
|e My. Wy 


= MMM.) Y Yr Yo| + MMM: Y Yr Yo + ae 
G %& %% |) 


g h a 
|g mo +me? +... maytmeayy+ >. maz+myeyZ,F+ . 
h maytmey,+ i. my +my? +... myztmy z+ .. 
4 MOSM Gyr. MYZbIMNYZ +... Me +m,22 +.. 
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g @ «|? g © w,\* 
=mm|h y y,|+mm|h y yo| + mm, 
% @ % @ 2B 
Wu +... Uetuat.. uytuy,t+.. 
UE+Ujy +... @+ar>+.. wytuy,t.. 
WTwWYt.. sytnyt.. yr +y" +.. 
US FUje%,+.. ME4H2Z%,+.. YStye,t+.. 
WU Uy, Us, Us|? % U, My 
_|% % @ w, G Oe MX, 
or Os Fs a ¢ OS 
a a a a 


These all indicate most important advances 
the last of them is given by its author as the third of a series 


‘ 


pI 


9 &, %,|* 


fe My Ya | cb +253 


4 & 2% 


US+U4,2,+.. 
LE+H,2,+.. 
Y2+ Ye, +. 
P+ze7 +.. 


and, be it noted, 


the law of which he considered “facile a saisir.” In view of 
this, and the fact that in the following year he published his 
great memoir containing the multiplication-theorem in all its 
generality, we are bound to conclude that whatever credit in the 
latter he must share with Cauchy, the axisymmetric case of it is 


entirely his own. 


Further details need not be given, as this has already been 
done when dealing with determinants in general. 


JACOBI (1827). 


[Ueber die Hauptaxen der Flichen der zweiten Ordnung. 
Crelle’s Jowrnal, ii. pp. 227-233; or Werke, iii. pp. 45-53. ] 


[De singulari quadam duplicis 


integralis 


transformatione, 


Crelle’s Journal, ii. pp. 234-242; or Werke, iii. pp. 55-66.] 


In these two papers, which owe their inspiration to the famous 


memoir* of Gauss on the “Determinatio Attractionis ..., 


”? 


Jacobi concerns himself with two problems of transformation, 


* Commentationes societatis regi scientiarum Gottingensis recentiores, iv. (1818) : 
or Gauss, Werke, iii. pp. 331-355. For abstract see Géttingische gelehrie Anzeigen 
(1818, Feb.), pp. 233-237: or Werke, iii. pp. 357-360. 


294 HISTORY OF THE THEORY OF DETERMINANTS 


the first of which explicitly deals with the transformation of the 
ternary quadric 

Aa? + By? + C2 + 2ayz + 2bzw + 2cay 
into the form 

Lé? + M;? + NE; 

and the other implicitly with the corresponding change in the 
ease of a quaternary quadric. The papers will be fully discussed” 
when we come to deal with “determinants of an orthogonal 
substitution.” It suffices for the present to note that in the 
first Jacobi virtually gives as an equivalent for the axisymmetric 
determinant which we should now write in the form 


e—A x COSy —C “cos u—b 
“COS y—C a—B x#COSA—GA 
% COS u—b x COSA — G4 x—C 


the expansion 
(a-A)(%@-B)(a-C) -(«-A)(acosr~a)? 
— (z— B)(xcos p — 6)? 
—(%-—C)(%cosv —c)? +2(acos A -a)(x cos uw — b)(a cos v —¢ 


and in the second paper for the axisymmetric determinant 


| O—@ b’ b” ies 
b’ a +a CF ce 
b” oe a’ +a ro 
b” (oe ‘oi a” +a 


the expansion 


(4- a) (a +2)(a" +2)(a"" +a) — (a-a)(a’ +2)c2 - (a + a) (a'” +2)b2 
— (4-2)(a" +2)c" — (a +2)(a' +2)b' 
- (4-2%)(a" +x)0"2 — (a +2)(a" +2)" 
+ 2¢c'e"e" (aa) + cd" (a’ +2) + 2c" (a +a) + Qol"B'D" (a’” +2) 
+676? + BMC"2 4 B22 — 2b'b"c'e"” — Bb"b'"e"c” — 2B" B'd"e, 


—that is to say, the expansion arranged according to products of 
elements of the principal diagonal. 

A clause of the paper refers to the writings of Laplace, 
Vandermonde, Gauss, and Binet. 
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CAUCHY (1829). 


{Sur l’équation a aide de laquelle on détermine les inégalités 
séculaires des mouvements des planétes. Hwercices de Math., 
iv. pp. 140-160; or Huvres completes, 2° séx. ix. pp. 172-195.] 


The equation which Cauchy refers to in his title is exactly 
the equation with which we have just seen Jacobi occupied. 
Cauchy, however, comes upon it from a different direction, and 
it is no longer with him a cubic or quartic, but ann". 

The problem he sets out to solve is the finding of the 
maxima and minima of what we should nowadays call an n-ary 
quadric, viz., 


Aggt? + Ayy? + Aze+ ... + 2Ancy + QA,we + . 
subject to the condition that the sum of the squares of the 7 
variables x, y, z,... equals 1. Ina few lines it is ascertained 
that the equation in s, S=0 say, whose roots are the extreme 
values in question, is obtainable on eliminating @, y, 2, ... from 
the set of m equations 

(Agz—s)e + Agy + Jf Fs... = 90 
Ayet + (Ay—s8)y + Aye +....= 9 
Azgt + Awy + (Az—s)@ +...-= 0) 

where Ayje=Azy,.-..+ Remembering Cauchy's great paper of 


1812, we are quite prepared to find him at this stage proceeding 
to say :— 


«“§ sera une fonction alternée des quantités comprises dans le Tableau 


1, Mak ie a oe fe 
tee Ay -8 Ay. 
| re oad 


savoir celle dont les différents termes sont représentées, aux signes pres, 
par les produits qu’on obtient, lorsqu’on multiplie ces quantités, an, 
de toutes les maniéres possibles, en ayant soi de faire entrer dans 
chaque produit un facteur pris dans chacune des lignes horizontales du 
‘Tableau et un facteur pris dans chacune des lignes verticales. 
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The lengthy discussion of the character of the roots of S=f 
which thereupon follows, and in which the properties of 
“fonetions alternées” are freely used, belongs almost entirely 
to a different portion of our subject: for the present there 
concerns us only one theorem subsidiary to the said discussion. 
In modern phraseology this lemma is—S being any amisymmetric 
determinant, R the determinant got by deleting the first row and 
Jirst column of 8, Y the determinant got by deleting the jirst row 
and second column of 8, and Q the determinant got from R 
as R from §, then if R=0, SQ=—Y* The mode adopted for 
testing the truth of this is applicable to any determinant S, 
whether axisymmetric or not; and when the second condition, 
viz. the vanishing of R, is also removed, there emerges the 
simplest case of Jacobi’s theorem of 1833 regarding a minor 
of the adjugate. 


JACOBI (1831 Dec.). 


[De transformatione integralis duplicis indefiniti 


Opov 
\axee $+ Osin 6+(A’+ B’ cos $+C’sin $)cosy + (A’ + B’ cos¢ + C’ sing) sin 


On08 
G —G' cos 7 cos 6 — G” sin 7 sin 6° 


in formam simpliciorem | 


Crelles Jowrnal, viii. pp. 253-279, 321-3857; or Werke, iii. 
pp. 91-158.] 


As the algebraical transformation effected in this paper is an 
extension of that dealt with in Jacobi’s second paper of 1827, it 
is only what might have been expected to find expressions. 
contained in it which may be viewed as axisymmetric deter- 
minants. Such expressions are two forms of the square of 


A(B’C’ coe" B’C’) + B(C’A’ = CA’) + C(A‘B’— A"B’, or A 


and the non-zero side of the cubic equation therewith connected, 
upon which the whole investigation depends, viz., 


x? aaa x?{ A? aE B2 + C2 + A” + B2 + Cc ae A” + B2 + C”} 
+e {(BCO' Bee } 
aes {A(B’C”—B’C’) + B(C’A’ — C"A’) + C(A’B" — AB’) }2 


? 
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No hint, however, is given of these expressions being deter- 
minants,—a fact which is all the more noteworthy in view of 
the reference made in the second paper of 1827 to the writings 
of Laplace, Vandermonde, ... , and in view of the reference 
made on p. 350 of his present paper to Cauchy’s of 1829, where, 
as we have just seen, “fonctions alternées” are explicitly used 
throughout. As a mere aid to the memory it would appear 
to have been worth while to note that if one of the said squares 
of A be the determinant formed from 


m I an 
the non-zero side of the fundamental cubic is the determinant. 
formed from 


/ 


e—l wv m 
n e— mM U’ 
mn bE “—-n, 
and that the coefficient of —x° in the cubic is the square of A, 
the coefficient of a! the sum of the squares of what came 
afterwards to be called the “primary minors” of A, and the 
coefficient of x? the sum of the squares of. the secondary minors. 


JACOBI (1832). 

[De transformatione et determinatione integralium duplicium 

commentatio tertia. Crelle’s Journal, x. pp. 101-128, or 
Werke, iii. pp. 159-189. ] 

This last paper of the three dealing with the transformation 
of integrals contains less regarding our present subject than 
either of the others. The only thing worth noting is the curious 
cubic equation 

a® { abe — ad? — be? — cf? + 2def } 
5 a (be—d?) “+ D(ca—e) + o (ab—f?) \ 
= es 2d'(ef—ad) + 2e(fd—be) + 2f' (de—cf ) 
a(b’e’ —d?) + Dd(ca’—e”) + e(a’—f? - 
i i Qd(¢f’—a'd’) + 2e( fd’ —V'e) + 2f(d'e cf’) 
— {abe — ad? — Ve? — cf? + def} = 0 


¥ 
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where the first and last coefficients are in modern notation 


Cn Fae een PRY 
i 30 PO ee 
ead ve ‘ fue, es 
_ the second coefficient from the beginning is 
a’ ta e a f e a ne 7) | 
TTD. Os A ND ee ae 
Cs ke & oo G1 Cae Ae 


or 


Aa’ + Bb’ + Ce’ + 2Dd’ + 2Ke’ + 2F/’; 


and the second from the end 


le | mee he ce ee 
EOE A a aie 
Ca IC 6-0 -@ l etidece 
or 
A’a + Bb + Ce + 2D'd + 2E’e + QF f, 
or 


A'a+Ff + Ee 
+F/ + Bb + Dd 
+ He +Dd+ Ce 


JACOBI (1833). 


[De binis quibuslibet functionibus homogeneis secundi ordinis 
per substitutiones lineares in alias binas transformandis, 
quae solis quadratis variabilium constant; una cum ..... 
Crelle’s Journal, xii. pp. 1-69; or Werke, iii. pp. 191-268.] 


As in this great memoir Jacobi sums up and generalises the 
results of his papers of 1827, 1831, 1832, in which; as we have 
seen, axisymmetric determinants were implicitly made use of, it 
is at first somewhat surprising to find very little reference to 
properties of determinants of this special form. The reason, 
however, doubtless is that when he came to extend his theorems 
from the third or fourth order to the nth, he also withdrew the 
restriction as to axisymmetry and gave the results in quite 
general form. In support of this the fifth and sixth sections 
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(pp. 8-11) may be referred to,—sections which on account of 
being concerned with determinants in general have already been 
dealt with in the proper place. Even when he comes, as before 
in the particular cases, to his equation for determining the coefii- 
cients of the squares of the new variables, that is, the equation 


T=0 
where is described as the expression got from D+ dy Mog +++ Uap 
by changing @,, dg, ... into @,—, Gy—%,... he gives an 


expansion of I’ according to ascending powers of a, which holds 
whether a,,=@,, or not. The passage is— 


“Quod attinet ipsam ipsius I’ formationem, observo, si signo 
summatorio S amplectamur expressiones inter se diversas, que permutatis 


indicibus 1, 2, 3, ..., » proveniunt, fieri : 
rT = DEO, Aon ++ + Fn 
— £SLTAA), Moy -- + Una, n-1 
+ @8ZL£A) Mog +++ Inv, n-2 


+ 2° SZ + Ay, Ugo 
F 2S +44, 
seu: 
Qua in formula, expressio 
2G; Bog » + + Omen 


n(n—1)...(n—m+1) 


designat summam expressionum, 


ect, 100 
que e 
- Dz yy Ugg + + + Umm 
proveniunt, si in 
Gn Wess « 6 Orpig 
loco indicum priorum simul ac posteriorum 1, 2,..., m scribimus 
omnibus modis, quibus fieri potest, m alios e numeris l, 2, 3,..., %” 


There are, however, two minor instances in which it is the 
special determinant that is alone concerned. The first occurs 
after proving (p. 18, footnote) the theorem (see Rothe’s paper of 
1800) that if the solution of 


Ayal + Ge,%g +... + Anar®n = Ur (ve 1, 25. tt) 
be 
Ee = Ay Qo Perey Ann = Dy Wy + Og Ug + eee + dpnUn (c=1, aA rey n) 
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then the solution of 

AnY1 + ArYo +... + ArnYn = Vr A=1, 2.2.5) 
must be 
Yu 2 He Byi Wag os  Oay = Dyk Dake. Heda ge (c=1, 2,..., 0) 


when he adds the corollary that Uf Gen = Any then also by = Dre 
The second occurs quite similarly when, having pointed out 
(p. 20) that the coefficients b,, in either solution are expressible 
as differential-quotients of DS -dy,do~... nn, he adds the 
sentence, “Quoties a, = a, differentialis semisse tantum sumi 
debet si « et \ diversi sunt.” 


JACOBI (1834). 


[Dato systemate m equationum linearium inter n incognitas,. 
valores incognitarum per integralia definita (2 —1)tuplicia 
exhibentur. Crelle’s Journal, xiv. pp. 51-55; or Werke, vi. 
pp. 79-85.] 


Jacobi having already pointed out in his long memoir of the 
preceding year that the cofactor of a, in 


2 = Gy Mon». + Onn, or N say, 


ON . 


“ Oda 


is 


and having now to deal with the ease where a, = d,, draws 
attention again to the fact that in solving the equations 


Ay Yy + Mp Yot.... + Gin Yn = M, 
1 Y1 Mo Yo +...» On Y, = My, 
ny Yy sr Ana Yo =f See aca Se Cnn Un = Mn» 
we no longer obtain 
IN ON ON 
My = Gt (Gon oe 
but : ‘tt 
ON ON ON 
Ny = (S-)m, + 3()m (S) 
YY ee 2 Oty, 2 ots os 3a, Mn+ 
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—his explanation being that the differential-quotient of N with 
respect to aa; where « and X are unequal, is obtained by first 
viewing a@,, and am, as being different, adding together the 
differential-quotient with respect to @,, and the differential- 
quotient with respect to a,, and then putting a, = Ay«- His 
own words are— 

Si Vero Axx = x differentiale partiale secundum a,, sumtum, quoties 
non k=, obtinetur, Sl primum x, et Max. diverse statuuntur, atque 
differentialia partialia secundum a,, et secundum a, sumta iunguntur, 
ac deinde a,, =a statuitur: quo facto cum utraque differentialia 


zequalia fiant, casu quo 4, = Mx valor duplus emergit eius qui in 
formulis (3) locum habere debet.” 


LEBESGUE (1837). 


[Theses de Mécanique et d’Astronomie. Premiere Partie : 
Formules pour la transformation des fonctions homogénes 
du second degré & plusieurs inconnues. Journ. (de Liou- 
ville) de Math., ii. pp. 387-355.] 


Lebesgue’s subject is exactly that dealt with in the first part 
of Jacobi’s memoir of 1833, viz., the transformation of a general 
homogeneous function of the second degree into- one containing 
only squares of the variables. Indebtedness to Jacobi, Cauchy, 
and Sturm is indirectly intimated at the outset, and the paper is 
modestly offered as being new in manner rather than in matter. 

Like Cauchy and Jacobi, the author of course is led to the set 
of equations from which by elimination there is deduced the 
equation for the determination of the coefficients of the new 
variables; and recognising that “le premier membre de cette 
équation n’est quune de ces fonctions nommées déterminants,” 
he devotes his second section of five pages to the properties of 
these functions. Throughout this section prominence is notably 
given to determinants having the elements A,g, ‘Ag, equal; and 
such determinants are spoken of as “symétriques,'—a noteworthy 
fact, since up to this time no separate name had been applied to 
any specific form. “On peut dire alors,” Lebesgue says, 


“que le systeme est symétrique, puisque les nombres qui le forment 
sont placés symétriquement par rapport aux nombres é indices égaux 


Bai Begg 85 A,,, qui forme la diagonale du systéme.” 
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The first proposition is that in a symmetric determinant 
[9, 2} = [¢, g], where [g, 7] is used to denote the determinant got 
from the original determinant D by suppressing the g™ row 
and <™ column. 

The second is that— 


“Pour tout déterminant nul on a 


ly, 9] -[, 1] = [1, 9] : Ly, 1] 
et par conséquent pour un déterminant a la fois nul et symétrique 
[9,9]. [25 4] = (4, gP = [g, af” 
This is proved independently, but, of course, it is nowadays 
best viewed as a special case of Jacobi’s theorem (1833) regarding 
a minor of the adjugate. The third and fourth propositions 


combined are to the effect that in every perfectly general 
determinant 


dD oh ae 
da, = CDE, 9], 


while in a symmetric determinant 
dD _ aDy agate 
aka ly, 9], ike (-1)"" 2[7, g]. 


A proof of the last of these is given,* the starting-point being 
the identity 

D= 7 [n,n] a re [n,n —1] a die [n,n —2] ie Se ote 
where D is expressed in terms of the elements of the last row 


and their cofactors. By differentiating both sides of this with 
respect to the particular non-diagonal element A,,,_, there is 


obtained 
dD { ana tt d[njn—2] 
assess ee | Oe = ed Ne A i CoN Dy 
CN [n,10 1] os Ae pe + Annes day ckeize 


The differentiands on the right of this, viz. [n,w—1],[nn— 2 |e 
although not involving Ann-1 do involve An-tn Which is the 
same as A,,_,: consequently their differential coefficients are 
other than zero and have to be found,—that is, we have to find 


* There are several misprints in the original, and the paging of the volume is 
hereabouts all wrong. 
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d[n, 2] 

DAn—1 

fs Expanding [n, 2] after the manner of D above, but now in 
terms of the elements of the last colwmn, we obtain 


iy = N,% n,% n,% 
i, *) ae Bas é ] a ae) : ] sta nea s ‘ Nae 6 Ts Xe 


where 1<%. 


n—-1,n n—-2,n n—3,N 


and therefore, since the second factors on the right do not 
contain A,_,,, or A,,,-; (both the n row and n™ column being 
gone in all of them), there results 


d[n, 7] =( n,% |. 


dA, 1, ‘n—-I,n 
Substituting this above we see that 
dD nn—1 nn—2 
We a [n,n ica 1] oe fee é et m = Ba axs iC ma | id Pa to tac 


= —[n,n—1] — [n,n—-]], 

= — 2[n,n—1]. 
The theorem having thus been proved for the case of the suffixes 
(n—1,7), the passage to the case of any unequal suffixes is made 
by saying “Par un déplacement de séries horizontales et de 
séries verticales, on trouvera 

Te = CD 26 9] 

comme il est dit dans ]’énoncé.” 

Save for a page in which the development of a symmetric 
determinant for the cases n=2, 3, 4 is given, the rest of the 
paper is taken up with the concluding portion of the solution of 
the problem of transformation. It may be well to note, however, 
that on the page referred to (p. 347) the determinant of the 


system 
4, — a, AS, ae a ae 
Ay Aas — UW ene ie Aon 
Ain Asn ria Aiog — Ub 


is denoted by 
dét. [A,,-—U, Ag-UW+-+> Aun — U). 


aa 
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JACOBI (1841). 


[De formatione et proprietatibus Determinantium.  Crelle’s 
Journal, xxii. pp. 285-318; or Werke, iii. pp. 355-392; or 
Stickel’s translation ‘Die Bildung und die Eigenschaften 
der Determinanten, 73 pp., Leipzig, 1896.] 


As already noted (see above p. 271) Jacobi formally enunciated 
in this his great memoir Binet’s case of the multiplication- 
theorem when the product-determinant is axisymmetric. 


CAUCHY (1841). 


{Note sur la formation des fonctions alternées qui servent & 
résoudre le probléme de l’élimination. Comptes Rendus ... 
Paris, xii. pp. 414-426; or Gwvres completes, 1° sér. vi. 
pp. 87-99.] 


The early part of this paper, in which the finding of the terms 
of a general determinant (“fonction alternée”) is made dependent 
on a study of the properties of “ groups,” or index-cycles as they 
would more appropriately be called, has already been described. 
The nature of it will be readily recalled from the mode of writing 
the expansion of the determinant of the 4% order, viz., 


Ay Fa9bgs04, — 2D yy Ugo g4Qas oh DX Ay Agg Aggy 
oe Z Gh 9Fy1 Ags Ogs = X Ay lggA 3404 ) 


where under the last = are included all terms (6 in number) 
whose indices form one quaternary cycle, under the preceding 
> all terms (3 in number) whose indices form two binary cycles, 
and so on. 

On coming to consider a determinant in which hy = Oy, 
Cauchy points out that because of this peculiarity every term 
will be found repeated unless those whose index-cycles are all 
lower than ternary: for example, in the case of the determinant 
of the 4" order, the six terms having a quaternary index-cycle 
are condensed into three with the coefficient 2 prefixed, and the 
eight terms having a ternary index-cycle into four with the 
same coefficient, the whole result being— 


Se 


ex, 


- formulated in later phraseology as follows: 
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LyyMogMg3yy — DAyAyaz, + 2D 1 Ag3Ag4og 
oe pS GaGa, ae 2 > yoAo334Ay4 . 


The detinite theorem reached by him on this point may be 


If vs, v4,... be the number of ternary, quaternary, and higher 
index-cycles mm any term of an axisymmetric determinant, 


the coefficient of the term when condensation takes place is 
Dvstvst - ea 


By way of proof it is stated that when we have got a term with 
index-cycles higher than binary, we may, by reversing the order 
of the indices in one of the said cycles, obtain another term of 
the development, and that this will be equal to the former. For 
example, if a term have the quaternary cycle (1, 2, 3, 4), another 
term is obtainable by simply changing this into (4, 3, 2, 1), the 
effect on the original term being to change it from 

fe Cellet? 1s 
into 

bs OQig hin Geen 1% 
which, in the circumstances, is equivalent to no substantial 
change at all. 

“Pour fixer les idées” he takes the case of the 6 order, 

giving the following as the development of what we should 
nowadays denote by |ty,oobggayb soo |rs=sr> VIZ 


Dy Ag ggQbyyUslyg — LD AyyAneUga(bay eg + Dy Mog 34Azg — Di MieA3,Cl56 
LDA Ag Aggy Ugo ley — 2 DW Ay V3 sbysAsobo, + AD Ayo Ayah basU56 a 
ZL A Maggy Ugobog + 2D AjyAsyAysl5%eg + 2X yy Cog bya Vas Use Uo2 
= LQ AMyyMogbgyUysUso%r » 

where it will be seen that the first four types of terms correspond 

to the following partitions of 6, viz., 

Laie et Beg Led eg OR eae ae Be eek ce 2 2 2 


and the remaining types to the remaining partitions, 


rat ea eee 12.38 Ce 
ee 2,4 a) 
6 


M.D. U 


CHAPTER XII. 


ALTERNANTS FROM THE YEAR 1771 TO 1841. 


TuE first traces of the special functions now known as alter- 
nating functions are said by Cauchy to be discernible in certain 
work of Vandermonde’s; and if we view the functions as 
originating in the study of the number of values which a 
function can assume through permutation of its variables,* such 
an early date may in a certain sense be justifiable. To all 
intents and purposes, however, the theory is a creation of 
Cauchy’s, and it is almost absolutely certain that its connection 
with determinants was never thought of until his time. 


PRONY (1795). 


[Legons d’analyse. Considérations sur les principes de la 
méthode inverse des différences. Journ. de He. Polyt., i. 
(pp. 211-278) pp. 264, 265.] 


In the course of his investigations Prony comes upon a set -of 
equations 


My bg “Te see aos Mn = % 
Pilly“ Pata <i oo Ppt See 
2 2 2 
Py, Poly Powe ee Prin es 
pT My H pry to ph, = 2, 


* The history of this subject is referred to in Serret, M, J.-A.: “Sur le nombre 
de valeurs qui peut prendre une fonction quand on y permute les lettres quelle 
renferme,” Journ. (de Liouville) de Math., xv. pp. 1-70 (1849) 
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where the coefficients of each unknown are the (*, Lt OM ere. 
powers of one and the same quantity, and where, therefore, the 
determinant of the set is that special form long afterwards 
known as the simplest form of alternant. The full solution is 
given for the first four cases, but without any indication of the 


method employed. Thus for four variables the results appear in 
the form 


— PepsPs%o + (pops Popst psps)% — (pot pst ps2 + o 


as = 
; (Pi — P2)(pi— P3)(pr— Ps) 

ieee PipsPs2o + (PrPst Prpst Psps)21 — (pit pst ps)% + 23 
- (P2— P1)(P2— Ps)(p2— ps) 

aa 

a oe 


and the writer then adds :— 


“En général, quelque soit le nombre 7, pour avoir le numérateur 
de la fraction qui donne la constante p,, il faut prendre toutes les 
racines, excepté la racine p,, et des n—1 racines restantes, en trouver 
produit total, la somme des produits n-2 &4 n—2, n—3 a n-3, 

-4 a n-4, ., 2 & 2, 1 & 1, multiplier, respectivement, le 
produit total et chacune des sommes Par %, 2% 2 - nay net 
ajouter z,_,, et donner & tous les termes des signes alternatifs, en 
commengant par — ou +, selon que » est pair ou impair. 

“Pour avoir le dénominateur, on soustraira, successivement, de 
p, chacune des autres racines, et on fera un produit de toutes les 
différences données par ces soustractions.” 


It is, of course, quite possible that Prony was not acquainted 
with Vandermonde’s memoir of 1771, or Laplace’s of 1772, or 
Bezout’s of 1779; and, further, that in seeking for the solution 
of his equations he was lucky enough to hit upon the set of 
multipliers which, being used, would, on the performance of 
addition, eliminate all the unknowns except one; ¢.g., in the case 
of four variables the multipliers 


7a .P2P3P2> 
+ (pops + pops t PsP)» 
— p+ps3tpu)> 

it. 


If, however, he was familiar with the method of any one of 
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these memoirs, and applied it to the set of equations under 
discussion, it would scarcely be possible for him not to anticipate 
Cauchy and Schweins in the discovery of the elementary pro- 
perties of alternants. Thus, to take again the case of four 
variables, say the equations 


CT Ye 6 wap 
ax+ by+ ca+ dw=q 
wa+ by +e¢+Pw=r 
va + by + &z + Pw=s 


Laplace’s process would have given the value of x in the form 


| bled? | p — | b°e?d?| q + | b°%ctd*|r — | b°ctd?|s 
| bie2d? | a® — | b°e*d? | a + | b°cld? | a? — | b°cld? | a?’ 


and Prony obtaining it in the form 


bed. p — (be+bd+cd)q + (b+e+d)r —s8 
bed. a® — (be+bd+ed)a + (b+ce+d)a?— a? 


could not have failed to know in their general forms the theorems 
|.bte?d3 | + |.b°ctd?| = bed, 
| b°c*d?| + | b°eld?| = be+bd+ed, 
| Ded? | + | b°cld?|} = b+c+d, 


and 


| ated? | + | b°ctd?| = (d—a)(c—a)(b—a), 
and .*. | a°b'e"d? | = (d—u)(e—a)(b—a)(e—b)(e—a)(b—a). 


CAUCHY (1812). 


[Mémoire sur les fonctions qui ne peuvent obtenir que deux 
valeurs égales et de signes contraires par suite des trans- 
positions opérées entre les variables qu’elles renferment. 
Jowrn. de V Ec. Polyt., x. pp. 29-51, 51-112; or @uvres 
comupletes, 2° sér. i.] 


By reason of the fact that Cauchy viewed determinants as a 
class of alternating functions, it has already been necessary to 
give an account of a considerable portion of the first part 
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(pp. 29-51) of this memoir: in fact, only five pages (pp. 45-51) 
remain to be dealt with if the portion referred to be borne in 
mind. 7 
From observing the substitutions which result in the vanishing 
of the function, he derives the following theorem :— 
_“Soit S(+K) une fonction symeétrique alternée quelconque. De- 
signons par a, 8, y, &c., les indices qu’elle renferme, et par 
Ga, Gp, &. 


y? 


Urs bp, by, 


les quantités qui dans cette fonction se trouvent affectées des indices 
a, B, y,.... Silon remplace 


Beery eel Ps Opies ee oat ys Ryness 


par des fonctions semblables des quantités @,, Mp, Uy +++ +5 la fonction 
symétrique alternée deviendra divisible par chacune des quantités 


a, — A, 
1 

Ag — Ay, 

7) —_ Ay» 


From this he passes to alternating functions “ which contain 
only one kind of quantities,” and deduces the result that 


S(tataf....a,) is divisible by 
(gy) (Mg — Ay) «0 (Gn — 1y) (Ag Uy) + + ++ (my = Ma) «+ +» (Qy,— Uy -1)- 


The question as to the remaining factor is then dealt with in 
the three simplest cases :— 


(1) In the case of S(+aja,.... a’) it is found as follows 
to be 1. 


“Ta somme des exposans des lettres a), My +++5 % dans chaque 
terme de la fonction symétrique alternée 
O18 —2 n—1 
S(tarasa,.... Ay 1%, ) 
sera 
n(n — 1) 
Geren. +(e —2)+(n-1l) = —3—: 
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Mais les facteurs du produit A [22., (4,—4)(d3-— 4) .. ++» (@,-4%-1)] 
étant aussi en nombre égal & 4n(n—1), la somme des exposans des 
lettres @,, dy, ...., @, dans chaque terme du développement de ce 


\ = i ? 
produit sera encore égale 4 ce nombre; par suite, le quotient qu'on 
obtiendra, en divisant la fonction symétrique alternée par le produit, 

: se ics 
sera une quantité constante. Soit ¢ la quantité dont il s‘agit, on aura 
n 01,2 I EN 
"(1d Ole 2G Oe pire 
Pour déterminer c on observera que le terme 


0,12 n—1 
COM we, 


a pour coefficient l’unité dans la fonction donnée et dans le produit A ; 
on doit done avoir ¢= 1.” 


Before proceeding to the next case he calls to mind the fact that 
the product or quotient of two alternating functions of order n 
is a symmetric function of the same order, 

and is thus enabled to amplify one of the preceding propositions 
by affirming that 

the result of dividing S(+ataj...a,) by S(+ata,...a*") as 
a symmetric function of dy, dz,.+., On: 


(2) In the case of S(taja,... a’ ia") the quotient is found 
to be ay +a.+... +d. 
For the quotient “sera nécessairement du premier degré par 
rapport aux quantités a,, d,,..., @,: et comme elle doit étre 
symétrique et permanente par rapport A ces quantités, on sera 
obligé de supposer égale & 


C(t +d_+ ..+-+A,) = cS(a,), 
¢ étant une constante qui ne peut différer ici de l’unité.” 


(3) In the case of S(taja;... a") the quotient is, of course, 
found to be a,a,... a 


n° 


The memoir closes with the conditions for the identity of two 
alternating functions, these being stated to be (1) that all the 
terms of the first functions be contained in the second ; (2) that 
the terms have the same numerical coefficients in both; (8) that 


one of the terms of the first has the same sign as the correspond- 
ing term of the second. 
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SCHWEINS (1825). 


[Theorie der Differenzen und Differentiale, u.s.w. Von Ferd. 
Schweins. vi+666 pp. Heidelberg, 1825. (Pp. 317-481: 
Theorie der Producte mit Versetzungen.)| 


It may be remembered that Schweins’ large volume contains 
seven separate treatises, that the third treatise deals with deter- 
minants (Producte mit Versetzwngen), and is divided into four 
sections (Abtheilungen). The first of the four almost entirely 
concerns general determinants, and consequently an account of 
it has already been given. The second section (pp. 369-398) 
now falls to be undertaken, its heading being “ Determinants in 
which the upper index denotes a power” (Producte mit Versetz- 
ungen, wenn die oberen Elemente das Potentiiren angeben). 


His first theorem is 
h hh h a ay h+ay, h+ta, h+dg h+an 

Pe ee ag ag gene oie ea | a Wile Para ae 
which is seen to be an extension of one of Cauchy’s; but, 
besides this, in the first chapter there is practically nothing 
worth noting. The remaining four chapters, however, are full 
of interest, and deserve every attention, as until the present day 
they have been utterly lost sight of and contain a theorem or 
two which are still quite new. 


The second chapter concerns the multiplication of an alternant 
of the n™ order by the sum of the p-ary combinations of the 
variables in their h power. In Schweins’ notation this product 
is represented by 
Mm a ) ; 


POLL ea ies 


1 a m 


in later notation, the case where n=3, p=2, h=5 would be 
written 


(a°O8+ a+) | ar at at |, or Barbs, |ardec'). 
bob OF 
ie & € 


The case where p=1 is first dealt with, and the proof is 
written out at length without specialising 1; but as this does 
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not add to clearness or conviction, n may here, for convenience 

in writing, be taken =4. Let, then, the alternant be 

|a’btc'd"| 

so that the multiplier is 
a*+b"+ch+d". 

Expanding the multiplicand first according to powers of a, we 

perform the multiplication by a’; expanding next according to 

powers of b, we perform the multiplication by b”; and so on, 


the sum of the products being naturally arrangeable as a square 
array of sixteen terms, viz., 


ar" Beo'd™| — at bre'd"| + att*| bresd| — a%**| bred! 
— br lateld"| + bt arctd"| — b+ ared"| + be larctd'| 
+ oe asbid"| — et arbid"| + cM arb'd"| — oarbed!| 
—d"**! afbic™| + dst arbic| — dit*| a”b’c"| + d***| arbec!|. 
Recombination of these, however, is possible by taking them in 
vertical sets of four, and the result of doing this is 
ja™*brefd*| — jas bretd"| + ja bre'd"| — la™brerd"| ; 
so that we have 
|arbec'd|. Da® = ja*bee'd4| + \ab*+ *eld"| + |a*b'e'*d"| + arbec'd"*4, 
and generally 
arbre” .... |. Da = lat *rctdver.... | arbre’ 
+ |a"b’e de? «2 con 
The special case where-7,s,t,u,.... proceed by a common differ- 


ence, h, is drawn attention to, as then all the alternants on the 
right vanish except the last: that is to say, we have 


r rth r+2h r-+(n—1I)h a, Yr rth r-oh r+(n—2)h r+nh 
[aoe eee a be Sa, = lala ee a 


1 3 n—1 n ’ 
a result which may be looked upon as an immediate generalisa- 
tion of one of Cauchy’. - 

When p>1, the mode of proof is totally different, being an 
attempt at so-called “mathematical induction.” Tt is not by any 
means readily convincing, and is much less so than it might have 
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been, as, although there are two general integers involved, viz., p 
and n, Schweins attends only to the second of them. He begins 
with the case of n=4, p=2,—that is to say, the multiplication of | 


larb*c'd"| by Dard", 
the result being 


h h h Ae | a 2 as a sn ay h+dy re Su 
(A,, As, As, Ay 2 A, A, A A, / ¥ A, 
ef. | er dz h+ag aa) 


ht, ae aL h+a 
+ Jay "ayay ay”) 
i | 
+| ay yma = ") 
,A 
m4 h+d, ei ve 
+ aya, ) 


+ brane) 


To indicate the mode of formation of the alternants on the 
right from the given alternant on the left, he says :— 


“Hier entstehen alle Vertheilungen von hf, h zu zweien in vier 
Abtheilungen namlich 


h+a, | h+a, As iy 
ee Ay evs, F. ie 
h+a, Ay d, | h+a, i 

a, | h+a, | h+az Oy 

a, | h+a, dg | h+a, 

a, M | h+a, | h+a, | ,, 


He next takes the case where n=5 and p=3: that is to say, 


the case of 
|a"bic'd"e”| : >, aPb*c", 
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and gives as his result 


6é 


(Ar; At, Ae Aus Ay) 


“fe 


so 
*| 


+ 


AYA, 
a; 


1 


a a MH 


A, A, A; 


ht+a, ht+ag h+d3 ay as 
4 D 


2 3 


2 3 


4 


:) 


h+a, h+a, ag h+ag Gs 


As) 


© Pe ous. we Eee eae mae es 6 seen 


a htdg htay htas 


5 ee Be 


4); 


wo h, h, h in funf Abtheilungen zu dreien vertheilt werden, namlich 


h+a, | h+a, | h+a, hy a; 
h+a, | h+a, a, | h+a, a; 
oe h+dy as hy iiges 
h+a, a, | h+a, | h+a, a; 
h+ a, Ay ; h+ sy a | h+a, 
h+ a, Ay ne a h+a, | h+a, 
| A+d, | h+ag | h+ay a; 
ad, | h+a, : h+as a, | h+a, 
a, | h+a, ie ht+a, | h+a, 
a, dete bea) | Oh a, | h+a, 


”? 


the table being intended to make clear the fact that the five 


indices of each of the ten alternants on the ri 
are got from the five 


The mode of formation, seen to hold in 


Ay, Ag, Bs, Oy, As 
of the given alternant on the left by adding h to three of them. 


then supposed to hold for 


(oe 


vey A 


h 


m—1 


On-1 


ASS ) ? 


ght of the identity 


these two cases, being 


a ere 
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is attempted to be shown to hold for 


( h h h h ne | Gy My n=] | 
ee eK AoA, 3. Ac A.) 


oat Na 
that is to say, the case for 7 variables, A,,..., A, is sought to 
be made dependent on the case for »—1 variables, A,,..., A,_1, 


p remaining the same in both. The process followed is to 
change the first factor into 
h 


i." he h h\(p 
eae AAS 
h h A h h =1 h 
<i Aj Ve eg Rs anaes 
express the second factor—the alternant—in terms of 7 alter- 
nants of the (n—1)" order, and then perform the required 
multiplication and condense the result. This being satisfactorily 
accomplished, it would not of course follow from the two special 
cases previously dealt with that the theorem had been established 
in all its generality, but merely that it held for any number of 
variables A,, A,,... so long as p was not greater than 3. The 
passage from one value of p to the next higher—which is left 
unattempted by Schweins—is not free from difficulty, as will be 
seen on trying a particular instance,—say the passage from 
|a"b'c'd"| . (ab +atct + ald! + brch+ bid" + cid") 
to 
la"bc'd"| . (atbhc + a®bhd" + altetd’ + bre'd"). 
Several special cases of the general theorem are noted, where 
a number of the alternants on the right vanish and where con- 
sequently a comparatively simple result is attained. The first 
of these is where the indices of the alternant to be multiplied 
proceed by a common difference 1: the identity then is 


h h h\(p) ath a+2h a+nh 
fi 4, <A) Jay A, n ) 
ath a+2h at(n-p)h at+(n-pt2yr at(n+lh 
re la, 2 wees An-p n—-p+1 coos thy ), 
The second is where h=—h, and the indices proceed by a 
common difference h, the result then being 
-h -h —h\(p) ath a+2h atnh 
eee ie A, LA) 


a ath at(p-Dh at(p+)h ae 
=| pA, «++. Ap p+ eee ae 
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The third is where the series of indices consists of two pro- 
gressions proceeding by the common difference h, and where, of 
course, there are fewer vanishing terms in the product. 


In the next chapter the subject matter is quite similar : in fact, 
the only difference is in the constitution of the multiplier, which 
is more extensive than before by reason of the fact that in 
forming the p-ary combinations there is now no restriction as to 
non-repetition of an element. Thus, instead of the example 

|a"b%c'| . (ab + arch + bc") 
we should now have 
|a"b*c*| ; (ab? + arch + bho” + a7" + b+ c%), 
The method followed is exactly the same as before. 
cases are carefully worked out, viz., 


Three simple 


|a’bs| : (a = hb oe ab) : s 
|a”bsc'| : (a+ br at Cree abr = arc + beh) ; 
larb%c"| ; (a + 53 + Gh ate ah" Je ang +. bear at rh gh =f Char ab C2hhh ae a’b"c") 


La 


LA 


the results in Schweins’ notation—where the change to rect- 
angular brackets should be noted—being 


h h7(2) a Ay | 2k+a, ag coe h+ag a, 2h+ay 
Lay tel Wagas) = Paya) + Daya) [aa 
USpeocax 
h h N72) | a a *) 2Qh+ay dg ‘| | 1 2h+aq dg 
1 Ay, A, | : A, A, LO ona A, A, A, si ee i, 
Mm dg 2h+ag h+a@ h+ag as 
+| ) +| ) 
A, A, A; * 1 2 3 
h+a@ dg h+ag & h+ag ht+a 
+| )+| } 
A, As A; + Leaeac 3 q 
h h h7(3) m de “| | 3h+a, dy ) a, 3h+tdq ag 
vp Ag, A, | -|Ay A, A, ) = A, A,A, a | 12 e 
i | ty ag tig oe 2h+a, h+de **) 
a awa} 1 2 3 
2hta, do h+tag ay 2h+d,g h+ag 
+ Ja ayas”) + | ) 
al a LS a2 3 
h+a, 2h+ag ag h+a@ a2 2h+a 
an | ) 1, M2 *) 
1 2 3 a A, A, As 
a ht+dy 2+asg h+a h+tag h+a: 
i na y 
Ay Ay 3 ‘ 1 2 3 
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Each result is seen, as in the preceding case, to be a sum of 
alternants differing only in the indices from the alternant which 
is the subject of multiplication. Further, it is observed that this 
difference is a difference in excess, the indices of the multiplicand 
appearing in all the terms of the product, so that the only 
difficulty is to ascertain what addendum is to be made to each, 
The next observation is that the addendum is a multiple of h, 
and that in the three cases the multiples are the following :— 


2h, Oh 2h, Oh, Oh 3h, Oh, Oh 
1h, 1h Oh, 2h, Oh Oh, 3h, Oh 
Oh, 2h Oh, Oh, 2h Oh, Oh, 3h 
lh, lh, Oh 2h, lh, Oh 

1h, Oh, 1h Qh, Oh, 1h 

Oh, 1h, 1h Oh, 2h, 1h 

lh, 2h, Oh 

lh, Oh, 2h 

Oh, 1h, 2h 

Lh, lilt 


The law of formation seen by Schweins in these coefficients of h 
is to be gathered from the sentence, “ Hier werden alle mogliche 
Zerfallungen einer Zahl in mehrere Abtheilungen gebracht,” and 
is nothing more nor less than the solution of the problem of 
putting p things in every possible way into compartments. 
Thus, to take another example, if p were 2 and m were 4, the 
coefficients would be 


Oo 


— 
eoo~wso 
on oS 

NSS ° 


. 


= 


. 
. . . 


. 


ee) ee eg ie 
oS 

Horror S 

eH eH OF CO 


v 


ORE 


. 
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Assuming this law to hold in the case of 7—1 variables AY once 
A,,_1 his mode of writing it being 


h 


h h (p) i, ey ee 
ie Ass ihieng Apey mae Big sid ge ic Pia A 


1 


he tries to show that it will hold in the case of one additional 
variable A,, the possible variation of p being ignored as before. 
To do this he changes the first factor 


h h h7)(p) 
ie Cerny ee 


Hf he h pete 
toe Pr Se A 


and the second factor exactly as it was changed in the preceding 
chapter, performs the required multiplication, and condenses 
the result. 

The rest of the chapter is occupied with the consideration 
of special cases, the lines of specialisation being exactly those 
followed in the case of the previous general theorem. Only the 
first need be noted : it is 

h h h7"(p) ath a+2h at+nh 
Buel Pye 


nr 


into 


h h 


h h 
yea a bo. te ss 


a+2h at+(n-1)h oe 


“lane 


n—1 n 


The fourth chapter does not impress one favourably, although 
the author speaks of its importance in connection with later 
investigations. It is almost entirely dependent on a very special 
case of the theorem of the second chapter, viz., the case where 
all the indices, except the last, of the multiplicand proceed by a 
common difference h, and where consequently all the alternants 
in the result vanish except two. In the original notation it is 


h h h\(n-p) ath a+2h at+(n-1)hk s 
(Alok cc es mele ri 
IY Sy) ; n 1 2 SAE erry Hest n 
ae | a+h a+ph a+(p+2)h atnh Me 
A, oe Sa) P+1 aU ay AY 
ath a+(p-NYh at+(ptih atnh ¢ 
+| 
AGS: Se eae ee 


but for convenience in what follows it may be shortly written 


Ns A, = Ms een + Me 


pltm Ms On-1 


A, 0 Ae 


i 
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y Using it n— +1 times in succession, we have 
Z NGS : Ae = Motietn ie 1 ae 
ra 1. ae . Asta i My teeten se p-+1,s-+h > 
Neo . Aston = My +3431 ec UCR 
7) Nyce : Asian = ts Mo tsetan ay My+3st3n> 


(—)<2N,, « Asstn—pin = 0 f- ee det i 
and therefore by addition 
M,,. = =N, n—p ° A, - ee = Astin + IN, : Agyon Ey ck (-/N, : Astiuepns 


or 
| ath a+2h at(p-lk at(pt+lnr atnh 8 ) 
1 2 sees Lhp_y —p sees AG n 
(a, i age ath a+(n-ljh s ) 
= hee eee ee ee ee 
(n-p-1) ath at+(n-lh sth 
| J eat 0 aan cea ) 
1? 2 n al! nm—1 n 
( h h ak ath a+(n—-1)h ~s+2h 
+ A,, Ag, ; a 1°“ ek) ae n ) 
eek h h i ae | a+h at+(n-1)h - oe ae) 
=f (-1) Ax, As, . n-1 n ? 


a theorem which may be described as giving an expression for 
an alternant having two breaks in its series of indices in 
terms of alternants which have only one such break and that 
at the very last index. On account of the fact, however, that 
alternants of the latter kind are multiples of the alternant 
which has no break at all—that is to say on account of the 


theorem 
h h (p) one a+2h atnh 
Mae A ee ack ay Wee ea 
aft ya a+2h at+(n=1)h ie 
2 ay aad n 


above given as an important ae case of the general theorem 
of the third chapter—substitutions may be made which will 
result in the appearance of the last mentioned simple alternant 
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in every term. Consequently, if we divide by this alternant 
and put s=a+(n+m)h, we have the theorem 


ath a+2h “at(p-l)h at(p+)h atnh at(atin)h 
| 2 bia ee p—l 2) eee Ani n ) 
uth a+2h atnh 
[ie A ay ue) 
h h h\(n-p) h h hm) 
+ ee ages aoa ake 
h h h\(n—p-1) h(m+1) 
ka (A, A,, =} ) De Sati a 


+ (A, AG, ccs) 


n—p h h h\0 h h h7(n+n—-p) 
) (A, Ay, Mipics A,) : Acs As, eeey ] - 


Again starting from the same initial identity we obtain the 
analogous series 


Mo ap Mic = Nigel . Aj2K, 


= 
p—-l,s—h ~~ +4p-2,s—2h = — N22 . Piston, 


a 
a= M —2,s-2h ae M,-3,s-3n SF Natok . A,-sn; 


lI 


(—PT'Mis-(-yen + 0 = CC )PTIN, . Ase oa, 
and therefore by addition have 
Je = De é Agi — ING oes : Ag_on =) Matis (PANS. Aa yie 


or 


| at+h a+2h a+(p-l)k at(p+l)h at+nh *) 
i Ay lst es 1a | Ay ersonn Ss n-1 n 
a h h h\(n—p+1) ath a+2h at(n-lhk s-h 
= (fA Ags Ace eee ee 
LFS Se basis) 1 2 ae n-1 n 
h h a p+2) | ath a+2h at+(n-l)h s-2h 
(a, pu ’ Sica A, A, he Any Ay, ) 
h h h\(n-p+8) at+h a+2h at+(n-l)hk s-38h 
a | 
a ener me Ay Ag Wag 


h h h\(n) ath a+2h a+(n-1)k s—ph 
(5 fas nk 4 ok 


- 
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so that by substituting as above for each of the alternants on the 


right and dividing both sides by | 


results the alternative theorem 


ath a+t2h at+(p-DYh at(pt+lr 
ee 


ath a+2h 


A, A, 


atnk a+(n+m)h 


a+tnh 


An ) there 


ee a+oh — 5: a Per; 
a ieee 
= jal 3 3 ge ey name eee a 
OR a od A coach | 
Peers rag Al hee. ocge | Oe 
eee hae el 


Lastly, attention is drawn to the case where a=0, h=1, s=1, 
and to a case where the order of the alternants is infinite, viz., 
to the fraction 


| b a ath at+t2h at+(n-2)h atnh *) 

A, Sa Ay A, TORS A n+1 Ceara ee 

| a ath a+2h n ) ; 
Loe ey ae Boe ee A. 


The fifth and last chapter (pp. 395-398) concerns the simplest 
form of alternant above met with, viz., that in which the indices 
proceed throughout by a common difference, the main proposition 
being in regard to the resolvability of the alternant into binomial 
factors. The property with which Cauchy and almost all later 
writers start is thus that with which Schweins ends. The mode 
of proof is interesting from its farfetchedness and ingenuity, but 
need not be given in full generality or in the original notation ; 
the case of |a°b'c?d?| will suffice. 

The first step, then, is to select a row, say the last, and express 
the alternant in terms of the elements of this row and their 
complementary minors. In this way we obtain 


|a%bictd’| = d3|a°b'c?| — d?|a%'e3| + dla%b?c?| — |atb’c?). 
Now each of the alternants on the right is expressible as a 


multiple of |a%*c?| by means of the theorem above given regarding 
M.D. ms 
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alternants with one break in the continuity of the equidifferent 
progression of their indices. Using this we obtain 


Jare’d®| = {d§-d(a, b,c)! +d (a,b,c? —(a,b,¢)*} .|a°'e"|, 
= {a —d*a+b+c)+d(ab+ac+be)— abe} .|a%b'e?|, 
= (d—a)(d—b)(d—0). |e, 
when it only remains to continue the selfsame process upon 
the alternant of lower order now reached. 
It may be remarked in passing that the identity 
|a°b'e2d?| = d?|a%'c2| — d?|a%bie*| + d|a%b?c?, — |a*bc?|, 
which expresses the alternant in descending powers of d, when 
taken along with the identity known to Cauchy 
|a°b'c2d?| = (d—c)(d—b)(d—a)(c—b)(c—a)(b—a), 
the right side of which may likewise be arranged in descending 
powers of d, viz., 


{d —d?(a+b+c)+d(ab+ac+ be)— abe} (c—b)(c—a)(b—a), 


may have been the means of suggesting to Schweins his theorem 
regarding alternants like |a°b?c*|, |a°b'c?| which have one break 
in their series of indices. In other words, the order in which 
he gives his theorems was very probably not the order of 
discovery. 

The remaining portion of the chapter is an investigation of 
the quotient of two alternants of infinite order, viz., 


| a@ ath a+2h at(n-lhk atnh eS 

RA, A a a eee 
| a ath a+2h Ne 
PW waist mr tS A’) 


SYLVESTER (1839). 


[On Derivation of Coexistence: Part I. Being the theory of 
simultaneous simple homogeneous equations. Philos. 
Magazine, xvi. pp. 37-43; or Collected Math. Papers, i. 
pp. 47-53.] 

As has been already shown, Sylvester’s first approach to the 
subject of determinants was similar to Cauchy’s, the basis of 
both being the outward resemblance of the two expressions 
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be? + ae + ab? — a — ac — be, 

byCy + Ase, + a,b, — asd, — yl. — b,¢,. 
As the former is equal to 

(c—b)(e—a)(b—a) or PD (abc), 
ae. product of the differences of a, b, c, Sylvester denoted the 
other, viz., the determinant 


L @ ¢ 
k 6,°¢ 
Ll 6 @4, 


by ¢PD(abe), ¢ being the sign for multiplication according to 
the law a,.a,=4,1, Using this notation he rediscovered, as 
has also already been seen, Schweins’ theorem regarding the 
multiplication of the alternant 
(ered ..:.| 

by such symmetric functions as 

(at+tb+c+...), (abtact... +be+ ae ee, eee ; 
his form of statement being 


§{S,(abe ... 1). €PD(Oabe ...1)} = &,PD(Oabe .... 2), 


where ¢, implies that after ‘zeta-ic’ multiplication the sub- 
scripts are all to be diminished by 7. 

His attempted generalisation of this theorem has likewise 
been spoken of, its validity, however, being left undecided upon. 
Instead of the multiplier S,(abe ...1) he proposed to take any 
symmetric function whatever of a, b, ¢,... , l—or, rather, 
any function whatever followed by any symmetric function. 
This would have been a most noteworthy extension which 
Schweins had not foreseen, but unfortunately there are grave 
doubts as to the truth of it,—indeed, one may go so far as to 
say that there would be no doubt whatever about the author’s 
inaccuracy, were it not that there are doubts also as to his 
meaning. By way of test let us take the case where the 
multiplier of | a1bc*d*| is the symmetric function 2a*be, From 
later work * it is known that 

tatb?etd*|. Da*bietd? = | alb3ctd®| — 3| a*b¥ctd? |, 


* See Muir, ‘‘Theory of Determinants,” p. 176 (1882). 
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whereas, according to Sylvester, there ought to be on the left 
only one alternant. Now although we know that Sylvester was 
in the habit of making guesses, and that these guesses though 
often brilliant were not always so,* it would be next to 
impossible to find a generalisation of his which had no individual 
instances in support of it. There thus remains the curious 
and interesting question as to what amount of truth there 
is in the theorem as enunciated, and whether an amendment 
of the enunciation would not give something not merely 
unexceptionable but of important value. 

In trying to pass from symmetric functions like Ya, Lab, 
Labe, .. . which are linear in regard to each of the variables, 
and to extend the theorem to any symmetric function, 
Sylvester probably thought—at least it would be quite natural 
for him to do so—of expressing the latter in terms of the former 
and then applying the theorem already obtained. It is desirable, 
therefore, to see what such a process may lead to. Taking 
the case of the multiplier Da?bce we have 


| atb*e%d*|. Sarbe = jalb-ed*|: { Za. Labe — 4 ubed\ : 

{| abcd} | . za}. Zabe — | ab?e%d* | 4 abed, 
| ab?ed?|. Dabe — 4| a*bFetd> |. 

At this point we encounter a difficulty, for the previous theorem, 
although it teaches us to multiply |a1b?ed‘| by Dab, does 
not help us in the case where the multiplicand is |a1b?°d5|, 


Proceeding, however, with other assistance we find the desired 
product 


II 


= |a*b8ctd?| + | alb®ctd®| — 4| a2b3ctd® |, 

= |ab3ctd®| — 3| a2b3ctd>|, 
agreeing of course with what has already been found. Now the 
difficulty referred to would present itself to Sylvester also, but 


in a slightly different form by reason of the periodicity which he 
assumed in the elements. Thus, instead of writing 


{|atb’e’d!|. = a\ Dabe = | ab?od5 |, Dabe, 
= | a2bsctd> | + | atb%ctds |, 


* See Crelle’s Journal, 1xxxix. pp. 82-85. 
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he would write 
& €PD (Oabed). S,(abed)\ .S,(abed) = cf §_,PD(Oabed). 8, (abed)\ 
and there pause for a little, not having specifically provided for the 
“zeta-ic’ multiplication of such an expression as ¢_,PD(Oabed) 
by 8,(abed). The result forced upon him, however, would be the 
single term 
€_,PD(Oabcd), 
which in modern notation is 
| abet} |. 
In the course of the work, therefore, the term | a1b’cd*| would be 
dropped altogether out of sight. The cause of this is undoubtedly 
the imposition of the condition just mentioned ;—indeed, if we 
take the result of the work as above performed in the modern 
notation, viz. :— 
| atb%ctd®| — 3| a*b cid? |, 
and make the elements periodic, 7.e., make 
oO, ed? ae. Gob ¢, a", 


the first alternant will vanish by reason of having two indices 
alike, and we shall be left with a result agreeing with Sylvester’s. 

The conclusion, therefore, which we are tempted to draw is 
that if Sylvester’s general theorem be correct it is only when the 
elements are subjected to periodicity. 


JACOBI (1841). 


[De functionibus alternantibus earumque divisione per product- 
um e differentiis elementorum conflatum. Cvrelle’s Jowrnal, 
xxii. pp. 360-371; or Werke, iii. pp. 439-452; or Stickel’s 
translation in ‘Ueber die Bildung und die Eigenschaften 
der Determinanten,’ 73 pp., Leipzig (1896).] 


After having treated of determinants in general (pp. 285-318), 
and of the special form which afterwards came to bear his own 
name (pp. 319-359), Jacobi turned to another special form which 
he had learned about from his great predecessor Cauchy. As, 
however, he differed from Cauchy in his mode of defining a 
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determinant, Cauchy’s definition, which, it will be remembered, 
made use of the difference-product, now appears as a theorem, 
and with it Jacobi makes his start; that is to say, he proves that 


If wm the determinant 
pape ae Oe oR) oe eae Lee 
the suffives be changed into exponents of powers, the result 


obtained is equal to the product of the in(n—1) differences of 
a,b,c,...,1, viz., the product 
(b—a)(e—a)(d—a) ... . (l—a) 
(ec—b)(d—b).... U—b) 
(d—c) . .. de) 
With the help of Sylvester's notation, which symbolizes the 


opposite change, viz., from exponents of powers to suffixes, this 
may be expressed in the compact form 


CPD (abe...) = Daa,bie, 5. 15. 


In proving it he takes for granted (1) that the product in 
question merely changes sign on the interchange of any two of 
the elements, and (2) that in the development of any function 
of this character there can be no term in which two or more 
exponents are equal, for the reason that, if there were one such, 
there must be another exactly like it but of the opposite sign. 
Combining with this latter—which includes of course the case 
where the index 0 is repeated—the fact that, for the particular 
function under consideration, the indices must all be + and 
the sum of them equal to 3n(n—1), he concludes that no term 
can have any other indices than 


OF 2: 


Next, as there is only one way of getting an element, k say, in 
the (n—1) power, viz., by multiplying all the n—1 binomial 
factors k—a, k—b, ... in which k occurs, and after that only 
one way of getting an element, h, say, in the (n—2)" power, viz., 
by taking from out the remaining binomial factors all the n—2 
factors in which h occurs, and go on, it is inferred that no term 
can have any other coefficient than +1 or —1. 


pty — le 


Summing up 
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rather hurriedly, he consequently finds that the development of 
the product may be got by permuting in every possible way the 


indices of the term 
able? ... (%-1 


_ and determining the signs in accordance with the law that the 


interchange of any pair causes the aggregate of all the terms to 
pass into the opposite value. This being exactly the mode of 
formation of the determinant 2+a,),¢,...d,-, with the differ- 
ence that suffixes take the place of exponents of powers, the 
theorem is held to be established (. . . . “signis insuper ea lege 
definitis ut binorum indicum commutatione Aggregatum omnium 
terminorum in valorem oppositum abeat. Que ipsa est Determin- 
antis formatio, siquidem exponentes pro indicibus habentur ”). 

In passing, he remarks on the large number of vanishing 
terms in the development of the product, viz., 22**-0—n!, and 
the consequent desirability of obtaining this development from 
that of the determinant and not vice versa. : 

The fundamental relation between the determinant 


DZ Ayb,C, ».. Un-1 


and the product of the differences of a, 6, ¢, ..., 1 having been 
established, it is then sought to find properties of the latter from 
the known properties of the former. What properties of the 
determinant are used Jacobi does not mention, all that is given 
being a bare enunciation of the results. It may be as well, how- 
ever, to point out at once that all of them flow from one general 
theorem, viz., that of Laplace regarding the expansion of a 
determinant in terms of products of its minors. 

The first is indicated by using as examples the case of three 
elements, (1,, G2, 43, and the case of four elements, (,, Uy) Wg, Uy VIZ, 


(ty — A) (Ag— A, (Ag — by) = gly — Ay) 
+ a4 (4, — 45) 
+ 4,4(G,—), 

(dy —Ay)(Ag—%) -- (M43) = Cyl gil — lq) (Uy — My) (Ay — A) 
= gl gh (hg — Ag) (Ay — Mg) (My — 4) 
$A y (A, — Uy) (Ay — U4) (My — at,) 
= A bglty (Ag — A) (Ag — 4) (43 — A) 
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it being pointed out that any term of the expression is got from 
the preceding by cyclical permutation of the suffixes, and that 
the signs are all + when the number of elements is odd, and 
alternately + and — when the number of elements is even. 
The case of Laplace’s expansion-theorem, which is here used, 
is easily seen to be that where the orders of the minors are 
n—land1. Thus using later notation, we have 


la a@ @ 
, 1.6.2 & 
¢ (abed) = Tie ch pee 
Ler dind*® Reeth 
= | ble’d3| — |atc2d3| + |a'b2d?| — | a1b?c3| , 


= bed|b°cld?| — aed|a°cd?| + abd|a°b'd?| — abe|a%b'e?}, 


which is the desired result. 
In connection with this, it is perhaps worth noting that the 
result being, by the same case of Laplace’s theorem, also equal to 


La! 107 > shed 
1 6 ®@ eda 
11 és dab 
1-d @& abe 


we may view Jacobi’s first theorem as being equivalent to one of 
later date, viz.— 


4 hr aa 2 n—2 
C7 (AAAs ... Ay) = (-)” 1 a A .+- A Azz, «. 
2 n-2 
TE (Gy Gy en a Ay AeA, ... 
th 2 n-2 
Gn A... Oe AzUpg ... 


When the determinant is of even order, it is possible to use 


that case of Laplace’s expansion-theorem in which all the minors. 
are of the 2°¢ order. Thus 
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&?(abed) =|l a @ a 
1b 82 Bb 
Deere 
a wes a |, 
Peep ie e) bee Lah LO ob 1 a) 1b? BF 
F ob] la a ig olla a ah allege 
i b| | a ae 6 | cro ae Cr it a> 
1 ec} |d@ d 1 di /e @ 1 d|'|b? B81, 


(b—a)(d—c)e*d?_ — (c—a)(d—b)b'd? + (d—a)(e—b) be? 
we (e—b)(d—a)a*d? — (d—b)(c —a)a%c? + (d—c)(b—a)a%b?, 
= (b—a)(d—c) {a*b? +c*d?} 

+ (c—a)(b —d) {a*c? + d*b?} 

+ (d—a)(e —b){a?d? + b’c?} . 

By Jacobi, however, the result here established is given merely 


as an example of an improved general theorem, which is 
enunciated in the form of a ‘rule,’ as follows :-— 


“ Fingatur expressio 


(a, —a.)(a, — Gq) « « - (0, —%-1) Dagagaa, ».. . aan 
quam quo clarius lex appareat sic scribam 
(44 = %) (Ag — My) « » © (Gp — Grr) Z (1g y)° (gg)? (Ags)* « «(Gain)» 
sub signo = omnimodis permutatis exponentibus 
OPN bees ey th L's 


In expressione illa cyclum percurrant primo elementa tria 
Gy—29 U1» Uns 
secundo elementa quinque 
Uy—4y U—3y U2» GU—1y ns 
et sic deinceps ita ut postremo cyclum percurrant elementa 
Ca ee ae 


Omnium expressionum proyenientium aggregatum #quabitur ipsi P.” 
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The meaning will be made quite apparent by taking a case 
other than Jacobi’s above referred to, say the case where there 
are six elements, @), @,, Gy, ...-, @;. According to the rule, 
what we have got to do at the outset is to form the term 


(Gy — Mp) (hg — hy) (hs — Ug) Z(G yy) aby) (Ags) 5 
then derive from it two others by the cyclical substitution 
As Oy a 
NG, GW, 5 
and finally, from each of these three derive four others by 
the cyclical substitution 
(a GU, Gs, Ay = 
Nig ~Gy- A, Gy G,/. 
This being done, the sum of the fifteen terms so obtained 
can be taken as an expansion of the difference-product of 
bee has Bons ati ee 
Although, as has been said, the theorem is given without 
proof, it has to be noted that Jacobi draws attention to the 


fact that the number of ultimate terms in the expansion of 
the compound term 


(dy —%)(Ag— Ag) «6+ (Gp, — My —1) 2 (Mpy)"( Mgllg)”(gMg)* «.- (Bp—y%n,)”~* 
n+l1\. 
oe 


that the number of ultimate terms obtainable from all the 
compound terms of this form is 


ntl 


3 ae 


we a ney, : . 
2 HE 3.2 EZS).B5.... 0): 
and finally that this is equal to 
1.2.3....(n+]1), 


a result which agrees with what we know of the difference- 
product from its determinant form. 


From this general theorem regarding the difference-product 
of an even number of elements, an advance is made to a theorem 
of still greater generality, the means employed in obtaining it 


j 
% 
b) 
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beimg in all probability the same as_ before, viz., Laplace’s 
expansion-theorem. The most general form of the latter 
theorem, it will be remembered, gives an expansion in terms 
of products of more than two minors. Jacobi was familiar 
with this, for in his famous fundamental memoir regarding 
general determinants a whole page (pp. 298, 299) is devoted 
to an illustration of it. Now, if we take the case where the 
number of minors is three, and apply it to the determinant 
which is the equivalent of the difference-product, we obtain a 
result which is transformable without difficulty into 


at: Oi .. 5G) 


. Ss SC EC A a (Ae a a } 

Lx TT (ag, Gy, +--+, 5) TL (ep Opp oss Oy) ID (Gyr stays ..+ q)S’ 
and this is the theorem “of still greater generality” above 
referred to. 


Jacobi then proceeds to the consideration of alternating 
functions in general. 

The definition which he gives, and to which he attaches 
Cauchy’s name, is somewhat different from Cauchy’s, being to 
the effect that an alternating function is one which, by 
permutation of its variables, is either not.changed at all, or is 
changed only in sign. 

In the matter of notation he also introduces a variation, but 
this time with more success. It will be remembered that, when 
Cauchy denoted a determinant by prefixing S+ to the typical 
term, he was simply following his practice in regard to alter- 
nating functions in general, which he denoted by 


S+ (a,b,c, ..., L), 


the rule for determining the sign of any term of the aggregate 
being left unexpressed. Instead of this, Jacobi uses 


ee) 


where P stands for the product of the differences of a,b,c¢,...,1; 
and as the P which is inside the brackets is subject to permuta- 
tion of its variables, and therefore automatically, as it were, 
changes sign with every interchange of a pair of variables, 
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while the P which is outside the brackets remains unaltered, 
it is clear that the rule of signs is here fully expressed. Thus 
if d(a,b,c,..., 2) were ab’ct, we should have 


atb?c4 abet aic?b* 
a (=p) ~  (b=a\e—ayle=p) 3 (c—a)(b—a)(b—c) 


bla2c4 b1c2a4 
T'(G=Die=v\e-u) | CE == es 
cia2bht Ob2q4 


¥ (a—eb—e)O—a) -O—ea—ea—b) 
a'b?ct — atc?bt — blaze! + blc2at + cla2ht — clb2a4 


(b—a)(c—a)(e—b) 


and therefore 


OC ee eae i eee & ere Lon4 6/1814 2 oe 
Py p_) = abet — ater blazct + ble?2at+ cla2b clb*a*, 


which is an alternating function written by Cauchy in the form 
S(+a'b’c*), and which, being a determinant, was written by 
Jacobi himself also in the form > +a1b2ct. 

It is pointed out that any term of ¢ which remains unchanged 
by the interchange of two of the variables may be left out of 
account ; but the question raised by Cauchy regarding possible 
and impossible forms of ¢ is not touched upon. As a corollary, 
it is stated that if 

PA Cosi cient ey en cen. US 
the indices a), a,,..., a, must be all different if the alternating 
function is not to vanish. 

He then recalls the known fact that, when the indices 
Go, 4,+-+, 4, are integral, the alternating function 


Oy Oy an 
GO nee, 
2 FOG Sa or Pip a es, 
° yaa: 


is divisible by P, the difference-product of My, Q1,...,A,, and 
puts to himself the problem of finding the generating function 


of the quotient 
Ss aay Seon ay 
yaa) He 


Tn the course of this quest his first proposition is— 


i te Nhe aia ee ill ES oe me 
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Tf $ be any rational integral function of m+1 variables, IL their 
difference-product, and £ be a function of the (n+1)" degree 


in one variable and be of the form (x— &y)(X—a,).... (X—ay), 
then when m>n no single term of the expansion of 
IT(t,, t,, -+++5 tm). (ty ty»... 5 tm) 
ECE E(t)... - F(t) : 
according to descending powers of ty ty, ..., tm can contain 


negative powers of all these variables. 


To prove it he of course uses the identity 
a 
(a) (@—@))(x—a,) .... (©—Am) 
F(a) (@—M%) © f(a). (@— ay) fin) (@ = Am)’ 


and thus changes the expression into the form 


1.0, 


1 1 —— 
ee: Vert ag pak ag STB 


1 
x {p f(a). a — My) + Faq). 3 igo of era 


«75 + FaNg=a 
(CAE . —) watt; ‘(d)- LL F (Gn): (bin Gm.) } 


He then says that the result of performing the multiplication 
of these bracketed factors is to produce terms of the form 


Il.¢@ 
POF 0). FM) Mly— AB) En =P) 
where each of the m+1 quantities a, b,..., p is necessarily one 
of the n+1 quantities a, a,,..., 4,, and where, therefore, on 
account of m being greater than 7, the quantities a, b, ..., p 
cannot be all different. But terms of this form can be changed 
ae 


II — 1 ¢i +5 i 
ayy @ FG) A=b=G Fala 58) Grea dy emp 
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which shows that in the case of two of the quantities a, b,..., p 
being alike, say a and b, the second factor would become 


II 
f—ty 
and therefore could be simplified by having t,—¢, struck out of 
- both numerator and denominator. This means that when m>7- 
the second factor, like the first, can have only positive integral | 
powers of the variables. As for the third and- fourth factors, 
their product is the difference of the two fractions 


1 1 
and 2 
(6)—@)(tg—€)(ts—d) ... (tm —p) (t,—4@)(4,—c)(ts—d) ... (Gn —p) 
the former of which yields no negative powers of ¢,, and the 
latter no negative powers of ¢,. The proposition is thus 
established. 
To prove the next proposition he utilizes the theorem that 


If F be any rational integral function of a number of 


variables, the coefficient of x-ty-1z-1 .... in the expansion of 
PGs Vee 
(x—a)(y—b)(z—c).... 
according to descending powers of x, y, z,.... %8 
BG Goa. ce): 


This is spoken of as being well-known, and no proof of it is 
given. It is readily seen, however, that as the expansion 
referred to is got by performing the multiplications indicated in 


F(@,y,2,....). {@-!+amn-?+ a2@-3 4 Sort 
{yo} + by-?4-By-8 4 J} 
{ 27? cz-*4 eg-84 ....} 


any term in F, say the term Aw*y®zy...., would require to be 
multiplied by #-*-1, y-@-1, g-y-1,.... in order to produce a 
term in #-ly-1z-1...,, and that these multipliers being only 
found associated with the coefficients a, 08, ev, .... the term so 
produced would have for its coefficient Aasb®y:... The full 
coefficient of x-iy-ig2! .... would thus be EGR poses). 
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He also uses an identity regarding difference-products which 
it may be as well to state separately, viz., that 


ICG, 0,<.... eg DL Sead a ae 


SAPO (GG, -.<, Gn ra-1) > P' Gn-m) fCn-masdarss f(a) 


where /’(a,) stands for the product of the n factors got by sub- 
tracting from a, each of the quantities a), a,,...., @, except a,. 
This he holds to be true,* because the product 


Fan nwt) pate F'(Gn) 


* The factors of a difference-product may always be, and usually are, arranged 
in the form of a right-angled isosceles triangle ; for example, 


Cabedefg) = (b—a)(c - a)(d- a)(e-a)(f—a)(g—a 

(c— b)(d — b)(e- b)(f-b)(g-b 

(d—c)(e- c)(f-e)(g-¢ 

(e-d)(f-d)(g-d 

(f- e)(g- 

(g- “f . 

Consequently there must be an algebraic identity corresponding to the geometrical 

proposition—If from a point in the hypotenuse of an isosceles right-angled triangle 

straight lines be drawn parallel to the other sides, the triangle is thereby divided 

into two triangles of the same kind and a rectangle. This identity it is which is at 
the basis of Jacobi’s, for drawing the lines thus— 


(b-a)(¢—a)(d-a) : (e- eee a)(g- a) 
(c- b)(d- ce b)(f- b)(g - 5) 
(d—c):(e—c)(f-c)(g- ¢) 
‘(e-—d)(f—d)(g-d) 

(7 -e)(g- e) 

(g-7); 


we obtain 
sHabedefg) = abed). 4 efy) -(e-a)(f- a)(g -@) 
(e- b)(f—b)(g— b) 
(e-)(f-¢)(g- ¢) 
e-d)(f-d)(g—d). 
But the expression here which corresponds to the rectangle in the geometrical 
proposition 


(w) 


= (e-a)(f-a)(g-a) 
(e-b)(f- d)(g - >) 
(e—c)(f- c)(g-¢) 
(e-d)(f-dyg—d) + +S*efg) (are) 
(f- e)(g-e) 
(e-f) . (-S) 
(e- g)(t-9) 


= fe) SL) - Fy) + (=P ef9). Hef). 
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contains as factors the differences of all the elements dp, a, ..., Gn 
except those which go to make II (dp, @,, ..., G»—-m—1) and contains 
a second time but with opposite signs the 4m(m-+1) factors 
which go to make II (@y_m; Ga—mtty »++5 Un)- 

These preliminaries having been given, the second proposition 
may now be proceeded with. It is— 


Tf $ be any rational integral function of m+1 variables, IL their 
difference-product, and f be a function of the (n+1)" degree in 


Consequently ; , 
iMabedery) Pel) 4 ve meme mies . 
ar (70) S'S) -S'(9)- (2) 
which is Jacobi’s identity. 
It is easily seen that there is a corresponding theorem to (w) obtained when 
the point through which the parallels are drawn is taken inside the triangle: 
thus, corresponding to the diagram 


we have the identity 
tHabedefy) = (abcde) . ¢2(cdefy) 
(ede) 
Here, however, it is no longer possible to treat the final group of factors as was 
done in the case of (w). 

To Jacobi’s identity (Q) the absolutely perfect geometrical analogue is got by 
taking a rectilineal figure of the form ABCDE, where AB=BC, CD=DBE, 
B=C=D=90°, and then equating the sum of the two parts got by drawing CE 
to the sum of the two parts got by producing DE to meet AB in F. Further, 
the exact analogue to his proof would be to say that the rectangle BCDF contains 
all of the triangle ABC except the triangle AEF, and contains the triangle CDE 
in addition. 


-(f-a)(g —%)(f—6) (9-0). (w’) 


A B 


E 


— 


<> a 


ies 


ig 


bee al 
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one variable and be of the form (x—a)(x—a,) .... (x—a,), then 
when m $n the coefficient of ty ty... ty! in the expansion of 


Tiere tee lh bie oo; te) 
F(ty)£(t,) .... £(tm) 


according to descending powers OR, Ge rig bey 18 


01.2 n-m-—1 
(—)ie Gat) Aja, a, Se acaan ead, | age Ay _m-+1> pe a.) 
>, ht Cae eee ; 


effect being given to the sign of summation by permuting in 
every possible way the quantities ag, a,,...+, &p- 


As has already been seen the expression to be expanded is equal 
to an aggregate of terms of the form 


+ 2 Re eee 

SF (MFO) 0. fF (DP) Ho -(h — 5) «+ (tm =P) 
where each of the m+1 quantities a, b,...., p is one of the 
n+1 quantities a), a,,...., @,. Since, however, we are now in 
search of the coefficient of ¢,'t7'....¢,1 we may leave out of 


account all terms of this aggregate which have two or more of 


the m+1 quantities a, b,...., p alike, for it has been shown 
that the expansion of such a term cannot contain f)"47'.... ,". 
We are thus left with an aggregate which may be represented 


by 

R lbs Hy --1+, bry) Tbs th, -- «+5 tm) | : 
FT (Gn-m)f (An-m+i) +++ F (Gn) + (bo — Un -m) (by — Gn mt) «+» (tm An) 

it being understood that for @,_m, Gn—m4i, +++», Up 18 to be taken 

any permutation of m-+1 quantities of the group dy, a,,...., Un: 

But, if the coefficient of ¢,;'t;"....é,’ in this be denoted by H, 

we have by the first of our auxiliary theorems 


Flies P(t mln me teeny cr) . Ut a Saar tees Cn) 


UP tacialy (noms) sees 7 (da) 
and using the second to substitute 
eo err tar, Dy, were Geemagli(a,.¢,, Soe oe (ln) 


for LE Gyms -m-41; ae) Bayt swt nm) see F (Gn); 
M.D. wi 
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we have 
H = (-1)mons ng Hoth, eae eee pty ae) 5 PGP rae. Cn) 
where, be it remembered, the n+1 elements dp, (1, ..-., Gn are 


to be separated in every possible way into two classes containing 
na—m and m+1 elements respectively, and all permutations of 
the elements of the second class are to be taken. In this 
expression, however, another substitution can be made by reason 
of the identity 


Ons n—m—1 
II (a4, Brees fy Oy al 3 Aly +++ Gy —m-1, 
P = 


where under the sign © all possible permutations of the indices 
0, 1,...., 7—m-—1 are to be taken. When this substitution has 
been made, we shall consequently have to take every possible 
permutation of both classes of elements. But to take every 
possible separation into two classes and permute the elements 
of each of the classes in every possible way is the same as to 
take every possible permutation of all the elements. Our result 
will therefore be 


n—m—1 


On 
H= (-1)i(e+d) > Moy v +++ Umi + Epes ace se see Gn) 


if it be understood that under the sign of summation all possible 
permutations of a), a,,...., @, are to be taken: and this is what 
we set out to prove. 

The case where m=7 is then considered, because of its special 
interest. The first expression obtained above for H becomes in 
this case 


PG Gigs =<, Oe, 
Fy) F (Aq) 20 Fy)’ 
where under & all permutations of a, a,,....,@, are to be 


taken, Making in this the substitution which is possible by 
reason of the identity 


FF Go)f (Gy) daek Fe) = (—1)i?@+DPp2 
we have 


H = (- Lino 9G Ooty ns a), 
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The formal enunciation of the result thus obtained is :— 


If be any rational integral function of n+1 variables, II 
their difference-product, and f be a function of the (n+1)™ degree 
in one variable and be of the form (x—a,))(x—a,).... (x—a,); 
then the coefficient of t,'t;'.... t,! in the expansion of 


(<1yintn4ay to, th, «+++ to). Bltos by vee ta) 
FE JECG,) =. E(te) 


>> (a, a4; evens Qn) 
wd II (a, a, 


make Sy 


is 


effect being given to the sign of swmmation by permuting in 
every possible way the elements ay, a,,...., an. 
As we have seen above that 


y P( Qa, G5 --, Gy) 
geal LNG, 5 Os v0.05 G,) 
is the quotient of any rational integral alternating function by 
the difference-product of its elements, and that this quotient is 
often in request, it is important for practical purposes to note 
that what this last theorem of Jacobi’s gives is the generating 
function of the said quotient. 
After giving a line or tivo to the case where m=n—1, Jacobi 


returns to the general theorem and specializes in another 
direction, viz., by putting 


ee ee Oc. 


Division of both sides by ¢ is in this case possible, and the 
resulting theorem is one of considerable importance :— 


The expression 


Ot n-m-l Yun 
Sane _ a Ae pace a, 
ee 

(a, —@p)(a— ap) «..+ (An — An -1) 


which is the quotient of an alternating function by the 
difference-product of its elements, is equal to the coefficient of 


= (yD - (+0) —(¥m-+1) 
A ae ee 
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in the expansion of 


(ty —t,)(ty— ty) -.+- (toi tn) 
£(t,EE,) 12 ea) 


according to descending powers of ty, ty, ..-., tm, where 
f(x) = (x—a))(K—a,).... (K—4n). 


This is followed up by actually working out the expansion in 
question, the numerator being of course changed into 


mym—1 
page He gee a ey 


and its cofactor 


: S(t) F(t) fim) 
into 
ie eee C; 
a ies mre ae Le CROKE aries: tee 
t ty to to 
eer oh © C, 
x (gat att pat onee Tpritet | 
1 1 1 1 


1 C C, Cs 
x (gat get pet 1 tite -, 


where C, is the sum of all the products’of s elements, different or 
equal, taken from ay, @,,....,@,- Multiplication of these m+1 
partial factors has next to be performed, the general term of the 
result being seen to be 

oie ae 

All that remains, then, is the multiplication of this result by the 
corresponding expression for the original numerator, ie, by 
Sn ....t,_;, which, be it noted, consists of (m+1) terms, 
the > referring to permutation of the indices, m, m—1,.... 1, 0. 
Without further delay, Jacobi merely adds that the general term 
will therefore become 


a CiCe eeee Cee 
a f= MAI 40 — mF +83 ee Se 
0 fT soee by 


ee 


eee 


NC RT 
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and that consequently the proposition last formulated will 
“suggest” the identity 


roe n-m-lioy 
ica us * 
1% a nm -M— 1 —m “n—-m+1 


(a4, —d))(dg— Gy) .... (An —An-1) 


= = + Cy 4m—nCy,+m=n=2 see C 


eee aym 
n 


Vy? 


where the > in the first case refers to permutation of 
M, Gy, ...., Mn, and in the second case to permutation of 
Y) Yp-++++> Ym In a couple of lines it is next pointed out that 
the putting of m=0,m=1,.... in this suggested identity gives 


1,2 n-liy 
Cb1, +++ a, 1h, = C 
yn 
>; E 


12 n-2 ¥ y 
AU seee a, z: gt, 1%) _ Cc C QC 
Pp Sg ee Yn oom Mtn Cy—a, 


° . . . . 3 


then, rather unexpectedly, there is given a mere restatement of 
the identity itself, viz. :— 


“Generaliter equatur quotiens propositus 


12 n—m—1 i Yy Ym 


2 
determinanti quod pertinet ad systema quantitatum 


Cyim-n Cy +m-n wm vile” ol Cy +m-n 

Cyem—n—1 C,,+m—n-1 Me eps 3% Cy +m-n-1 

Coen Die te soe Care igs s 
This is the last result of the memoir, the few additional lines 
used being merely for the purpose of showing how the deter- 
minant just mentioned may be simplified. The simplification 
consists in leaving out the element a, in forming the C’s of the 
second row from the end, the elements «,, @,-, in forming the 


C’s of the third row from the end, and so on. The reason in 
the first case is that this will have the same effect as subtracting 
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from each element of the row a, times the corresponding element 
of the last row, and the reason in other cases is similar. If C’ 
be used to stand for the same as C, but to concern one element 
less, viz., dn, and ©” be used in similar manner, the identities 
at the bottom of the simplification are— 


/ 
Cua pa a,0, = s+1> 
" 
C42 Sas (Ap + On—1) Cos Ds On One = C s+2> 


the truth of which is apparent when we remember that Cy 
C,,.-.. are practically defined by the equation 


1 I C C 


— ps 2 
(®@—Wy)(H@—G,) ....(@—Gn) wrth Tyna T gata 1 


It is noted also that in the determinant a C with the suffix 0 
is to be taken as 1, and a C with a negative suffix as 0. 


CAUCHY (1841). 


[Mémoire sur les fonctions alternées et sur les sommes alternées. 
Exercices Vanalyse et de phys. math., ii. pp. 151-159; or 
Guvres completes, 2° sér. xii.] 


As has before been pointed out, the preceding paper of 
Jacobi’s was the last of a triad which was followed up by a 
similar triad from the pen of Cauchy. Cauchy’s first paper, 
which corresponds in subject to Jacobi’s third, comes up there- 
fore quite appropriately for discussion now. 

What is really new in the first part of it concerns the finding 
of the symmetric function which is the quotient of an alternating 
function by the difference-product of the elements; that is to 
say, in Cauchy’s notation, the finding of 


S[= f(a, y,2, ....)]) 
(w~—y)(@—z).... (y—2Z)....” 


or, in Jacobi’s notation, the finding of 


Tie Ge) 


rm ippeteman mata ope 
—_oe 
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It therefore opens with the reminder :— 


“Une fraction rationnelle qui a pour dénominateur une fonction 
symétrique et pour numérateur une fonction alternée des variables 
Z, Y, 2% .... est évidemment elle-méme une fonction alternée de ces 
variables. Réciproquement, si une fonction alternée de a, y, 2, .... se 
trouve représentée par une fraction rationnelle dont le dénominateur 
se réduise & une fonction symétrique, le numérateur de la méme 
fraction rationnelle sera nécessairement une autre fonction alternée 


This prepares us for the consideration of the alternating 
ie Sle Mey,4 ++) 


where f/f is fractional and rational, and where, although Cauchy 
does not explicitly say so, the numerator and denominator are 
integral. In regard to this he asserts that the various fractions 
which compose the aggregate may be combined into one fraction 
U/V, where V is an integral symmetric function divisible by all 
the denominators, and where, therefore, U will necessarily be an 
integral alternating function and, as such, be divisible by the 
difference-product of its variables. We are thus led to the pro- 
position that the given alternating function of a, y, 2,.... can be 
resolved into two factors, one of which is the difference-product 
(P) of a, y, 2,...., and the other of the form W/V, where W 
and V are integral symmetric functions of the same variables. 

As an illustration of this, full consideration is given to the 
case where 1 


Ge a oa (a—a)(y—b)(z—c).... 
the number of variables being m. The appropriate symmetric 


function V, which is divisible by all the denominators of the 
aggregate >[+ f(a, y, z, ....)] is evidently in this case 


(x—a)(x—b)(a—c)...(y—avy—b\(y—¢)...(@-a)(z—bY(z—c)... 


ae F(a). F(y). F(2) «+063 
and the corresponding numerater U, always divisible by the 
difference-product of a, y, Z,....18 in this case, because of the 


peculiar form* of the denominator of the function f, also 


*The form is such that the result of any interchange among 2, y, 2, -... is 
attainable by a corresponding interchange among @, }, ¢,..++ 
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divisible by the difference-product of a, b, ¢,.... It is thus seen 
that the given alternating aggregate 


i. PY 
> l+e-ne=ness =| ae ies 


where P, P’, V are known, and & has still to be found. An easy 
step further is made by inquiring as to the degree of k, it being 
noted in this connection that the degree on the one side is —”, 
and that on the other side the degree of P=4n(n—1), the 
degree of P’ likewise =4n(n—1), and the degree of V=n% 
The resultant degree of PP’/V on the right is therefore inferred 
to be 


= $n(n—1) + dn(m—1) — n?, 

arise t: 
and as a consequence the degree of k must be zero. In other 
words, k must be constant in regard t0 &; Y, %-.<ss98; 0) G nee 
so that for its full determination the best thing to do is to select 
as easy a special case as possible. Cauchy’s choice falls on the 
case where w=a, y=b, z=c,....; and preparatory for this 
substitution he transforms the above result, 


1 * PP’ 
pS car ces i se plait: 
: 1 
k. PP’ = V. > | *e-ngchecow | 


= > |+e-mecnece cell 


As for the right side of this, it has to be noted that, since V 
contains each of the binomials ~—a, y—b, z—c,.... once and 
once only, any one of the 1.2.3 .... n terms under 5 will vanish 
when the substitution 


into 


£654, Ry cain Che Dian ee 


is made, unless the denominator of the term also contains all 
the said binomials. But by reason of the interchanges which 
produce the other denominators, the first term is the only one 


i 


———— 
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2 of this kind: and the value of it after the substitution has 
been made is 


(a—b)(a—c)....(b—a)(b—c) .... (e—a)(e—b).... 


an expression which, as we have already seen in the preceding 
paper of Jacobi’s,* is equal to 


(—1)ie@-Dp2, 
As the left-hand side, APP’, becomes under the same circumstances 
ji 
we have as our last desideratum 
k = (-1)#@-D, 


and are thus enabled to formulate the proposition 


2 l+e-ag ESD - 1 


= (-1)in@- EAS 0,2, 2 -0)e t (G0,6. 42) 
(x—a)(x-b)(x-c) ... (y—a)(y—b)(y-c) ... (z—-a)(z—-b)(z-e) ...’ 


a noteworthy result which in later notation takes the form 
ge—a)-* (w—b)-* (w—c)? ...J _ (-1)eo-» Ct(a,y,2, ...). €(a,b,c, so) 
(y—2)-) (y—b)-! (y-c)"} .. F(x). Fy). F(z)... 
@-a)7 (2—b)-! (z-c)-? ... 


“he 
i 


where v is the number of variables, and 
F(z) = (a—a)(x—b)(a—c).... 


*Since V=F (a). F(y). F(z)...., the first term of the alternating aggregate 
may be written 


which, on the substitution being made, becomes 
Bain BAD) 2 EC) . 3 35 
and it is this form which in Jacobi is replaced by (-1)?-DP?. 


CHAPTER XIII. 


JACOBIANS FROM THE YEAR 1815 To 1841. 


Ir is not improbable that determinants in which the number of 
a row is distinguished by differentiation with respect to a 
definite variable, and in which the number of a column is 
distinguished by a particular function set for differentiation, 
may have appeared long before the time of Cauchy and Jacobi, 
the likelihood probably being the greater the fewer the number 
of functions and variables involved. There can be little doubt, 
for example, that expressions like 


Ow Ov OU Ov 
ox Oy dy o@ 


may be found repeatedly in the writings of mathematicians 


belonging to the eighteenth century. It would appear, however, 


that the first who got beyond the second order, and clearly 
associated the expressions with determinants, was Cauchy. 


CAUCHY (1815). 


[Théorie de la propagation des ondes A la surface d’un fiuide 
pesant d’une profondeur indéfinie. Mém. présentés par 
divers savants & UAcad. roy. des Sci. de UInst. de 
France .... i. pp. 1-812 (1827); or Cuvres completes, 


1° sér. i. pp. 5-318.] 


Cauchy was a competitor for the prize for mathematical 
analysis in the ‘concours’ of 1815, and gained ‘the prize. His 
work, however, like others belonging to that interesting political 


eae 
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period, was not printed until long afterwards. In the form 
which it takes in the collected works the essay proper extends 
to only 108 pages, the remaining 210 being occupied with notes: 
this was probably due to the circumstances under which the 
paper was first written. In the same way is explained the 
writer's action in referring in it to himself by name, the object 
being to preserve his anonymity. 

There is only one passage in it which directly concerns the 
student of determinants, but it is interesting from more than 
one point of view. The exact wording of the passage (pp. 11, 12) 
is as follows-— 


“Cela posé, concevons que le sommet de la molécule m, auquel 
appartenaient, dans le premier instant, les trois coordonnées a, }, ¢, 
se trouve, au bout de temps ¢, transporté en un point dont les 
coordonnées soient z, y, z Les trois arétes de la molécule qui 
aboutissaient au sommet dont il s’agit, et qui, dans Vorigine, se 
trouvaient paralléles aux trois axes des coordonnées, auront alors 
cessé de l’étre, et les projections de ces mémes arétes sur les axes 
dont il s’agit, projections qui dans lorigine étaient respectivement 
égales, 
pour la premiere arétea da, 0, 0, 


pour la seconde,a .... 0, db, 0, 
pour la troisiéme,a ... 0, 0, de, 


seront alors devenues 


, aes P dx dy dz 
pour la premiére aréte - da, aa “7 da, 
dz dy dz 
2 b 
pour la seconde 75 db, 7h db, 7 db, 
pour la troisieme ee de, dy de, Lary 
de de de 


Il est aisé d’en conclure (voir la Note I.) que le volume de la molécule, 
qui était primitivement égal a 


da db de, 


sera devenu, aut bout du temps f, 


da db dc dade db dbda de de de de 
dx dy dz | dx dy =) Caer 


(A dy dz dudydz dadydz , du dy dz 


~ de db da’ de da ab 
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et, comme ces deux volumes doivent étre équivalents, on aura, par 
suite, 
dz dy dz dadydz duxudydz  duady dz 


da db de dade db db da dc * db de da 
da dy dz , da dy dz _ 
~ de db da * de da db ~ 
Si, pour plus de simplicité, on fait usage de la notation adoptée par 


M. Cauchy dans son Mémoire sur les fonctions symétriques,* Véquation 
prendra la forme suivante : 


da dy dz\ _ 
S(+ 7 FS) = i 


le signe S étant relatif 4 la permutation des trois tettres a, 0, c.” 


A. 


Here we have clearly the Jacobian of x, y, z with respect to 
a, b, ¢: and we have it expressed also in the determinant 
notation then in use. 


The second point of interest is centred in the note to which 
the author directs his reader. This note, which consists merely 
of. the formal statement of a theorem, and extends to only ten 
lines, is as follows :— 

“Si l'on rapporte Ja position des sommets d’un parallélépipéde a 
trois plans rectangulaires des a, y, et z; que on désigne par A, B, C, 


les longueurs des trois arétes de ce parallélépipéde qui aboutissent 
un méme sommet, et par 


US aia te 
Ay, B,, C,, 
A;, Bz, C,, 


les projections respectives des mémes arétes sur les axes des 2, y, eb 2, 
le volume du parallélépipéde aura pour mesure 


A,B,C, - A,B,C, + A,B,C, — A,B,C, + A,B,C, — A,B,C, 
= S(+ A,B,C,).” 


* There is a curious oversight here. In a footnote, Cauchy says ‘‘ Le Mémoire 
dont il est ici question a été imprimé en partie dans le xvii®. Cahier du Journal 
del’ Hcole Polytechnique.” Now, as a matter of fact, there is no memoir bearing 
this title. The well-known memoirs contained in Cahier xvii. are headed 
‘“*Mémoire sur le nombre des valeurs . . . .” and “Mémoire sur les fonctions 
qui... .” The second part of the latter bears the approximate designation, 
*“Des fonctions symétriques alternées . . ...” ; but the notation in question 
occurs in both parts. It is also not clear what was intended by the words 
‘imprimé en partie’ in Cauchy’s footnote. Both in the original and in the 


reprint four signs are twice printed incorrectly, and in the reprint 0’s have been 
substituted for d’s of the original. 


a 


JACOBIANS (CAUCHY, 1822) 349 


Here we have one of those so-called “applications of deter- 
minants to geometry” which are often supposed to belong to 
a much later date. 


CAUCHY (1822). 


{Mémoire sur l’intégration des équations linéaires aux différences 
partielles et & coefficiens constans. Journ. de l’Ec. Polyt., 
xi. 19° Cahier pp. 511-592; or Huvres completes, 2° sér. i.] 
Here again but under quite different circumstances the same 
form of determinant presents itself to Cauchy. Having found 
the value of a certain multiple integral to be 
(277)" 
DE 


where D=S+ab’c’... , he adds 


“*T] est essentiel d’observer que si ]’on désigne par L le dénominateur 
commun des fractions qui représente les valeurs de 4, v, w,.... tirées 


des équations 
dM dM dM 


ee ae ee de = if 
dN dN win a sig 
We de de ise 
aE — + w—— + 1 
"da ar r eer 


et par L, ce qui devient L quand on y pose 
F= Por VM FT 


on aura identiquement 
Dal,” 
= Ly. 


JACOBI (1829). 
[Exercitatio algebraica circa discerptionem singularem frac- 
tionum, quae plures variabiles involvunt. Crelle’s Journal, 
v. pp. 344-364; or Werke, iii, pp. 67-90: also abstract in 
Nouv. Annales de Math., iv. pp. 583-535. ] 


To the great mathematician whose name was ultimately 
associated with determinants of this special form, they first 
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appeared in a totally different connection. He was considering 
a problem of the partition of a fraction with composite de- 
nominator into others whose denominators are factors of the 
original, and the paper to which we have come concerns given 
fractions of the form 


(aa+by—t)\(Wy+aa—-t)-}, 
(ae+by+ez—t)'(by+ee+aa—t)Ve'z+a'at+b"y—t’)-}, 


The expansions of these clearly contain a variety of terms, the 
reciprocal of each linear expression contributing negative powers 
of its first term and positive powers of the others; and the 
‘discerptio singularis’ consists in obtaining fractions which 
produce, each of them, the aggregate of the terms of a par- 
ticular type found in the expansion. Thus, to take the simplest 


example, Vv1z., (ax+by)-"(b’y a a’e)-1, 


it is seen that the expansion of (az+by)-! will contain one term 
with negative power of # and others with a negative power of 
«x and a positive power of y, that the reverse will be the case 
in the expansion of (b’y+a’z)-1, and that the product of the 
two expansions will therefore contain a term in a-!y-1, a series 
of terms with negative powers of x and positive powers of y, 
and a series of terms with positive powers of « and negative 
powers of y. Now Jacobi establishes the identity 


(aa+by)-1(b’'y +.a’x)-} = jab’ 


ae { i. feat b 1 a’ 

ay «2 axtby y vyewa} 
where on the right there are three parts; and as the first is a 
term in «~1y~1, the second equivalent to a series of terms con- 
sisting of negative powers of # and positive powers of y, and the 
third equivalent to a series of terms consisting of negative 
powers of y and positive powers of a, it is clear that the three 
portions of the expansion of (ax+by)-\(b’y+a’a)-! have been 
isolated and summed. 

Now it will be noticed that a common factor of the three parts 
is the reciprocal of the determinant |ab’|, or as Jacobi, following 
Cauchy, writes it (ab’). The corresponding factor in the next 
case, where there are three linear expressions and three variables, 


rg 


ovum 


Pe CR pgm’ Dieta iNet Scale Ga gpm 
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is found to be (ab’c’)-1; and Jacobi then makes a generalisation 
regarding the first of the partial fractions in each case, viz., to 
the effect that the coefficient of 


Pint oh = 
Hid L, XL, wt 


in the expansion of 
NESE Whe pci A 
a.e. of 
(a+ bar, +- cay ....)-1 (Ba, +H, +...) (Cat TH. 


(Si Gono, 
—the result being, so to speak, the discovery of the generating 
function of the reciprocal of a determinant. 
Shortly after this follows the passage which is interesting in 
the history of Jacobians. It stands as follows: 


is 


“ At theorematis, de quibus in hac commentatione agimus et quorum 
modo mentionem injecimus, latissimam conciliare licet extensionem. 
Ponamus enim, u—t, u,—?,.... iam series esse quaslibet, sive finitas 
sive infinitas, ad dignitates integras positivas elementorum 2, 2,.... 
procedentes, quarum serierum /, /’,.... sint termini constantes, Sint 
aaad in seriebus illis u, u,, u,,.... termini, qui primus ipsorum 2, 2,, 
Ly, .- . dignitates continent, respective az, b’a;, c’%),...., ac ponamus, 
uti in casu 1 lineari, fractiones (w—t), (u—#)7, (uy- 2’), .... evolvi 
respective ad dignitates descendentes terminorum an, We, Cte, st 

Vocemus porro A determinantem differentialium partialium sequentium : 


Ou Ou Ou Ou 
meet som eater. es as 
ea ia a Oe 
Oz > ve Of,” 2 ee er ee. ’ Oh. 
Ou, Ou, Oy OU 
Ox’ Ox,’ Oh,” ae ; Oy te 
On Ot, Wea Olly 
OLE GS i ie 


Erit ¢.g. pro tribus functionibus w, u,, u,, tribusque variabilibus 2, y, 2: 
is Ou Ou, Og — OW Oty Olly Oty Oy Ou 
~~ Oe “Oy Oz On Og Oy Oy Oe Oz 
Ou, Ou Oty Ou Ou, Ou, m Ou Oty Oty 
Cz Oy Ox * By Oz Ox * Dz Ox’ dy’ 
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quam patet expressionem casu, quo w, U,, %,, sunt expressiones lineares, 
in expressionem ipsius A supra exhibitam redire. Quibus positis dico, 
siquidem £=p, %, =P, %=Py, +--+, %p1=Py1 satistaciant acquas 
tionibus w=, w=, U=t", ...., Uy ,=l"", producti 
A 
(u—t) (uw, —t')(uy—t") 26. (Uy_y — E)’ 


dictum in modum evoluti, partem eam, quae omnium simul elementorum 
%, %,... dignitates negativas neque ullius positivas continet, ut supra 
in casu multo simpliciore, fieri 


1 » 

(% — p) ( — Py) (1g — Po) «+++ aa —Pn1) 
It will be observed that Jacobi looks temporarily upon the 
ordinary determinant (ab’c’...) as the particular case of the 
Jacobian in which the involved functions are linear in all 
the variables concerned. 


JACOBI (1830). 


[De resolutione aequationum per series infinitas.  Orelle’s 
Journal, vi. pp. 257-286; or Werke, vi. pp. 26-61. ] 
Although the general subject here is new, there is a certain 
link of connection with the preceding paper, in that one of 
the results of that paper is employed, and also that Jacobi is 
using once more the method of ‘generating functions.’ 
Passing over the first two cases, let us note how he proceeds 
with a set of three equations and three variables, As a pre- 
liminary he introduces after the manner of the preceding cases 
the determinant of the partial differential coefficients, the 
sentence in regard to it being [page 263]— 


“Ut similia eruamus de tribus functionibus, tres variabiles Ly Ye 
involventibus f(a, y, 2), (a, ¥, 2), ¥(a, y, 2) adnotetur aequatio identica: 
lo MY 2) - PF 2WY)] + LOY @=-$@YE] 

Ou Oy 
+ UO Oe OV ae 

Oz hot 


quam differentiationibus exactis facile probas. E qua, posito brevitatis 
causa 
V= SOL OMY@-# Ov] 


+ FYE OY (2) - $e) Y'2] 
+ PELE @) YY) - ¢' WY (a), 
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~ fluit sequens : 


fl $'(y) ¥'(2) — 6’ (2) ¥'(y))] + ALY @) 
On (o) 


- # @Y@) 
y 
+ UWOVO-#WVO) _ yg» 


Here the concluding identity has to be noted. He then 
_ establishes certain results concerning the coefficient of ely test 
‘m the expansion of V, or, as he writes this coefficient, 


ion 


‘Thus prepared he attacks the given equations (p. 284)— 
o=ax + by +cz +da? +eay +..., 
T=ade+byt+ez+de+eayt+..., 
v= n+ b’y+c'z+d'e+eayt+...; 

obtains first the derived set 

s= Av+axz? + Bry +yy? +... 
t= Ay+aa+ BPayt+yyr+t... 
w= Az+a’a+ Bayt yy? + . 


where the values of Se Eade wate ea dk) Oey HO 5a 5 (BTS 
_ sufficiently suggested* by giving one of them, viz., 
7 A oe (ab’c’) ; 


and then seeks to find any function of the roots, F(a, y, 2) say, 
in the form of a series proceeding according to powers of the 
constants s, ¢, u, the result being that the coefficient of s?t%w” in 
' the said series is shown to be in general 
Be Y, | 

DTG a ay Ae a-ly-1g-1, 
where X, Y, Z are the variable members of the derived set of 
equations, and V is the determinant of their partial differential 
- coefficients with respect to x, y, 4. 


* Tn later notation the derived equations would of course be written— 


Ue Cw — Geet se ulate Ld, 6. ¢ |e? -. .. 
7 Ob Gb a Mb 
v b” oi me b” ce d’ 6” cl! 


M.D. Z 
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No other case is dealt with, but the paper closes with the 
sentence— 


“Quae autem hactenus de duabus, tribus aequationibus inter duas, 

tres variabiles propositis protulimus, eadem facilitate ad nwmerum 
pest ;; 

quemlibet aequationum et variabilium extenduntur. 


JACOBI (1832, 1833). 


[De transformatione et determinatione integralium duplicium 
commentatio tertia. Crelle’s Journal, x. pp. 101-128; or 
Werke, i. pp. 159-189. ] 

[De binis quibuslibet functionibus homogeneis secundi ordinis — 
per substitutiones lineares in alias binas transformandis, 
quae solis quadratis variabilium constant; una cum variis 
theorematis de transformatione et determinatione integral- 
ium multiplicium. Crelle’s Journal, xii. pp. 1-69; or 
Werke, ii. pp. 191-268.] 


The latter of these memoirs is by far the more important; in | 
fact, it may be fully described as the summation and develop- — 
ment of a series of memoirs of which the former is the last. As 
is natural, therefore, six pages of it at the outset are occupied 
with an introduction, in which the main points of the said series 
of papers are recapitulated. Seven-and-twenty pages are then 
devoted to “ Problema I,” which may be roughly characterised in — 
later phraseology as the problem of the linear transformation — 
of an n-ary quadric. Then follows “Problema II,” the solution — 
of which occupies pages 34-50. Its subject is the transformation — 
of a very general multiple integral, and is closely connected with 
the subject of the preceding problem by reason of the fact 
that the integrand involves a power of an n-ary quadric. It is 
in this portion of the memoir that the special form of deter- 
minant which we are now considering makes its appearance. 

From two particular results in the previous papers referred to, 
Jacobi infers the existence of a general theorem which he states, 
adding that the demonstration is, however, not so easy, and that 
as a contribution towards it he will enunciate certain general 
theorems, the proofs of which for the sake of brevity are 
suppressed. His starting-point is the following -— 


Fa 
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If &, &) ».+, Ex be any given functions Of Uy Uy os) Unig teen 


5 08 O82. OEn- 
0; Of -.. Fn» = Se Bu, tee ) OV, Quy... OUy_9. 


From this he proceeds to cases where there are additional é 


functions not independent of the others, enunciating and proving 


the result where there is one connecting equation, contenting 
himself with the mere enunciation for the case where there are 
two connecting equations, and leaving these to suggest the 
general theorem. The two enunciations are— 


THEOREMA 1. Datis &, &, ..., & 1 ut functionibus ipsarum eer 
Vy_1, St inter variabiles itlas datur aequatio 
+ F(é, ty nat = 

eri 

ce} 1) Sa ae * ( Rs 0&, ae Cee 00, OU, % 5 OG e 

cof, On ty ug ¢ 

Obn-1 OV__1 

THEOREMA 2. Datis &,, &, ..., & ut functionibus ipsarum v,, Prag bii'n sis 


si inter variabiles illas proponuntur duae aequationes : 
P(E, Soy +20) &) = 0, OG, bo, ---- Ea = 0, 


a (d228 a, 262) Ou, Ov... Wye 


OF ob  cF of Ov, Ov," Ou,/- OF Of OF oP 


06,1 08, 08, Ofn-1 Ou, Ov, OV, OVaq 


His third theorem is a special case of his first, and may therefore 
be passed over. Then we have 


THEOREMA 4. Supponamus £,, &,...+5 & 1 datas esse sub forma 
fractionum 
u u Un- 
Nate: ee BSoerel Se ea, 
fit 
0, 08, Ce eae. Ou, Ou, OUp-1 
Dee ead a . a uttg,, tgs Oty 


ubi in altera summa inter indices permutandos etiam referri debet indea 0 
seu index deficiens. 


From this is deduced 


THEOREMA 5. St loco functionum u, Uy, Us, .-.- Uni ponitur 


uw uy Unt 
t? t’ t 2 ’ t ? 
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designante t aliam functionem quamlibet, expressio 


ss Ou, Ou, OU,_1 

+O Ou, Ou) 1 ONG 

abit im : 

1 Ou, Ou, i 

putts, Buy os us? 


sive in differentiationibus instituendis denominatorem communem t ut con- 
stantem considerare licet. 


The last of the series is 


THEOREMA 6. Sint u, U,, U,,..., Us, expressiones lineares aliariwm 
Junctionum Ww, W,, Wo,-++5 Wy, datae per aequationes huius modi 
—1) 
U, = WwW + a.Wy + ayWe Bos +o, Wy_i 
jit 


Qu, du, Ou, 


=e ro (n—1) Ow, a) 
tS, ai, eg (Si aaias See (Sere os Sas 


to which is added the remark that if there were one additional 
independent variable » we should similarly have 


Ow Ou, OU, _ ’ n—1)\ (Sr _, Ow Ow, OW, 1 
2u* 3, Ov, abe ‘Ove (Saat ee Seas )( = Ov Ov, hia a : 


CATALAN (1839). 


[Sur la transformation des variables dans les intégrales multiples. 
Mémoires cowronnés par VAcadémie ... de Bruczelles, 
xiv. 2° partie, 47 pp.] 


Having devoted the first part (pp. 7-18) of his memoir to 
the properties of determinants (see above pp. 224-226) Catalan 
is ready to use them in the second part in dealing with his 
main problem, viz., that specified in the title, 

The integral as given being 

[Fe Bo, +++) By), . da, .... Ax 


nN? 


and the equations connecting «,, ®a,+.., 2, With the new vari- 
ables U1, Ug, ..., U, being 
P=90, g=0, ..., ¢, =0, 


he first seeks to remove the variable Che a doing this 


? 
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&>, %z,.+.,%, are constants, and the connecting equations in- 
volve the n+1 variables «,, u,, Us, ..., U,, 80 that he obtain 


“1 de, + Eh duy + 9 duy + Aye Fou, = 0, 
1 


dy da, + 


de, * ae, du, + ia, +t oes du, = 0, 


* Tain 


dn : Re ermine, 
a a + Hea du, + i dug + .... + Fee Un = 0, 


and thence 


da, = — Midis : 
1 D, 1 
By dealing similarly with 2,, x, .... in succession the result 
reached is 
N, N N 
dz. , G2, .... dt, = (—1f—1-—2 .... —* du, . dug... An, 
1 2 ( ) D, Db, D, 5H 2 
SecrseoN=)), N= D,. 2... Nn cei the ultimate form is 
Ax, . At, .. = (- ya oat Au, .... AUn, 


where “N, est le dénominateur de i valeur des inconnues dans 
les équations 


dp, d 1 Pr == | 
du, + du, 7* t is + Z 

dds dps p2 saat 
eet eft ct + —2z = 


tandis que D, est celui qui correspond aux équations 


Addy dg, doy, _ 
dat, Yat gee He et Gy Yo = I 
d d d 
Test Getta t oo + FEU = 1 
den ddn 


da, n+ oe Yo H vee ip ot lal 
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—a lengthy and (because of its y’s and 2’s and 1’s) an awkward 


way of saying that 
= dp, dd, Ibn 
= 2 (290-5 ) 


: dt, AUy, 
= dp Ide ddn 
and D,, = Pea a). 


Catalan refers to Lagrange and ‘others’ for the cases n=2, 
n=8, but does not mention Jacobi’s paper of 1833.* 


JACOBI (1841). 


[De determinantibus functionalibus. Crelle’s Journal, xxii. pp. 
319-359 ; or Werke, iii. pp. 393-438 ; or Stackel’s translation 
‘Ueber die Functionaldeterminanten, 72 pp. Leipzig (1896).] 


Up to this point, as will have been evident, the special 
determinants which we are considering have turned up merely 
incidentally in the course of other work. N ow, however, we 
come upon a separate and direct investigation of their properties, 
the memoir under consideration being the second of the three 
portions into which Jacobi divided his formal exposition of the 
theory of determinants. From the mere fact that separate 
treatment is bestowed by him on only one other special form, it 
is clear that the subject of the memoir had come to be considered 
of particular importance. The same is rendered still more 
strikingly apparent when it is recalled that of the 87 pages 
occupied by the whole exposition, as many as 41 are devoted to 
this second portion concerning a subordinate form, while only 34 
are assigned to what we are bound to consider the main portion, 
viz., that dealing with determinants in general. 

At the outset the preceding memoir ‘ De formatione et pro- 
prietatibus determinantium’ is referred to, and intimation made 
that there is now about to be considered the special case where 
the elements are partial differential-quotients of a set of n 
functions each of the same n independent variables, and ‘that in 
this case the special name functional determinants may with 


*On the question of the authorship of the theorem of transformation see 
Mansion, P.: Discours sur les travaux mathématiques de M. Eugéne-Charles 
Catalan. Mém. dela Soc, R. des Sci. (Liége), 2° sér. xii. pp. (1-38) 10-12. 


Se aS a ae een 
= == 


Me ogc 


er ee 


eee et 
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convenience be used. Jacobi takes pains, however, to explain 
that this relation of general to particular may appropriately be 


taken in reverse order, going in fact, so far as to say that from 


the properties of functional determinants the properties of what 


he calls algebraic determinants may be deduced. He is careful 


_ to note also another relationship of the same kind, his statement 


being that in various questions relating to a system of functions 


~ the functional determinant is the analogue of the single differ- 


ential-quotient in the case of a function of one variable. 

The subject of the notation of partial differential-quotients is 
then entered on at some length (pp. 320-823), and the decision 
made to use 0 in the manner which soon afterwards came to be 
familiar. The insufficiency of this notation is not forgotten, 
however, although its advantages over the different devices of 
Euler and Lagrange are recognised, his illustrative example 


being the case of 2 where z is a.function of # and uw, and u is 


a function of # and y. He puts the whole matter in a nutshell 
when he says that it is not enough to specify the function to be 
operated on and the particular independent variable with respect 
to which the differentiation is to be performed, but that it is 
equally necessary to indicate the involved quantities which are 


- to be viewed as constants during the operation.” 


*I may state in passing that in 1869 when lecturing on the subject I found 


it very useful to write 
pa, Y,% JS, t,U,v, 


(ax, y; Zz), I (s, t, U, v), 
and then indicate the number of times the function had to be differentiated with 
respect to any one of the variables by writing that number on the opposite side 
of the vinculum from the said variable ; thus 
132 
Ly Ys% 
meant the result of differentiating once with respect to «, thrice with respect to y, 
and twice with respect to z. 
Using this notation to illustrate J acobi’s example, we see that if it were given 


that 


- in place of 


z= pu,u 
we should have 
on 1 
On = pu, u; 


but that if it were given that za 
z=?a,u and w= Yau,y 
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The dependence or independence of equations is the next pre- 
liminary subject (pp. 323-325), the starting-point being the 
definition of an identical equation as one in which every term is 
destructive of another, and from which, therefore, it is impossible 
to express one of the involved quantities in terms of the rest. 
On this the definition of mutually independent equations is 
made to hang, such equations being defined as those of which no 
one at the outset is an identical equation nor can be transformed 
into an identical equation by aid of the others. Then taking 
m-+1 equations, 


te AOS ae, a ee 
involving n+1 quantities x, 2, ..., x, he contemplates the 
possibility of solving u=0 for x in terms of Dy, Boy os vy ey ee 


the substitution of the expression in place of « in the remaining 
equations. The latter equations as altered he supposes to be 
dealt with in the same way, and the process continued until 
k+1 quantities have been eliminated and m—k equations left 
involving a1, T12) +++, my Reasoning from this, he concludes 
that a number of given equations are mutually independent 
or not according as by their help the same number of involved 
quantities can or can not be expressed in terms of the remaining 
quantities. In this connection he does not omit to draw 
attention to the existence of exceptional cases, such as that in 
which two of the quantities, XL, L, Say, occur indeed in all 
the equations, but always in the form x,+2,; and this leads 
him, for the sake of greater definiteness, to introduce the 
qualifying phrase, ‘with respect to certain quantities’ in using 
the expression ‘mutually independent.’ His words are— 


“ Aequationes w=0, uj=0, ..., u,=0 quibus totidem quantitates 
yy, «+5 Ly, Quas involvunt, determinantur, harwmn quantitatum respectu 
dico a se independentes.” 


From the independence of equations he naturally passes (§ 4) 
to the independence of functions, with the remark that exactly 


then we should not be certain as to the meaning of cm as it would stand for 


Cae 


1 1 comet 
pxju or dxz,u + pau,u. Pa, y 
according as u or y was to be considered constant. 


on» 
ae 
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similar propositions are found to hold in regard to the latter,—a 
statement which it is not hard to believe when we recall that 
any function, #?+y?—4ay say, may be denoted by a functional 
symbol, f say, the equation f=2’+y?—4ay thus resulting ; 
and that any non-identical equation connecting two or more 
quantities implies that any one of the latter is a function of 
the others. Functions of several variables are said to be 
mutually independent when no one of them is constant or can be 
expressed in terms of the rest. This is extended and made more 
definite by saying that if functions of 2, is ««-+, Ce mvolve 
also the quantities a, Gy, Mg, ..., the functions are said 
to be mutually independent with respect to the quantities 
®, @,..., ®, if no equation subsists between the functions 
and the quantities a, Gy, M,,... These definitions will suffice to 
indicate the analogy above referred to, and the deduced 
propositions (pp. 325-327) need not be entered on. 

All this introductory matter having been disposed of, Jacobi 


proceeds (§ 5, p. 327) to deal with the subject proper, his 
starting-point being the fact that if there be n+1- functions 


St Fu Say +++ fx of the same number of variables «, te, ee 
there arise in connection with thesé the (n+1)? quantities 
of 
Oly, 
The determinant formed therefrom, viz., 
Sat Oh... A, 
“On Oa, '"* Oa, 
he calls the “determinant pertaining to the functions f, f,, ..., f, 
of the variables x, w,, ..., x,” or the “determinant of the 
functions f, f,,..., f,, with respect to the variables «, Oi ee 


The case where n=0 is then referred to in a line, after 
which cases are taken up where it is the functions that are 
specialised. The first of these is that in which 


cel = Lm+1> jar = Lm+2) Bree. 5 tie — Xn» 
it being pointed out of course that the order of the determinant 
is then lowered, being equal to 
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Another is that in which the functions finit, fmts, »++» fn do not 
involve the variables 7, #,,..- , Zm, the peculiarity then being 
that the determinant breaks up into two factors similar to itself, 
being equal to 

St i... Yn sg Bats Yass... 


Ou On, Calm Om~+1 Sia Okn, 


The important proposition regarding a vanishing functional 
determinant is then dealt with (§ 6), viz, the proposition 
“functionum a se non independentium evanescere Determinans, 
functiones quarum Determinans evanescat non esse a se inde- 
pendentes.” The proof of the first part of it opens with the 
assertion that since the functions are not mutually independent, 
there must exist an equation 


LOG Pe Atoreree Fy eo). 
such that on substituting for f, f,,....f, their expressions in 
terms of &, #,,....,, we shall obtain an identity. From this 
by differentiating separately with respect to a, v,,...., &m there 
is obtained the set of equations 
geo ee Oe ee 
Cn Of On OF, Ox Ofn 
_ of ol | of, all Ofn Ol 
se ay of 4 1h Of; et ease = on 
Q alt of, ol 
= fp if 1 5 oe _ n, ‘oll 


Bie SOE SS Ot Oh Oo ees 
Then it is recalled that in a set of linear equations 


Ay + Ayly +... + Ant, = 0 


OnyL, + Ang®y +... + Ung hn = 0 


the determinant of the coefficients must vanish unless all the 
unknowns vanish. And as the vanishing of 


a all all 
ofan vie aoe 
would imply that the expression II(/, fis s.s+, Jn) Was freemen 
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Si fy -.--, fn, the conclusion is reached that the determinant 
of the coefficients of these differential-quotients must vanish, 
ae. that the functional determinant 
Se es 6. 
On Oa, Oa 

The proof of the converse proposition, Jacobi owns, is ‘paullo 
prolixior.’ It is of the kind improperly known as ‘inductive,’ 
and the first part (§ 7) of it goes to show that if the proposition 


holds in the case of Ses Wy Zn it will also hold in the 


0%, Ol, 
Of Of ... Yn “ni 
case of ie Bae Oa, As a sae there is estab- 
lished the lemma that— 
Tf f,£,,£,,..., 4, are mutually independent, then 


vat a, eS apabeen of, af, 


ne ee Ox Ox, oa uso a 


where the brackets enclosing a differential-quotient are meant 
to indicate that { there is to be taken as a function of 
a 

Denoting the cofactors of 


of of of 
ee et” 7 Bt, 
of OF, An 
in the determinant baa EE ane Ba, by 
Ng atc Sig Dies 
we have of course 


ae, 4 of EP 9 a 
poh peta tee» + A, = y+ a 


On, Te Ob, ~ Otn 
a. . 2h Bia 
an + a As + tla + pt An 0 
ah et ah an 
ap + Gg Aa + 2 ta An 
But since f,, fp,.--, fn are mutually independent it is possible 


by solution to obtain a, a, ..., %, each in terms of the 
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remaining variable # and 7, fo,..-, fn} and as a consequence 
it is possible by substituting for @,, 2, ..., %, to obtain f in 
terms also of «, f,, fy,.--, fn. Differentiating f with respect 
to &, &,..., Yn, and using brackets to indicate that the f 
within them is to be viewed as a function not of a, a,..., 
Dut ORF fas. “ we have 


£-(O+@)4+@e+..+@O% 
f-  @E+Qe+-+ Oe 


fn _ af af, of \ He of af 
CoP ae ae t ae oe ata Gaee Oat, 
From these, on multiplying both sides of the first by A, both 
sides of the second by A,, and so on, and then adding in columns, 
there is obtained, with the help of the n+1 equations immedi- 
ately preceding, 


Oa Ola ae a oh 
Te B.... Ze = (PA +O+OF 1... +0; 


On 


which is what was to be proved.* 


Now suppose that in any way it has been established that if 
oe 


+= = 0, the functions involved are not mutually 
Ox, O%n, 


* Using this theorem upon itself we have 
+ Wee ee See! 2 \(4)S We... Wn 
Ox" Oa, Oty, Ox, * O2r, One 
provided that on the right / is expressed as a function of By Tis das 20s eae 
J, a8 a function of w, a, fo,....,f,3 and ultimately 
&) 
Ow, 


ee Me ea 
iCmneny GB. Ou) \'Cx,/ | 
provided that in every instance on the right f,, is expressed as a function of 
TOC iCannete nets Ver Susas + s+s9 Sus 
A theorem like this ultimate case Jacobi enunciates and proves quite indepen- 


dently at the end of his memoir (v. $18). The one, however, is seen to include 
the other if we note the simple fact that 


O® Bt" "” Ott, — + Sn, Baty 1 COR 
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independent, and that the next higher case is to be investigated, 


viz., where Lee oo oe = 0. Of the +1 functions 
involved in the latter determinant the last n of them must 
either be independent or not. If they are not independent, 
there is nothing more to be proved. And if they be mutually 
independent, then the lemma gives 


Zam, 
@-« 


for it is impossible that the functional determinant A could be 0, 
as the functions involved in it are by hypothesis mutually inde- 


and therefore 


pendent. The vanishing of & yf r| however implies that x is not 


involved in f; and this, if we bear in mind the meaning of the 
brackets, further implies that f is a function of only f,, fy, ..-5 fin 
—that is to say, that f, f,, f,..., fr are not mutually independent. 
There now only remains to establish the proposition for the 
case where the determinant is of the second order,—that is to 
say, where 
af of, _ oF af, _ 
Ox Ox, OO, O~ 
Here the function /, must involve both variables, or only one of 
them, x say, or be a constant, If it be not a constant, a, is 
expressible in terms of f, or at most in terms of f, and a, and 
thus, by substitution, f is expressible in terms of the same. In 
this way we have 


fo (2) 4 ()2 


Ont Ox Of,/ Ox 
es (z of \. oft 
Sar, of,/ ea, 


and therefore, by elimination of (2 % Vg 
1 


(2) .% ry 
Ons On, Ox On, Ox, On’ 


= 0. 
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Now it cannot be that the second factor on the left vanishes, 
because /, is known to involve x, ; consequently 


@)-o 


From this it follows that of the two variables f, and a, 
supposed to be involved in f, the second is awanting, and that 
therefore f is expressible in terms of f, alone. Our result thus 
is that either f, is a constant or that f and f, are dependent. 
The general theorem being thus established, Jacobi refers in 
a line or two to the corresponding contrapositive proposition, 
viz, that af the functional determinant do not vanish, the 
functions are mutually independent, and to the contrapositive 
of the converse, viz, that if the functions be mutually in- 
dependent, the fa determinant cannot vanish. F inally, 
in recalling the ultimate case where the determinant is of 
order 1, he notes that, as in that case, so generally the four 
propositions may be combined in a single enunciation, viz., 
According as the functions f, Liye ecy 1g OF Oy ee eee 


not or are mutually vndependent, the functional determinant ° 


does or does not vanish. 


The next subject taken up (§ = is the 
linear equations 


solution of a set of 


of if of 
a Ot Betis ag 
H.W of 
an ae, th ae ee 
fn, . fn Ofn 
On aim Qa, "2 Am i Day ® = Sn, 


in which the determinant of the coefficients 
is the functional determinant 


of the unknowns 


ees 


On,” 


n 


Se on | 
Ox Oat, 


Of course a condition of solution is that this determinant does 
not vanish, and therefore that the functions Bip te 


PD Te ly > Rg it feo 


ollie eaten. meee 


OE ied 


eh eng 
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mutually independent. But this being the case it follows that 


©, ,+..,%, are expressible in terms of f, f,,..., fn, and, as 
a consequence of substitution, that any other function ¢ of 
@, &,..., %, iS expressible in terms of the same, thus giving us 
_ 24 OH | 2p 2m, 2p ey 
sf = era op Ge op «| C8). 


Now if we turn to our set of equations, and multiply by 
See igh, 
respectively, with the result 
of. Oat Of Oa, 
ORE ae Bera Ak Wn 


Of; , Ox i 4 hy om 
Oa ae ay A an ae 


of i Cate 
ee ee Ce ar 
Che ee 
ain of, OF, 


Oa Bm 2,2 fa, Bin, By, 
a ae a Seo of 


it is evident from (a) that on adding column-wise we shall 
find the coefficients of all the unknowns equal to zero, except 
the coefficient of x, which is unity, and therefore that 


On, On, OX; 
—- —; 8 St Speer 
comin 2 oT fn n 


Jacobi is thus led to formulate the proposition :— 


YQ, = 


“Sint variabilium 2, z,,..., 2, functiones f, f, ..- , f, 4 se invicem 
independentes, si proponetur hoe aequationum linearium systema, 


ie ee gd 


T, = §, 


$ 
Ci 
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earum resolutio semper est possibilis et determinata eruntque in- 
cognitarum valores : 


Ox Ox Ox 
fo EA ae lc al 

On, Ox, On, 
eae ai ec 
é ce ee ge + pn = 
ae iia 5 


Put into the form of a ‘rule’ this amounts to saying that any 
one of the 7’s is got by taking its ‘reversed’ coefficients and 
multiplying each of them by the corresponding s, and then 
adding. 

Of course, having obtained a solution by using the peculiar 
eliminating multipliers 

OL, ~ Oty On, 

een ee) 
and being aware of the existence of a general set of such 
multipliers, Jacobi had already to hand the means, which he 
did not fail to use, of finding an important identity. For, if 
the functional determinant be denoted by R, it had long been 
known that 


dour coh oR oR 

"e = Rap eh ae at... +S, 
jo seh ml n 
oo OX, Ox, 


and a comparison of this with the value of 1, above obtained 
gives at once 


1 oR _ 0m, 
Ron. ore 
One 
Oy, 


a particular case being 


i Of; OF, a On 
Rea ee 


This result may be viewed as giving any one of the differential- 
quotients in terms of the differential-quotients a ; or, if we 
i Kk 


multiply both sides by R, it may be viewed as giving an 
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expression for the cofactor of any element of the functional 
determinant. 

Before leaving this part of the subject it may be noted that 
Jacobi discusses with equal fulness a set of linear equations 
_in which the determinant of the coefficients is the conjugate 
{as it afterwards came to be called) of the functional deter- 
minant, with the result that the practical ‘rule’ above given 


~ is shown to hold here also. 


The expression obtained for the cofactor of any element of the 
functional determinant is utilised (§ 9) to find an equally 
interesting expression for the differential-quotient of the func- 
tional determinant with respect to a quantity a which may 


be x, @,, ... or any other involved in the functions. As R 
can be considered a function of its (n+1)? elements a it is 
k 


clear that = is expressible as the sum of (n+1) terms of the 
form 


Of 
OR | oe, 
5 Of Oa 


On, 


__ This, however, by substitution of the expression just referred to, 
_ becomes 
: a, 

OL, _ OLy 


ne) 


Ray Oa 


or 


so that we have 
i=n k=n chi 


en), 0a , Ra 
Ca : ey Ore 
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or, as Jacobi puts it, | 
a he ae 
OlogR 0a Oa _ 0a. , 
"Se 5 (oie Neches tua 
With this theorem is associated another having no connection 
with it save the fact that the proof of it is dependent on the use 
of the same expression for the cofactor of an element of the 


functional determinant. Recalling the general theorem proved 


in his memoir De formatione ... viz., 
DAA) AS = (Ss faa, a ae ee 
he applies it to the functional determinant, viz., to the case where 
et te 
a = - ? 
Wr, 
and where the cofactor 
i On 
(GO ae ached 
Peel 39 af, 


The immediate result, on dividing both sides by R”, is 


already obtained, is the special case of this where m=0. Another 
special case is at the other extreme, viz. where m=n, when we 
have 


=) ae Oo Oot On = - 
SF A Oh SH Oe 
~ 0 Oat, On 


the generalisation—or the analogue, as Jacobi would seem to 
prefer to view it—of the theorem 


CU 
da ~ da 
dy 


The next part (§10) of the subject relates to the case where 
the functions, whose functional determinant is sought, are not 
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given explicitly in terms of the variables—where, in fact, we 


have n+1 functions of 2, Ry Paasct len Jas fy see: say Vids, 
Meat, a, ey ~ F, =.0, 
and where we are asked to find 
eee oe 
~ Oe Oat, Op, 


Differentiating any one of the F’s with cages to any one of the 


a's we have 
= a oF, of oF, Dh 
: Gan, of Oxy ay cae ie 


which may be viewed as giving an expression for — a Using 
K 


oF, eh 
Of, On, 


Gig 3 


this expression (x +1)? times we obtain for 


oF OF, oF 
DEEN gt eae Nee LL 
fon, D5," ie OL, 


an equivalent determinant each of whose elements is the sum of 
n+1 products, and which from the multiplication-theorem we 
_ know to be equal to 


Tt OF oF, OF, of Of, Ofn 


of of a “On On, On 


It thus follows that the result sought is 
OF oF, oF, 


We i a pin oe eo, 
"On Oat, OLn oF OF, Or, 


+— o ———" sree 
of Of, fn 
a theorem which Jacobi again takes pains to have noted as the 
analogue of the theorem which holds when F( /, x)=0, viz., 


df _ _ oF oF 
de Of Gt 
By way of corollary it is remarked that as the equations 


F=0, t=. 0. rt ORCI Pass. 


cannot be more appropriately viewed as giving the /’s in terms 
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of the «’s than as giving the 2’s in terms of the f’s, we therefore 
have the twin result 


OF OF, |. OF n 

Se Cnty ee On = (-1yr4 OF Of, fn, 
of of. if) of: n * my oF oF | OF, 
 O% - ON, OLn, 


and consequently from the two a theorem already obtained by a 
different method, viz., 


4 Ob Oly On _ 1 
ret of oS, fn 1, F A; aes On 


~~ Oa Ont, On 


Steadily pursuing his analogy, Jacobi next takes up ($11) the 
case where the /’s are not given immediately in terms of the a’s, 
but are given in terms of functions ¢, ¢,,..-, ¢p of the a’s. 
Here, of course, we have 


Ss Se 1 he Oh 4 he Ops 
OL, Op O%, Of, Ot, Cdp Ox, 


and therefore by (n-+1)? substitutions there is obtained for 
Sa ae 


~ Ox O00, OL, 


an equivalent determinant, each of whose elements is the sum of 
p+1 products. This latter determinant, however, we know from 
Binet’s multiplication-theorem is equal to 0 when p<; is equal 
to the product of two determinants 


of of ees, - Of : op Od ee ohn 
L+sg Sg. Bp. tbe oe a 


when p=”; and when p>, is equal to a sum of such products 


viz., 
of of, : On ‘ Op 04, O¢n 
Sea, ab, Shy Sh oe Sa, 77 aa 
where the different terms included under the S are got by taking 
all the different sets of n+1 ¢’s from the p+l available. This 
tripartite result Jacobi carefully enunciates at length in the form 
of three propositions. He notes, too, that the first is practically 


> 


= 
ae 
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a result already obtained, because the functions in that case are 
not independent ; that the second has for its analogue or ultimate 
case the theorem 

df _ df dy. 


dx dy da’ 


and similarly that the third is the extension of a result actually 
used in the proof, viz., 


Se ob 8b a: Of Ody 
On 06 Gr Og, Oe "|! Og, On” 


He even enunciates formally a variant of the second proposition, 


calling the variant “Proposition iv,” viz, If f,f,,...,f, be 
functions of y, y1,+++, Yu, and it be possible to express both the 
fs and the y’s wm terms of n+1 other quantities x, x,,..., Xa; 
in f of f 
or O Co) 
Pe 
a A On BEY Oe 2 25a 


~ OR OR, OXy 


The analogue also is again referred to in the form 


df 
df — da 
dy = dy’ 
da 


and the special case, already twice obtained, where f=a, f,=«,, 
et ee 

Still further importance is given to the second proposition 
by assigning the next section (§ 12, pp. 341-343) to the 
consideration of certain deductions therefrom. First there is 
taken the special case where 


db = &, gd, = X, cn > dm = Lm; 


and where therefore 


Ses ee Ogn as Si Ohms, Sms ES Opn 


On On, On Nina Orgs On 


the result clearly being that Jf f, f,,..., f, be functions of 
em Pag, =, O, ONE Puss,  , Gn be functions 
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of X, X,,..., Xq, then the functional determinant of f, f,, ..., fn 
with respect 60 K, Kcr i, Kp 


Lig eh i ae oy Sg ees 2 ee 
Ox OX, OXm Odm4i Odn OXms4 pa 


Here the first factor would reduce to 


gel. Of, See fm 
~~ Ome Ont, Om 


if it were possible to put 


Pm-+1 = ates dm+2 = eree eis. 8). > Pn = 5 Bee 
hence there follows the further proposition, which Jacobi 
speaks of as “prae ceteris memorabilis,” that the functional 
determinant of f, f,,..., f, with yespecl 10 X, X,, >. 
is equal to 

v+(S)-(S) oe (Ze). yr Sfmt , Ofmas nee Of 
NOX? NOx Ox, " O%n OSes Ox 


n 


if the brackets in the first factor be taken to mean that the 
functions therein occurring, viz. f, f,,...,f,, are considered 
to be expressed in terms ji a SRE cottege HAS Lis5) ¢ceg ee 
An extreme case of this, viz., where the first determinant factor 
is of the order 1, has already been given. 


In order that we may be able to substitute 


L for Sie Pmt, uss... Oe 
Ss ek Okm+1 ‘ OX m49 AYES OX, OLm4a O%m+2 On 


Omir Obmss ~ On 


in the former of these two propositions it is necessary that from 


the equations which give $44, Pm42>++-> dn in terms of a, 
Hy, +++, Uy WE Obtain Ani1, Lp 42)-++.,@, in terms of the other 
8 and’ fs, “Ona cee dn. Consequently, we have the 
proposition, Jf f,f,,...,f, and XmHis Smiiey «> 0) Ky. Gemmeme 
pressed im terms of x, X,, ..., Xm, Pntir Pmtz, +++, Gy the 
functional determinant of £, f,..., f, with respect to 
X, Xj, ...,X_ 28 equal to 
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of af, args Ser af, 


> -}. (> ae i Oss cues Ox 
Odbm+1 Odm+2 Odn 


Similarly, in order to be able to substitute 


1 for 4 m1, m2 eo Ofn 
>> 4 hms : Oma nee OL, ~ Om+s OLm+s On 
fmt Fmr2 Yn 


in the other proposition it is necessary that from the equations 
which give fini, fmia,-+-> Jn in terms of &, %,..., %, we 
obtain msi, Umi2,-+-> %, in terms of the other es and 
Fimars Finis +++» fy» We therefore have the result—If 


is is Re | a Xn+1> Ximn+2> veey Br 
be expressed in terms of 

SO ae oe ae a Sn ea pee 
the functional determinant of f,f,,...,f, with respect to 
X, X,,---,Xp, 18 equal to 


Leaving this, Jacobi harks back (§ 13) to an earlier pro- 
position with a view to a generalisation now possible, viz., the 
proposition where the functions are given implicitly in terms of 
the independent variables by means of n+1 equations 

Baa Fy = 0, «ves ¥.— 0) 
The extension arises from the number of equations now given 
being n+, V1Z., 

eee, es - Farm = 9, 
and each of the F’s being a function not only of &, ©, +++) Xn 


Pe fase es In Ub also of 
sree tien ea ey era 
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If the last m of the equations were solved for the last m of the 
Js, and these 7's thus eliminated from the other n+1 equations, 
the functional determinant desired would, by the proposition 
sought to be generalised, be equal to 


See) Ee) 
Tse 

D(H) FR) FE) 

where the brackets are used to indicate that the enclosed F’s are 


in the altered forms resulting from the substitution referred to. 
Multiplying numerator and denominator by 


(4 


yi ots / OP n+. ae OP nam 
os of, n+1 of, N+r2 of, nm 


we obtain a new numerator which by a later proposition is equal 
to 


Ox On, Ny Peet nas ie) eta 
and a new denominator which for a similar reason is equal to 


OF Son. son 
he gh pcg 
OF ap 


wi lk OF, Fe Ea Fae OP aan 


n+m 
The functional determinant desired is thus found to be equal to 


aF oF, OF, OF OR, BE yg 


(-1)"# 25” on, sel Wn Fn Pns2 ee of REM 
Poenes oF 


where, it will be observed, all the F’s are in their original form, 
As usual, the extreme case is noted, viz., the case where a 

single function f of one variable a is given by means of m+1 

equations connecting #, fi f,,..., Jn the result then being 
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and also, as usual, the occasion is utilised to draw attention to 
the analogy between the differential-quotient and the functional- 
determinant. “Quam formulam si cum generali comparas, et 
hic vides perfectam locum habere analogiam inter differentiale 
primum functionis unius variabilis atque Determinans systematis 
functionum plurium variabilium.” 


The theorem next brought forward (§14) is said to be useful 
in connection with the preceding general theorem for finding the 
functional determinant when the functions ‘quocumque modo 
implicito dantur, and is also spoken of as being in itself ‘prae 


ceteris memorabilis. It is—Jf f,f,,...,f, be functions of 
X, X,,..., X, and there be given the equations 

) ie a eis eae 
in which a, a, ..-, dn are constants, then the functional 
determinant 


ey a) oa 


will not be altered by any transformation made wpon the fs by 
the use of the given equations, it being understood, of course, 
- that the equation f,=a, is not used in the transformation of f,. 


Taking first the case where only one of the functions, say /, is 
transformed, this becoming ¢ by the use of the equations 


ee lg = da, Dey y Jn = Gn; 


we see that ¢ in addition to a, a,...,%, may involve ay, dy,..., an, 
and that therefore we have 
Of _ ep , % Fr 1 Ob He op On 
ae fe Bee, Oe “rs ne a 
of 2h Ob Me 2. Sey He, 
Ct, Oe, =e 0b 5. Oat, Ts Ty, 20, 
of _ 2 , 2 A , 2H, He Teele 
eee ay oe, Day On 


By substituting in the functional determinant 


st he, 
“Ou On, On, 
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the equivalents here given for 

cia Se hae 

Ct Om, Die 
there is obtained a determinant which is expressible as the sum 
of n+1 determinants, all of which vanish except the first. We 
thus arrive at 


SE as LS SP ce aos 


5 OM Ones OLn On On, Cn’ 


as was to be proved. 
Passing to the case where two of the functions are changed, he 
says, first, that if, by the use of the equations 

gd = a, to = a; ts = Gg; Seas CR Jn = 
the function /, is changed into ¢,, then exactly as before it can 
be shown that 


Se wi eS ee 
Tab. CHE, OLn CU mon Cr. Oly, 


More questionable is the logic of his second step, which is to the 
effect that from this and the previous result it follows that 


De ee 
On OX, OX OX, OX, Oln 


His third step is simply the assertion that by proceeding in this 
way we may prove generally that if by use of the equations 


ia, ear or teeny i ree Tep= Gas seen, In =e 
f, becomes changed into ¢,, then 
Sa 2 ye See ee 


On OX, Olin On 0%, Oat,” 
and the matter is concluded with the further‘assertion that if in 
the elements of the second determinant there be substituted for 
a, %,..., ay the functions which they represent, that determinant 
will be identically equal to the other. 


Considerable space is next given (§ 15) to the discussion of 
the case where the number of variables a, @,, ..., &4m Which 
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the functions involve is m greater than the number of 
functions. First it is noted that if the functions be not 
mutually independent, they are not independent with respect 
to any +1 of the variables, and therefore each functional 
_ determinant formed with respect to n+1 of the n+m+1 
variables must vanish. Then the converse proposition is taken 
up, viz., that if all these determinants vanish, the functions 
are not independent. The method of proof is that known as 
mathematical induction, that is to say, the assumption being 
made that the proposition holds for n functions f, f,,..., fi 
it is shown to hold for n+1. Clearly we may start by view- 
ing f, fi, ---,fa+ a8 being independent, for if they be not, 
there is nothing to prove; and this being the case, the various 
determinants of these. functions with respect to n of the 
variables cannot vanish. Denoting the first of the said 
determinants, viz., 


and choosing from the given vanishing determinants of the 
-(n+1) order those having 7 of their variables the same as 
those of B, viz., the m+1 determinants, 


yi Fh ... Fn, Fn 


Ox On, Olgas Ores 


we see that from a previous proposition these are respectively 
equal to 


HG). Gh). +» v2) 


On, On +1 O€n +2 Ox n-+m 


where the operation indicated within brackets is meant to be 
performed on f/f, as expressed in terms of 


ie tis Ty ness Xn; en+1> SF 2G entins 
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As B does not vanish, it follows from this that 


=) a On) ( on )= 
ee =o eS On eae Oln+m ou 
and consequently that 7, involves only f, f,..., fai; that 


is to say, that f, f,,...,f, are not independent, This result 
being obtained, it only needs to be noted that the proposition 
being manifestly true in the case where the number of functions 
is one, must be true generally. 
As an addendum, it is pointed out that since the vanishing 
of the m+1 determinants 
lad ae 


CaO, ‘Clg Ok. 


Sat... Sar, Be 


Ox On, Mga Oley 


7 


yh Pet Ofn-1. Ofn 3 
On Ot, Og ne 
when the determinant, B, and the n? elements common to all 
these do not vanish, implies that f, is a function of Fi dys 
and since this mutual dependence of f, f,,..., fr fr implies 
the vanishing of all the functional determinants formed with 
respect to any n+1 of the n+m-+1 independent variables, we 
are led to the conclusion that, provided B does not vanish, the 
vanishing of all these functional determinants of which the 
number is 
(n+m+1)(n+m) ... (m+1) ee (n+m+1)(n+m) ... (n+1) 
12.8 1.3.3... nae 


is a consequence of the vanishing of a certain m+1 of them. 


In order that the connection between the members of this 
group of functional determinants formed from the differential- 
quotients of f, fi,..., fn, with respect to any n+1 of the 
variables @, &, 3... nim may be better looked into, several 
identities regarding square arrays of functional determinants 
are next given (§ 16). 

Taking in addition to f, f,..., fy the m arbitrary functions 


Ey ae Ci Nee ee Tram 
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of the same n+m+1 variables, and denoting the determinant 


5 Ft. Anna, nis by po 
Ox On, Oy» bys, v8 


where 7, k may each have the values 0, 1, 2,..., Mm, We see 
that from a previous result we have 


t fe) eA i 
00 = B. (Sex), 
Cn+k 


if f,4; Within the brackets involves f, f,,...,f,-1 in place of 
W, &,..+,%,-;. From this it immediately follows that 


408, .... 2 = BE, >+(2). (2a) ... , (asa), 


00, n O%n+4 OF n+ 


But the theorem already obtained regarding the factorisation 
of any functional determinant gives 


sy SO nt 


oO Oa,” Onn 


200... Yorr, yy(Wt) (Ae)... (Afra 


OMe On, Minn 1 OLn44 Ok n+-m 
Ofn\ , (Oh; of, 
= = kB. ( st): ( =) ee . (Geet n+m 
Ns Ox On +s aaa 
Consequently, by substitution we have finally 


Dy Sit, v0 0, = B”. rel Of... Ofntm 


Ox, DO ee: 


a result which Jacobi says is of frequent use in dealing with 
questions regarding determinants.* 


* A curious interest attaches to this result. On the right-hand side are two 
determinants whose elements are differential-quotients ; but the first, B, being 
a minor of the second, the total number of different elements is simply the 
number in the second determinant, viz., (n+m+1)*. On the left-hand side is 
a compound determinant of the (m+1)t* order, each of whose elements is a 
determinant of the (x +1) order; nevertheless the number of different elements 
is again (vn +m-+1)? and not (m+1)*(n+1)*, because all the (m+ 1)? elements of 
the compound determinant have the n? elements of B in common, and of the 
2n+1 which border these n? elements, only one, viz., the cofactor of B, is 
different throughout, each of the 2n others being repeated m-+1 times, so 
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Next, —8 being used to stand for 
gee cee ok 


“Ox Ox, Oj 4 (OM, ig Oley On 
it is sought to find an equivalent for > +86" .... 8B”. Clearly 
— 8 is the determinant formed from B by using x,,, a8 an 


independent variable instead of x;; but for our purpose it is of 


. . fe) nti s t 
more importance to note that it is the cofactor of ae in bs 
4 
for then the determinant under consideration, viz., 


Pape So fe tle co 6 
being thus the cofactor of 


Fn, nr, farm 
On Oa, Cie... 


in the left-hand member of the identity just found, it only 
remains to seek the cofactor of the same expression in the 


that the total number of different elements is n?+(m-+1)?+2n(m+12)(m+1). 
Further, on both sides the degree in these (n+m+1)? differential-quotients is 
the same, being clearly (n+1)(m+1) on the left, and mn+(n+m+1) on the 
right. It is thus at once suggested to us that the identity is not necessarily 
an identity connecting differential-quotients only, but is true of any (n+m+1) 
elements whatever ; and the suggestion is readily verified when the ubiquitous 
presence of B as a coaxial minor raises the suspicion that the identity must 
be an ‘extensional.’ The case where n=2 and m=3 is given on p. 215 of my 
text-book (Z'reatise on the Theory of Determinants) in the form— 


| ¢5 fel |e es Sol las es fel [ag es Se! 
|b, es fel [02 es fel | 03 es Fel 104 es Sel as 
ler es fol en sol ler es Sel lea es fol | — | “?stsetsfol- | nfo 


Id, ¢s fel |de es Sol lds ¢s Fel |g es. Se 


where it is viewed as an extensional of the manifest identity 


Q, Ay My My 


b, by by 6 

Ea Ce ee eae | aqbocsla|. 
CCC eg aIG 
d, d, ds dy, 


The theorem in its general form may be enunciated as follows :—IJf from the 
determinant | aynimsi| there be formed all minors of the (n+1) order which 
have | a,| for the cofactor of their final element, and these be orderly arranged 


im square array, the determinant of this square array of the (m+1) order is 
equal to 
| Qin |. | Qintm+ |. 
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right-hand member. Now, in the first factor, B,,, of this right- 
hand member the expression does not occur at all, and in the 
other factor, which is transformable into 


(- Le aha of CA Sy bd Ofn-1 fn ae, Fntm 


em+1 exe +2 OLmin Ou Om 


it oceurs multiplied by 
(—1)) pes ees i fm on Cine 


Cm Olm+e ; COm+n 
The desired result thus is 


ee ee ren yi eS, ne 


m+ tyes Og as 


which Jacobi formally enunciates as follows: 


“EF Determinante 


Of Of, nx 
B= >/+ = Or. cee Ms 


deducantur (m+1)? alia Determinantia, uni cuilibet differentialium 
ipsarum 7, 4%, ..., %, Tespectu sumtorum substituendo successive 
differentialia ipsarum 7, 7,41, «++; Tim Tespectu sumta: illarum 
(m+1)? quantitatum Determinans aequatur expressioni 


eee —————— 


arr tee “it ae 
ey | (m+1) (n-+1) Bm - 43 , 1 n-1 
\ ) 2 Olga 1 Olm-2 OSmnten 


From equating cofactors of 


Fa nts |, mtn 
On On, Clg? 
Jacobi proceeds to equate cofactors of 
Ofn+1 ers OF men 
On ro: a 


in the same fundamental identity, the resulting theorem now 
being ap , 
) 6) ) 

' ce | eae m(n+1) Rm 2 8 el 
D+ > 6:8: er, Bn oa). B tay Om+1 min 
and then he adds, 
“‘Eodem modo obtinetur generaliter 

ee ene eats PO 
= 4B”, + of oh te Sf nrb—t 


Ce lem t42 a. we 
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: n(m m(n+1) 
qua in formula signo + substituendum est aut (-1)""*” aut (-1)"" 
prout 7 par aut impar est.”* 


The second derived identity,—that is to say, the case of the 
final general identity where 1=1,—Jacobi proceeds to utilise for 
the purpose of proving his proposition regarding the effect of the 
vanishing of certain m-+1 functional determinants. The path 
which he follows to reach his result is not a little surprising. 
Instead of saying that the vanishing of B, b,b,, ..~. , bj —for 
these are the m+1 determinants in question,—entails the 
vanishing of the left-hand side of the identity, viz., 


PHO ae Be 


* The fact that these identities can be derived in the way here indicated from 
another which the preceding footnote has shown to be true, not merely of 
functional determinants but of determinants in general, is convincing proof that 
they also (t.e., the derived identities) are not restricted to any special form of 
determinant. Using the fundamental identity as enunciated in the footnote, and 
taking the special case of it where n=4 and m=2, and where therefore the given 
determinant may be written | a,b.c,d,¢5 fe97|, we have 


| ba C3dye5| |b. ¢sdyeg| | ay bycg dg er | 

|% Oy cgdyfz| | ay daesdyfe| |, bocsFafy| | = |G, d2Cydq|?. | by Cs dyes fo9r|- 

|% by csdags| |G, b2¢34496| |b. ¢3d497| 
Now in each of the determinants forming the first row on the left here, ¢, 
occurs as an element, in the second row jf, similarly occurs, and in the third 
row g3, while on the right these only occur-in | a,bj.c.d,e;fgg,|. Consequently, 
equating cofactors of e, fg, we have 


yds cyds| | Ay dg eq de | | dg bs cy dy 
~ |, bs cyds| —| a, b3 cy de | —| a bs c,d, = — | aby eg dy|?. | yds cg dy | 
My by Cyd5| | a da cy de | | a bg cy dy 


which when put in the form 


Asbecsdy| | agbgcsd,| | Qy by Cg dy 
A bscgdy| | a, dgcgdy| | a, byes dy = —|,by¢3d,|?. |ayb5 cg d>| 
Ay by tsdy| | a, dg cg dg | | by Cy dy 


is a case of the first derived theorem. ; 

The original theorem, it should be noted, is true-for all values of n and mM; 
the derived holds only when m<n,—in fact, if we do not, in seeking to obtain 
the latter, take m<n in the former, we shall fail in our aim. Thus, taking 
n=2=m in the former, the given determinant being | a;b.c,d,e,|, we have quite 
correctly 

Jay by ¢3| [ay dy cy| Jay by Cs | 
|@,bgd3| | ab, d,| | a, byd5| | = |a,b,|?. [ay by cy da es| ; 
| by e3| ay be e4| | @; de es | 


oa NN "ra 


JACOBIANS (JACOBI, 1841) 385 


and that therefore, if the factor B on the right-hand side do not 
vanish, the other factor 


= m Olm+4 Olmin 
must vanish, he takes some pains to obtain a new identity and 
then applies this very reasoning to it. Denoting the cofactors 
Be ove. Bye iD pee eee es BY IN, Age so sd-s Nas He 


_ points out that as none of the B's involves f,, the same is true 


of the d’s. On the other hand, the b’s do involve Jn, but only 
one of them, viz., b,, involves the differential-quotients of Fn With 
respect to ,,,, this differential-quotient being in fact the last 
element of all and having B for its cofactor. In this way it 
appears that on the left-hand side of the identity 


the cofactor of cy is A,B. 
Ot nsx 


: of af, of, 
I h iv a DE ee sire ee 
in the same manner we take Dts, Bina Onin and 
Ofn 


n+k 


denote* the cofactor of 


in it by «,, it must follow that on 


but while c, occurs in each element of the first row on the left, and d, similarly 


in the second row, ¢; does not so occur in the third, and consequently the cofactor 
of c,d,e, on the left takes a different form from that given by Jacobi. 

The first derived theorem in its general form may be enunciated as follows :— 
If there be two determinants D and A of the nth order such that the last n—m 
columns of D are the same as the first n—m columns of A, and if there be formed a 
square array of new determinants by supplanting each of the first m columns of D 
by each of the last m columns of A, the determinant of this square array of the 
mi order is equal to 

( = 1)™(n+1) D”-1A, 

To illustrate the second derived theorem we may equate cofactors of /,y. where 

we formerly equated cofactors of ¢,f,g3, the result clearly being 


| Qy by cydyes| | by esdyeg| | a, by cg dye | 
| Gy Bs cys | | dy bg egg | | ay bz cy dy || = —| my by egy”. |g b4 cy dge,|. 
| ay bs cgds | | a bscydg| | a ds ey dr | 
The next of the series would be got by equating cofactors of g,. 
* This is not the same as putting, with Jacobi, 
Sn fn 
ee at te 


for the determinant on the left being of the (n+1)th order there should be n+1 
terms on the right instead of m+1. 
M.D. 2B 
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the right-hand side 


the cofactor of an is (—1)°°™Bu,. 
Ont ; 


The connection between the ’s and the p's is thus 
Ay = (-1 erry Beg» 
so that 
NDAD, tee HNmOm = (HL) OB" (nbd: +... + umP mn) 


The left-hand member here, however, being equal to the left- 
hand member of the identity with which we started, it follows 
that the two right-hand members must also be equal, and 


therefore that f af, of, 
i) Oo 1 n 
pb Up pr Pattee Mdm _. Loe, Lm ~ Olmtn 


Of course this shows, exactly as the original identity did, that if 


bist bp oe at, = anda be 
then 
49. 20h meee i 2s 
TF Okig OM pty es ere, 


—that is to say, the functional determinant of f, f,,..., f, with 
respect to another set of m+1 variables vanishes also. Jacobi, 
however, does not at once say this, but drawing his reader's 
attention to the fact that the new set of variables contains n —m 
taken from 4, a,...,@,-1 and m-+1 others, viz., %,, Baia) --+5 
Grim» he affirms that the identity reached shows how the 
functional determinant of 7, f,,...,f, with respect to any set of 
n2+1 variables is expressible in terms of the m+1 functional 
determinants whose variables are 


ae Nee Py) a ee 7 
x, XY, oy Pe 5) Un-1> Untrs 
x, a, ee, 6 Xn=-1> Lntm- 
His words are— 
“Unde formula docet quomodo e functionum f, Tj > «sy J, eae 


minantibus 0, per idoneos factores multiplicatis et additis proveniat 
earundem functionum Determinans guarwmcunque variabilium respectu 
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formatum atque per ipsum B multiplicatum. Hine bene patet, quod 


§ pr. demonstravi, quomodo omnibus 0, evanescentibus neque ipso B 
evanescente, simul cuncta illa Determinantia evanescant.” * 


Continuing the work of deduction, Jacobi lastly equates the 


cofactors of SE in the two members of the identity 


af “of of, 
a ae = B.S... ae 
pO + yD, + oo le mOm B SS ee mts hea tn 


noting that this differential-quotient does not occur at all on the 
right-hand side, nor in the «’s on the left-hand side, but in 
b, occurs with the cofactor 


ewe a i a ak 


~ Okniy C8, Oily (oipaeel 


The result is the proposition + 


“Sit »,functionum f, f,, ..., f,-; Determinans quod in Determinante 
K 1 q ; 


per — multiplicatur, ubi m=n, erit 


Cntk 
ed fs nt 


Ch, OL, Ok, On —1 


of of fs Ofn—1 
* +o, Ot, Ox, "° On 


lnt+m Oly, ky Ox, 


+ Py y+ of ie. ua _ g» 
The case where m= is specially noted. 


* Of course this theorem also is not limited to determinants having differential- 
quotients for their elements. The general enunciation may be put as follows :— 
If m determinants of the n order all have the same n—1 columns in common, and 
vanish independently, then every determinant of the n” order whose n columns are 
chosen from the m+n-—1 different columns must vanish likewise. (See Proc. Roy. 
Soc. Edin., xviii. pp. 73-82.) Ms 

+This proposition, and that from which it is derived, are again propositions 
which hold regarding determinants in general, the class to which they belong 
being that which concerns aggregates of products of pars of determinants,—a 
class, the first instances of which have been seen to occur in Bezout (1779). In 
connection with Jacobi’s remark regarding the case where m=n, it is worth 
while to note Sylvester’s enunciation in Philos. Magazine (1839), xvi. p. 42. 
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Leaving now these general theorems which involve two suffixes 
m and n, and which concern growps of functional determinants, 
Jacobi returns ($17) to the consideration of the properties of a 
single functional determinant, the specialisation being made, not 
by giving a particular value to m the second suffix introduced, 
but by leaving it unrestricted, and putting the original n=1. In 
the theorem 


yi boM bm = Be, el Oh, mts 


Ox On, Oat 
B then stands for 2 and b® for yal Zee Making in this 
the further specialisation, f=0, so that w has to be considered 
as a function of &,, %,...., Um-1 we have 


of CBee Be 0 
Chis OPhOr me Mar 


and consequently 


0) ge 8. fen OF Fin 
‘ CO ONns, Olysr, O80 


=~ 2 (fea 4 Man, 2 


ON Op C0 Opry 


_ 2 (Yi 
OC NOC) 

if the brackets in the last line be taken to indicate that the fi. 

enclosed by them does not involve x but its equivalent in terms 

Of @1, L,..+., Vm. By use of this substitute for 4 there results 


of (2) ay Bee = epee vee. Of mts 


Oar, / \Oat, Cone: CL Ox, Ono 


and if we denote the cofactor of 2 in the determinant on the 
right by A; we have of course the said determinant 


of of of 
e A 5 AS, i‘ ¥ Amita a) 
and es ee Of oe A Of ox 


a 
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by reason of the deduction from f=0, Division by cs thus gives 


us the ‘formula memorabilis’ 


BGG) Ge) - Sn Eh 


Ox oe) OF m-+1 x Q : ON, os Omir 
where ae v4, Me Mo haces 
ey Oaty Om 


and A, is derivable from A by putting differentiation with 
respect to x in place of differentiation with respect to a, and 
prefixing the proper sign. 

Jacobi adds “Formula inter egregia inventa illustrissimi 
Lagrange censetur,’ and asserts that for the purposes of proof 
it is not necessary to put f=0.* 


This is immediately followed by the theorem—/Jf u, u,, u,,..., 
u, be functions of X,, X5,..., Xn, then 


yen em oe, 
Pig Ox, Ox, OX, 


the connection being somewhat distant, and probably lying in 
the fact that in both the 6’s are of the 2nd order, The mode of 
proof is curious. In the first place, by putting 


Of; Lie (i) 
on, 


*No indication is given of where Lagrange published the theorem attributed 
to him. As for the particular way in which « is given as a function of 
2, %, +++ 5 m4i, whether by the equation f=0 or not, it is clear that this 
cannot affect the truth of the result, because the latter contains no f at all, the 
requisites for validity being (1) that f,, fy, ..- » fm+i are functions Ole, ay, 
Hq) +++) m413 (2) that x is a function of x, x, ... , Um+41; (3) that on the left 
the f’s have by substitution been freed of x before differentiation ; (4) that on the 
right this has not been done, but they are there differentiated as if w were a 
constant. The subsidiary result 


> Of , Oia _ Y (gi) 
+ On Ore Ov \Omp+1 


is certainly true whether f=0 or not, all that is requisite (see p. 374 above) being 
that fi41 on the right shall be what fi;1 becomes by substituting for x its value in 
terms of f, %, %2) +--+» @m4i, and that in the differentiation of it f shall be 


viewed as constant. 
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and therefore ak er 
(@) 2 SA@r a 
0, Oh — @ Os, 


there is obtained the identity 

DEO Oe Sa aa ee | 
Then since the a’s here may denote any quantities whatever 
(“qua in formula cum ipsa a‘) quantitates quascunque designare 


possint ”) a further substitution * bringing us back to differential- 
quotients is made, viz., 


; ; OU; 
(i+1) Gi) = i4+1 
a = U,. (aps = _—_, 
1 k+1 
an “ Op 
where WU, U,, Ug, »--, Uma, are furictions of Ly) Lay a5 0 pega 
In this way Wiss 
; ; ou Ww 
i as = UU. > 
Cpt Op Oty 
and the aforesaid identity gives us 
UL _uU w 
oy oy S ie OU, OU Ow. 
ee ee =u", San.) a cee 
CH, Ela; ON m+y OL, Ol5 Cbmar 


as was to be proved, 
As a corollary to this it follows that if in the determinant 


yu Oy Oly Un 

PY OCR SORE ner 
tu, ty, ..., be put instead of wu, u,,..., ¢ being any function 
whatever, the effect is the same as if the determinant were 
simply multiplied by +. “Quod iam olim alia occasione 


adnotavi,” the reference being to the 5th theorem of his paper of 
the year 1833, already dealt with. 


“A combination of the successive substitutions is impossible, by reason of the 
fact that in the second case the equation 


(+1) _ OWi41 

eet ema 

is not meant, as in the first case, to include the definition of +1), Which has thus 
to be defined by a supplementary equation. 


The result of the first substitution is very noteworthy, in view of previous 
footnotes. 


a 
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The next section, the 18th and penultimate, shows how by 
modifications made upon the functions, the functional deter- 
minant may reduce to one term. The first function f being 
expressed in terms of @, 2, 7,...,,, it follows that theoreti- 
cally 2 is expressible in terms of f,#,, %,...,%,, and that 
therefore by substitution so also are 7,,...., f,. Similarly f,, 
being now a function of f, 2, %,...,@,, we conclude that 
theoretically x, is expressible in terms of f,f,, %,..., @,, and 
that therefore by substitution so also are f,, fs,...,f,,. Suppos- 
ing this process to be completed, Jacobi denotes the new forms 


CA eee Pg 
Tet, hd tara ete. 
Ad, fy Suki 


AAS = Jag ine —13 si 


and the difference between any one of the old forms and the 
corresponding new-by F with the appropriate suffix. He thus 
has n+1 equations 


0=F =f —f (a, x, Doge ade 
O=F, ==ef, — f,( fy By Way +00, Sa) 
Oz 8, = fa — Joie Jus Bar 000s En), 


0= F, == ie am Int; Sis on Phi Py), 
connecting 2n+2 variables 


H, Hy, +++, Uy, i fv Gates In 


now viewed as independent. By a previous theorem there is 
thus obtained 


OF OF, ||, On 
of Of, a pais On Ox, On 
eee han, OF OF, oF n 


Bye) eg Ofn 
Now the numerator here reduces to one term, viz., 


OF oF, OF, 
On Ox, On’ 
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and the denominator in similar fashion to 


as Jacobi might briefly have justified by a reference to Prop. III. 
of § 5 of his “De formatione et proprietatibus Determinantium ” 
—this proposition being that which concerns a determinant 
whose elements on one side of the ‘diagonal,’ as it afterwards 
came to be called, all vanish, Further, the factors of the 
reduced numerator are equal to 


+). Cal anes 


and those of the reduced denominator to 
Pattee 


Our final result thus is 


wa M.... Ya a A).(H).... Gh), 


Ox Ont, Chi. Cn? \Gx,, Ln 
where the brackets on the right are meant as a reminder that 
J; is there expressed in terms of FIs 2092 Janis San Cogs 


The last section (§ 19) is occupied with a theorem of the 


Integral Calculus, already twice enunciated (see pp. 357-358), 
namely, 


Joe. 2h. Ye = f(a ... We) ae. 20; os 
it being noted that the cases where the number of variables 
to be changed are 2 and 3 had been already dealt with 
by Euler and Lagrange.* Catalan’s memoir of 1839 is not 
referred to. Then come the final words, “Et haec formula 
egregie analogiam, differentialis et Determinantis functionalis 


declarat,’—a not inappropriate ending in view of the author’s 
attitude throughout the memoir. 
eS eee 
* The memoirs referred to here and by Catalan seem to be— 
Evuter, L.—De formulis integralibus duplicatis. . . . Nov, Comm. Acad. 
Petrop. (1769), xiv. i. pp. 72-103, 
Lacraner, J. L.—Sur Pattraction des sphgroides elliptiques. Nowy. Mém. 
Acad. ... Berlin (1773), pp. 121-148; or Qwores, iii, pp. 619-658. 
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CAUCHY (1841). 


[Mémoire sur les fonctions différentielles alternées, EHzxercices 
Vanalyse et de phys. math., ii. pp. 177-187; or Guvres 
completes, 2° sér, xii.] 

This was evidently suggested by Jacobi’s memoir just dealt 
with, but it belongs to a quite different class, being merely a 
simply-written exposition containing two of the fundamental 
properties of the functions and a few illustrations, 


In the first part (‘ Considérations générales’) he explains the 
meaning of 
S[+ D,x . Dx. Dz eee Dt] 


on the understanding that the n variables 
See V oleae wa hb 
are connected with the n others 
: a Se 
by 7 equations: and then establishes the theorems 


S[+D,x.D,y .... Dt]. §[+D a. Dey ,..: Dt] = 1, (a) 


= nSl+Dr.Dyx .... Dio] 

S(+D,x.D,y .... Dit] = (-1) Sigh ly Dal (B). 
making reference in both cases to Jacobi’s memoir, and pointing 
out in connection with the latter theorem that it leads to “la 
formule donnée par M. Catalan pour la transformation d’une 
intégrale multiple.” 

In the second part (‘Exemples’) he instances first the case 
where x, y, z,.... +t are linear functions of 2, UB cr aby 
and shows how a result obtained in a previous memoir (see 
above, p. 285) affords a verification of the theorem (a). The 
next example is of greater interest, being the case where 


x = A(w—a)(y—a)(z—a) .... (t—«a), 
y = Biw—b)y—b)(z—b).... (t—)), 
= C(a—c)(y—c)(zg—c).... (t—0), 


N 


Ae ey ghia hy. G—h) 


Pees 
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As is readily seen we have here 


Si2+D.x.D,y.Dz-. wa 


Al 1 = 
Se, tS + G26 y—b eae. . bl 


which, according to a previously obtained result (see above, p. 345), 


= (-1)i@r) xyz,..t 
S[s-0°%b!c?... A"). Slay 
‘(@—a)(a@—b)... (y—a)(y—b)...(2—a)(2—b)... (t—a)(t—-b)... 
so that if we substitute the given expressions for x, y, Z,....t 
there is obtained finally: 


S(2 D2 Diy Dz = ast 
= (-1l)#*@-DABC... HSL zat ys. "|. Caylee 


The third example is equally worth attention, the connecting 
equations being 
(w7—a)(y—a)(z—a).... (t-—a@) 
(e—k)(y—k)(z—k).... (t—k)’ 
ee Bp @—by—>)(z—b) ...:(t—b) 
(a—k)(y—k)(z—k) .... (€—k)’ 


=€C (x—c)(y—e)(e—c).... (t—c) 
Se 2 ats a 


N 


i= as ae hye—h). ee oh 
(a— k)\(y—k)(z—k).... (t—k)? 
so that at the outset it is found that 


S[+D,x.D,y.D.z.... Di] 


ef Cai .... (h—k) E et! 1 | 
mech te. (wa—k).... (@—k) ‘SL+ 0 — a y—b 2-0. | (a 
and ultimately after substituting as before 
Sl D,x. Diy. Dz5; Dit} 


— (_1\in(=-l (a— k).. .(h—k) 
= (Di AB Ge nee {(w@—k).. .(t—k)}r+t 


Slee? ...k"-1]. Gfzayle? ... e-2], 


CHAPTER XIV. 


SKEW DETERMINANTS FROM 1827 To 1845. 


SEts of equations of the form 


yxy, + Aysls + Aye t+... . + Ainkn = & 
— AyyX HF Angls + Aggy +t... . + Ay kn = & 
— Ay3%1 — Aggy = Pde 2 + 0,0, = &3 
— UyyX, — Aggy = AgyXy ee Oi &, 
aed by Xy = AgnLo — AzpX3 = Ayn H4 eet et ay ak Se = En ) 


where the coefficient of , in the s‘" equation differs only in sign 
from the coefficient of x, in the 7" equation, had often made 
their appearance in analytical investigations before the deter- 
minant of such a set came to be considered. An instance is to 
be found in a memoir of Poisson's, read before the Institute in 
October 1809, and printed in the Jowrnal de’ Ecole Polytechnique, 
vill. pp. 266-344 ;* and similar instances of an earlier date in 
writings of Lagrange and Laplace are therein referred to, A 
curious example occurs in one of Monge’s papers already dealt 
with (see above, pp. 67, 68), there being additional interest 
attaching to it by reason of the fact that in it the a’s and a’s are 
themselves determinants. It is to be found in an earlier portion 
(pp. 107-109) of the same volume as Poisson’s, Denoting by 
Goppyro, MV, P,Q, h, 8 

the six-termed expressions which at a later date would have 
been written 
[O,¢ds|, |@yCods|, |ayb,dg|, | a,bocg |; 

| aybo@5 |, | OyCe€s|, |CyAa¢3|, — |4y4oe3|, | y2¢3|, | Dyes |, 


* See especially p. 288, 
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Monge established the set of equations 


Qa + SB = Ly =f) 
Ra — NB + P§ = 0 
Ma —-Ny+8s =0 


—-MB+ ky+Q6=0 | 
from which he eliminated a, 8, y, 6, and obtained 
RS+QN — PM = 0. 
On altering the signs of the last two equations the result of 


the elimination would a generation afterwards have been put at 
once in the form 


Q Spee 
Be oe ; P 
—M i esis 

i eon 


and the left-hand side would have been recognised as a ‘skew’ 
determinant and altered into 


(RS+QN—PMY = 0. 


No prophetic glimpse of this, however, occurred to Monge. The 
mathematician who first referred definitely to the determinant 
appears to have been Jacobi. 


PFAFF (1815). 


[Methodus generalis, aequationes differentiarum  partialium, 
nec non aequationes differentiales vulgares, utrasque 
primi ordinis, inter quotcunque variabiles, completi in- 
tegrandi, <Abhandl..... Akad. der Wiss. (math. Klasse), 
Berlin, 1814-1815, pp. 76-186; or Kowalewski’s German 
Translation, 84 pp., Leipzig, 1902.] 


After seven pages of historical introduction and preliminary 
explanation Pfaff arranges the subject of his memoir in the 
form of a series of fourteen problems with their solutions. 
Problem i, is to integrate completely a partial differential 
equation in three variables; problem ii. is to transform any 
differential equation of the first order in four variables into 
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an equation in three variables, and to integrate the latter by 
means of a system of two equations; and problem iii. is to 
integrate an ordinary differential equation of the first order 
in five variables by means of a system of three equations. 
Problems iv., v., vi. correspond respectively to i, ii, iii, the 
number of variables being one more in any problem of the 
second triad than in the corresponding problem of the first 
triad. A similar step onward is taken in problems vii., viii. ix. 
which form a third triad, and again in problems x., xi., which 
are the first two members of a fourth triad. At this stage 
the ‘methodus generalis’ is supposed to be sufficiently fore- 
shadowed, and in the remaining three problems the restriction 
to a definite number of variables is withdrawn. 

Of these three it is the thirteenth (xiii.) which concerns us 
here, namely, the reduction of an ordinary equation of the 
first order between 2m variables to a similar equation between 
2m—1 variables, and the performance of the integration by 
means of a system of m equations. It (xiii.) is the generalization 
of problems ii, v., viil., xi, these being the cases of it where 
m=2, 3, 4, 5. 

The solution consists in expressing 2m—1 of the given 
variables as functions of the 2m and 2m—1 new quantities, 
and introducing the latter in place of the former. By con- 
sidering the new quantities as constants 2m—1 auxiliary 
differential-equations arise, the integration of which supplies 
the desired functions; and for the formation of the auxiliary 
equations 2m—1 quantities are needed whose values are 
determinable from the same number of conditional equations. 
It is in the solution of this set of conditional equations that 
our interest centres. As Cramer and Bezout had dealt with 
a more general set, Pfaff naturally made trial of their methods ; 
but they were found, he says, of little service. He therefore 
sought for and discovered two laws of formation which sufficed 
for his wants. His words are (p. 119)— 


‘‘Haec determinatio, si consueta eliminandi methodo tractetur, 
caleulos nimium complicatos et operosos postulat: ipsaque precepta 
generalia, quae Bezout et Cramer de eliminatione tradiderunt, in 
casu substrato parum commodi afferre videntur. Accuratius vero 
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considerando praedictas aequationes conditionales et formulas ex 
earum solutione actu evolutas, ad duas leges satis simplices easque 
generales perveni, quas hic breviter exponere sufficiat.” 

In exposition of the first law he begins by repeating the 
results for the cases m=2, 3, 4, using for brevity’s sake the 
symbol * (ACE) 
to stand for 

AdC—CdA , CdE—EdC , EdA—AdE 
de a da + dc ; 
That is to say, he recalls (1) that when the given equation is 
Ada + Bdb + Cde + Ede = 0 
the auxiliary equations are 
da db 
0= (BCE) * (ACE) rer 
(2) that when the given equation is 
Ada + Bdb + Cde + Ede + Fdf + Gdg = 0, 


the auxiliary equations are 


0 = 


da 
(CBE)(CFG) — (CBF)(CEG) + (CBG)(CEF) 
db 
* (CAE)(CFG) — (GAF)(CEG) + (GAG)(CER)’ 


and (3) that when the given equation is 
Ada + Bdb + Cde + Ede + Fdf + Gdg + Hdh + Idi = 0, 
the auxiliary equations are 


da de 


*This may be nothing more than a coincidence ; but if so, it is a curious one, 
the expression replaced by (ACE) being the determinant 


Ee 

A Beet. 
bee da 

1 

(8) AS 
dC de 
E age L 
de |, 


and Pfaff even drawing attention to the fact that 
(AEC) = -(ACE), 


es 
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where 


= (BCE)(BFG)(BHI) — (BCE)(BFH)(BGI) + (BCE)(BFI)(BGH) 
— (BCF)(BEG)(BHI) + (BCF)(BEH)(BGI) — (BCF)(BEL)(BGH) 
+ (BCG)(BEF)(BH1) — (BCG)(BEH)(BFI) + (BCG)(BEI)(BFH) 
— (BCH)(BEF)(BGI) + (BCH)(BEG)(BFI) — (BCH)(BEI)(BFG) 
+ (BOI)(BEF)(BGH) — (BCI)(BEG)(BFH) + (BCI)(BEH)(BFG). 


Now the denominators here are functions of the kind afterwards 
known as Pfaffians, and such as would now be written 


(BCE), | (CBE) (CBF) (CBG) 
(CEF) (CEG) 
(CFG) }, 


| (BCE) (BCF) (BCG) (BCH) (BCI) | 
(BEF) (BEG) (BEH) (BEI) 

(BFG) (BFH) (BFT) 

(BGH) (BGI) 

(BHI) |. 


Their law of formation as given by Pfaff is therefore of the 
greatest interest. His words as regards 2 are (p. 124): 


“Separando litteram B, termini hujus expressionis complectuntur 
permutationes litterarum reliquarum C, E, F, G, H, I (exclusa prima 
A), quae sub hac restrictione fieri possunt, ut litterae in quavis 


-complexione (ex. gr. C, G, E, H, F, I in termino octavo rod 9{) prima, 


tertia, quinta (ex. gr. C, HE, F) in genere imparem locum obtinentes 
inter se rite sint ordinatae, et litterarum quaevis pari loco constituta 
(G, H, I) sit ordine alphabetico posterior littera in loco impari proxime 
praecedente (C, E, F). His formis rite inter se ordinatis i.e. secundum 
ordinem lexicographicum (e.g. C, G, E, H, F, I ante C, G, E, I, F, H) 
terminorum signa alternant. Haec lex restrictiva permutationum 
etiam sic enuntiari potest, ut singulas complexiones dispertiendo in 
dyades, sive classes binorum elementorum, ipsae dyades tam quoad sua 
elementa, quam inter se invicem rite debeant esse ordinatae.” 


This practically means that the terms of % are got (1) by 
taking every permutation of OC, E, F, G, H, I which is such 
that each odd-placed letter in it and the letter immediately 
following are not an inverted-pair, and that the full group of odd- 
placed letters is also free of inversions; (2) by placing a B before 
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each odd-placed letter and marking off with brackets the triads 
so formed ; and (3) by making the signs alternately + and — 
when the terms have been arranged in dictionary order. 

Not content, however, with this rule Pfaff immediately gives 
another of equal interest, the passage being (p. 125): 

“Processus autem combinatorius, quo permutationes praedictae 
exhibentur, satis commodus hic est: Sint litterae, quarum permu- 
tationes sub restrictione supra commemorata quaeruntur 4@, J, ¢, ¢ ..., 
k, l, m, %: supponamus inventas esse permutationes litterarum ¢, ¢,..., 
m, n, exclusas duabus a, 6: tum 1) singulis his permutationibus vel 
complexionibus praeponatur binio ab; 2) ex hac prima serie com- 
plexiones totidem aliae formentur, permutando 0 et c; 3) ex his porro 
aliae, permutando ¢ et d, sicque progrediendo ex quavis serie com- 
plexionum nova formetur, litteram aliquam cum proxime sequente 
permutando, donec postremo m et n invicem permutentur. Qua 
ratione obtinentur omnes permutationes litterarum a, 0, 6, 25 Mae 
quas restrictio praedicta admittit.” 

Here the case for 2m letters is made dependent on the case for 
2m —2 letters, so that if six letters a, b, c, d, e, f were given, we 
should begin by forming the permutation for the last two letters, 


namely eS 


to this we should prefix cd, and by performing the interchanges 
d>~¢, e>~f obtain the permutations for the four letters 6, a, ue 


namely cd.ef — ce.df + cf .de; 


and lastly we should prefix ab to each of these and perform the 
interchanges bc, c,d, de, e2<f, the result reached being 


ab.cd.ef — ac.bd.ef + ad.be.ef — ae.be.df + af.be.de 
—ab.ce.df+ ac.be.df —ad.be.cf + ae.bd.cf — af .bd. ce 
+ ab.cf.de — ac.bf.de+ ad.bf.ce — ae. bf.cd + af .be. ed. 


As a manifest deduction from this rule* Pfaff states that for 
2m letters the number of such restricted permutations is 


1.3.5... (2m—D). 


*The other rule, however, would have been equally useful towards this end. 
For if we remove the restriction each one of the N restricted permutations would 
give rise to 2”. (1.2.8... m) unrestricted permutations ; so that we should have 
2”. (1.2.3...m).N = 1.2.3... (Qm) 


lovee 
m (1.2. 


and therefore ‘ 
(27) 
ia) = 1.3.5... (2m-1). 


eI et 
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Later he points out that since each factor of each of the fifteen 
terms of Y is itself six-termed, the total number of terms in the 
final expansion of 9 ought to be 


6°.15, ae. 3240; 


but that 2400 of them cancel each other. To obtain the 840 
really needed is the reason for his propounding a second law, 
which he does in §18 (pp. 126-129). 


JACOBI (1827). 


[Ueber die Pfaffsche Methode, eine gewohnliche lineare Differen- 
tial-gleichung zwischen 2n Variabeln durch ein System 
von 7 Gleichungen zu integriren. Crelle’s Jowrnal, ii. 
pp. 347-357; or Werke, iv. pp. 17-29.] 


An essential part of Pfaff’s method is the solution of a set 


of equations which Jacobi writes in the form 


NXoe = * + (0,1)da, + (0,2)0x,+ .2.. +(0,p)ea, 
NX cw = (1,0)0u+ * +4+(1,2)0r,+.... +(1,p)day 
NX,0e = (2,0)0x + (2,1)0n, + PP. can ot 2p) ot, 
NX,0x = (p,0)ox + (p,1)dx, + (p,2)0m, + .... 4 = «* ; 


where (0,0)= —(1,0) and generally (a,8)+(@,a)=0. This form 
of his own he frankly characterises as “elegant and completely 
symmetrical”; but the same description would apply equally 
appropriately to the solution which he gives. Unfortunately, 
the method by which the latter was obtained is not indicated, 


_ and we can only hazard a guess in regard to it. The balance 


of probability would seem to be in favour of the method of 
devising a set of multipliers which, when applied to the given 
equations, would after the performance of addition bring about 
the elimination of all the unknowns except one. In the case 


of four equations this would not be at all diffieult. For 
M.D. 20 
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example, if we wish to eliminate 2, 23, x, from the equations 


an, + bats + 0%, = & 


— Aa, . +da,+ em, = & 
— D2; = dat, . + fa, = &3 
— Ch, — Ch, — fats ees 


the multipliers are readily seen to be 
0, f -6 d, 
so that after multiplication and addition there results 
(—aftbe-—cd)a,= f&—e&+d&. 
Similarly by using the multipliers —/f, 0, ¢, —b, we find 
(—af+be—cd)a, = —f€,+cé&—bé,; 
and the other two are 


(-—af+tbe—cd)x,=  e€-—c&+a&, 
(—af+be—cd)m, = —dé,+b&—a&. 


Jacobi’s corresponding result is to the effect that the 
numerators of the values of the four unknowns are 


Now{ * +(28)X, + (3,1)X, + (1,2)X.}, 
Now{(3,2)X+ * + (0,3)X, + (2,0)Xs}, 
Now{(1,3)X + (8,0)X,+ * +(0,1)X,}, 
Now{(2,1)X + (0,2)X, +(1,0)X,+ * }, 
and the common denominator 
(0,1)(3,2) + (0,3)(2,1) + (0,2)(1,8), 
or, as he thereafter writes it 
(0,1,3,2). 


When the similar set of six equations had’ to be dealt with, 
the devising of the multipliers requisite for elimination would — 
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necessarily be harder; but keeping in view the analogous 
mode of arriving at the solution of 


MX, + Ah, = eI 
ba, + be, = £2 
and then proceeding to the solution of 
AX, + Mgly + Ags = :| 


bya + beat, + bt, = & 
CL, + Coy + Cxl3 = & 


where, it will be remembered, the multipliers requisite for 
elimination are of the same form as the common denominator 
of the values of the unknowns in the preceding case, Jacobi 
would have little real difficulty in finding that corresponding 
to the four multipliers requisite for eliminating dx,, dx,, da, in 
his first case, viz.,— 


OF (2,3), 48,1), (1,2) 
he would now require to have the six multipliers 
0, (2345), (3451), (4512), (5123), (1234). 


As a matter of fact, he gives for the numerator of the first 
unknown 


Now{ * + (2345)X, +(3451)X,+(4512)X, +(5123)X, + (1234)X,} 
the others being 
Now{(3245)X+ * + (4350)X, +(5402)X, + (0523) X, +-(2034)x,} 


The common denominator is not mentioned; we should have 
expected him to say that it was 


(10)(2345) + (20)(3451) + (30)(4512) + (40)(5123) + (50)(1234) 
or — (012345). 


It is then pointed out that when the first coefficient has been 
got in one of the numerators, the others are arrived at by 
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circular permutation, the elements permuted being 12345 in the 
case of the first numerator, 02345 in the case of the second, 
01345 in the case of the third, and so on; also that the first 
coefficient in one line is got from the last in the preceding line 
by changing 012345 into 123450 and then transposing the first 
two elements; and that these laws hold generally. 

A general mode of finding the ordinary expression for the 
_ new functions here introduced and symbolized by 


(1234), (128456), .... 


is next explained. It is first stated that the number of terms 


represented by 
(2,3,4,..., p) 


where » is necessarily an odd integer is 


1.3.5..... @—2), 


and that one of them is 
(23).(45).(67).... @—], p). 


We are then told to permute cyclically the last p—2 elements 
3,4,5..., p, and we shall obtain from this p—2 terms in all; 
thereafter to permute cyclically the last p—4 elements 5,6, 
7,...p in each of the p—2 terms just obtained, and so on. 
For example, 


(234567) = (28)(45)(67) + (23)(46)(75) + (23)(47)(56) 
+ (24)(56)(73) + (24)(57)(36) + (24)(58)(67) 
+ (25)(67)(B4) + (25)(68)(47) + (25)(64)(73) 
+ (26)(73)(45) + (26)(74)(53) + (26)(75)(34) 
+ (27)(34)(56) + (27)(35)(64) + (27)(36)(45). 


It is important to note in conclusion, that the case of an odd 
number of equations is not neglected by Jacobi, a proof being 
given by him that in that case the determinant of the system 
vanishes. In his own words—which are interesting in view of — 
what has been said elsewhere regarding the evidence which the 


a 
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paper affords of the progress made by him in the study of 
determinants — 


“Nun bleibt nach dem bekannten Algorithmus, nach welchem die 
Determinante gebildet wird, diese unverandert, wenn man die 
Horizontalreihen und Verticalreihen der Coefficienten mit einander 
vertauscht. Fiir unsern besondern Fall nun wird, wenn wir die 
Determinante mit A bezeichnen, hieraus folgen: A=(-1)+"A, da 
jedes Glied der Determinante ein Product aus p+1 Coefficienten 
ist, von denen jeder durch Vertauschung der Horizontal- und 
Verticalreihen sich in sein Negatives verwandelt. Diese Gleichung 
A=(-1)*"A aber kann nur bestehen, wenn p+1 eine gerade Zahl 
ist, wofern nicht A=0 sein soll.” 


Thus, though only Pfaff’s expositor as regards the functions 
which came long afterwards to be known and are still known as 
‘ Pfaffians,’ Jacobi was the first to discover and prove the now 
familiar-worded theorem “A zero-axial skew determinant of 
odd order vanishes.” 


JACOBI (1845). 


[Theoria novi multiplicatoris systemati zquationum differen- 
tialium vulgarium applicandi. Orelle’s Journal, xxvii. 
pp. 199-268, xxix. pp. 213-279, 333-376; or Math. 
Werke (1846), i. pp. 47-226; or Gesammelte Werke,* iv. 
pp. 317-509.] 


As is well known, this long and exhaustive memoir of Jacobi’s 
is broken up into three chapters,—the first giving the definition 
and various properties of the new muitiplier, the second ex- 
plaining the application of it to the integration of differential 
equations, and the third illustrating this application by means 
of particular differential equations of historical interest. One of 
the latter is the equation associated then, and still more since, 
with the name of Pfaff, the discussion of it occupying §§ 20, 21 
on pp. 236-253 of vol. xxix. We are thus prepared. to find 
the function, defined by Jacobi eighteen years before, again 
referred to. — 

The old definition of the function, which he here denotes by 
R, is practically repeated, the initial and originating term being 


* Tn all preceding references of this kind Werke has been used for Gegenimniolie 
Werke: here the longer but more correct name is necessary for distinction’s sake. 
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now of the form G54.» Gem-1,2m: and then he makes the 
pregnant general remark that the properties of R are analogous 
to those of determinants. Prominence is given to the theorem 
regarding the effect of interchanging two indices. This is 
followed by the twin pair of identities 


oR aR OR 
= se —— Ato es Qom, , 
R Ay, s Oth, + Os, s Obs, + + 2m, 8 Claes 
oR oR | ok 
0 = the Bay, TR agg ar ane crate 
in the latter of which s differs from 7, and the term Ors is 


awanting; and finally, it is pointed out that the differential- 
quotients of R with respect to one or more elements are functions 
of the same kind as the original, and, probably as a consequence, 
that certain second differential-quotients are identical. No 
proofs are given; indeed, the statements themselves are in the 
most concise form possible, the whole passage being as follows:— 


‘“Designantibus i, 7’, 7’, etc., indices inter se diversos, si sumuntur 
differentialia partialia 
OR OR 
’ 2 
OM, ¥ OB, y Ogre 


a, % 


ea erunt aggregata ad instar aggregati R formata, respective reiectis 
Coéfficientium binis, quatuor, ... seriebus cum horizontalibus tum 
verticalibus, eritque 


OR OR OR 3 
Oley Olin — Obs, gn Oy. OD, grr Oy gr 


It should be carefully noted that both in this paper and in the 
preceding, Jacobi views the new functions as separate from and 
independent of determinants, and not at all in the light in which, 
at a later time, they came to be looked upon—viz,, as a subsidiary 
function arising out of the study of a particular kind of deter- 
minant with which it had a definite quantitative relation. 


4 


CHAPTER XV. 


ORTHOGONANTS FROM THE YEAR 1827 TO 1841. 


THE special form of determinant to which we have now come 
is connected with a problem in coordinate geometry—the problem 
of transformation from one set of rectangular axes to another set 
having the same origin. The actual appearance of determinants 
in any of the attempts to solve the geometrical problem did 
not take place until comparatively late in its history, probably 


_ because the connection between the two subjects was less patent 
- than in other cases, the problem when transformed into alge- 


braical language being not a mere matter of elimination of 
unknowns from a set of linear equations. The earlier portion of 
the history of orthogonal substitution, although of considerable 
interest, is thus not sufficiently germane to our subject to warrant 
detailed treatment of it. For those interested in this earlier 
portion it will suffice to give the following chronologically 
arranged list of papers from 1770 to 1840 :— 
1748. Evter. Introductio in Analysin Infinitorum. Tomi duo. 
Lausannae et Genevae (v. ii. Appendix de Superficiebus*). 


1770. EvtEr. Problema algebraicum ob affectiones prorsus singulares 
memorabile. Novi Commentarii Acad. Petrop., xv. pp. 75-106 ; 
or Commentationes Arith. Collectae, i. pp. 427-443. 


1772. Lapiace. Recherches sur le calcul intégral et sur le systéme du 
monde. Hist. de Vacad. roy. des sciences (Paris), 2° partie, 
pp. 267-376. 


* Or in Labey’s French Translation, ii. pp. 370-378. 
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1773. 


1775. 


1776. 


1776. 


1784, 


1802. 


1806. 


1810. 


Foe 
1818. 


1827. 


1828. 
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LaGRANGE. Nouvelle solution du probleme du mouvement de 
rotation d’un corps de figure quelconque qui n’est animé par 
aucune force accélératrice. Now. mém. de Vacad. roy... - 
(Berlin), pp. 85-120. 

Evter. Formulae generales pro translatione quacunque cor- 
porum rigidorum. Novi Commentarii Acad. Petrop., xx. 
pp. 189-207. 

Evu.er. Nova methodus motum corporum rigidorum deter- 
minandi. Novi Commentarii Acad. Petrop., xx. pp. 208-238. 
LEXELL. Theoremata nonnulla generalia de translatione cor- 
porum rigidorum. Novi Commentarii Acad. Petrop., xx. 

pp. 239-270. 

Moner. Sur Vexpression analytique de la génération des 
surfaces courbes. Mém. de Pacad. roy. des sciences (Paris) 
[pp. 85-117], p. 114. 

HACHETTE et Poisson. Addition au mémoire précédent. 
Journ. de Véc. polyt., cahier xi. pp. 170-172. 

Carnot, L. N. M. Sur la relation qui existe entre les distances 
respectives de cing points quelconques pris dans lespace, 
suivi dun... Paris, 1806. 

Lacrorx, 8. F. Traité du calcul différentiel et du caleul 
intégral. 2° édition, i. p. 533 .... 

LAGRANGE. Mécanique analytique. 2° édit., i. p. 267. 

Gauss. Determinatio attractionis. . . . Commentationes Soc... . 
Gottingensis, (Classis math.) iv. pp. 21-48; or Werke, iii. 
pp. 331-355. 


Jacosit. Euleri formulae de transformatione coordinatarum. _ 


Crelle’s Journal, ii. pp. 188-189 3 or Gesammelte Werke, vii. 
pp. 3-5. 


. JACOBI. Ueber die Hauptaxen der Flichen der zweiten Ord- 


nung. Crelle’s Journal, ii. pp. 227-233 ; or Gesammelie Werke, 
ill. pp. 45-53. 


- Jacost De singulari quadam duplicis integralis transforma- 


tione. Crelle’s Journal, ii. pp. 234-242 ; or Gesammelte Werke, 
iil. pp. 55-66. 

Caucny. Sur les centres, les plans principaux et les axes 
principaux des surfaces du second degré. Hzercices de Math., 
il. pp. 1-22; or Guvres completes, 2° sér, viii. pp. 8-35. 


1829. 


1829. 


1829. 


1831. 


1832. 


1832. 


1832. 


1833. 


1833. 


1835, 


1839. 


1839. 
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- CaucuHy. Discussion des lignes et des surfaces du second degré. 


Exercices de Math., iii. pp. 65-120; or Ewres completes, 2° sér. 
Vill. pp. 83-149, 
CHASLES. Sur les propriétés des diamétres conjugués des hyper- 
boloides. Corresp. math. et phys., v. pp. [137-157] 139-141. 
CLAUSEN. Ueber die Bestimmung der Lage des Haupt-Umdre- 


hungs-Axen eines Kérpers  Creile’s Journal, v. pp: 383-385 ; 
or Nouv. Annales de Math., v. pp. 81-83. 


Caucuy. Sur l’équation a Vaide de laquelle on détermine les 
inégalités séculaires des mouvements des planétes. Hzercices 
de Math. iv. pp. 140-160; or Guwores completes, 2° sér. ix. 
pp. 172-195. 

Jacosr. De transformatione integralis duplicis indefiniti . 
in formam simpliciorem ...... Crelle’s Journal, viii. pp. 
253-279, 321-357 ; or Gesammelte Werke, iii. pp. 91-158. 

GruNeRT. Ueber die Verwandlung der Coordinaten im Raume. 
Crelle’s Journal, viii. pp. 153-159 ; or Nowy. Annales de Math., 
v. pp. 414-419. 

Encke. Ableitung der Formeln von Monge fiir die Trans- 
formation der Coordinaten in Raume. Berliner Astron. Jahr- 
buch (1832), pp. 305-310; or Corresp. math. et phys., vii. 
pp. 273-277. 

Jacosi. De transformatione et determinatione integralium 
duplicium commentatio tertia. Crelle’s Journal, x. pp. 101- 
128; or Gesammelte Werke, iii. pp. 159-189. 

Jacosi. De finis quibuslibet functionibus homogeneis secundi 
ordinis.... Crelle’s Journal, xii. pp. 1-69; or Gesammelte 
Werke, ii. pp. 191-268. 

GRUNERT. Supplemente zu Kliigel’s Worterbuch: Art. ‘Co- 
ordinaten.” 

JACOBI. Observationes geometricae. Crelle’s Jowrnal, xv. pp. 
309-312 ; or Gesammelte Werke, vii. pp. 20-23. 

CATALAN. Sur la transformation des variables dans les intégrales 
multiples. Mém. cowronnés par V Acad. de Brumelles, xiv. ii. 
pp. 1-47. 

Reiss. Sur les neuf angles que forment réciproquement deux 
systemes d’axes rectangulaires. Correspond. math. et phys., xi. 
pp. 119-173. 
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1840. Ropriauns. Des lois géometriques qui régissent les déplace- 
ments d’un systéme solide dans lespace,... Journ. (de 
Liouville) de Math., v. pp. [880-440] 404-405. 


Of these only seven need be taken account of because of their 
connection with determinants, viz., two by Jacobi in 1827, one 
by Cauchy in 1829, three by Jacobi in 1831-3, and one by 
Catalan in 1839. 

JACOBI (1827). 

[Ueber die Hauptaxen der Flachen der zweiten Ordnung. 
Crelle’s Journal, ii. pp. 227-233; or Gesammelte Werke, iii. 
pp. 45-53. ] 

Without unnecessary preliminaries Jacobi enunciates the 
problem which he wishes to solve, viz., the transformation of 
an expression of the form 

Aa® + By? + C2? + 2ayz + 2bea + 2cay, 
where #, y, 2 are the coordinates of a point referred to an 
oblique coordinate-system, into an expression of the form 
Lg? + My? + N¢?, 

where & y, ¢ are the coordinates of the same point referred to a 

rectangular system having the same origin. This implies that 

the things directly sought are the nine coefficients which give 
each of the original coordinates in terms of the new. 

Jacobi, however, prefers to begin with a related set of 
unknowns, taking the equations which give the new coordinates 
in terms of the old. These being assumed to be 


= ae + By~+ yz | 
n= ae + By +2} 
‘4 ud a’% 4. Bry a. v2) 
the equivalent set giving the old in terms of the new is of course 
Ae = (Py — BYE (8 y — By aay — aay 
A.y — (y/a" ens ya yé + (ya — ya”’)n + (ya’ aces ya) 
A.2 = (a'P" — a" BYE + (a"B — a8") + (a8’ — a’B)EJ, 
where 
A = a By” at By'a” — ya’ RB" aoe a8" y’ as By" a bee ya" 8’. 


4 


= © 
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Denoting the known angles between the original axes by X, p, », 
there is obtained at once the set of six equations 

a +a? +a =1, 

Bt +62 +6" =1, 

Py ea y=, 

By + By’ + B’y” = cosa, 

ya t+ya + ya" = cosp, 

a8 + a’B’ + a’B” = cosy; 


and, since the expression 
L(ax + By +y2)? + M(de+B'y+y2? + N(a’e+ B’y +y/’2P 
has to be identical with 
Ax? + By? + C2? + 2ayz + 2bzw + cay, 
we have thus by implication another set of six equations, viz.: 


La? +Ma? +Na”? =A, 

Lg? +M6* +NB =B, 

by + My® + Ny? x 

LBy + MB’ + NB’y" = a, 

Lya + Mya’ + Nya” = 1, 

LaB + Ma’ + Na’B” =c 
What, therefore, remains to be done is the solution of these 
twelve equations in the twelve unknowns 

Gey: a,6,7:.a,P,y : L, M,N. 

Jacobi’s mode of accomplishing this is very interesting. He 
notes first that A may be looked upon as known, by reason of 
the fact that it is expressible in terms of X, uw, v, the connection 
in modern notation being 
a +a*% +a% aB +a’ Bh +a’B" ayta'y’ +a’y” 
A= \aBtabtas B+ B* +8" yB+yB+y"B" 
tere rey soyripy Thy yy) +y% +7" |, 
f cosy cos 
= | cos y 1 cos A 
cos COSA i 
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In the next place he draws attention to the resemblance between 
the two sets of six equations, and points out that as a 
consequence any equation legitimately obtainable from the 
second set is matched by an equation which might in like 
manner be obtained from the first set, but which is 8 much more 
readily got by using the substitution 


1 ae 


a, b, ¢ = COSA, COS p, COSY 


He then from the second set of six equations forms three 
groups— 


La 4 B + Mad’ : fe de Na” 4 B” 


La.a + Ma’.a’ + Na’.a” = | 
La.y + Ma’. y’ -|- Na” oy b 


I 


L@.a + M6’. a’ + N60” =e 
L@.6 + M6’. 6’ + NB’. 8” =B 
L@.y + MB’. +NB’.y” =a 
bya + Me’ Ne 
| 
Che 


ll 


Ly.6 + My’.@’+ Ny’. 8” = 

Ly.y = My’.y a5 Ny”. y’ — 
and solves the first group for La, Ma’, Na "; the second for L8, 
M§’, NG"; and the third for Ly, My’, Ny’ ce results being 


eee = (B'y"—B’y)A + (y¥a"—y'a’)e + (a’B"—a"B’)b 
A. = (B"y —By)A + (ya —ya")e + (a"B —a8")b | 
Ss 0 = (By —B’y)A + (ya —ya)c + (aS —a’B)bd 
A.LB = (B'y’—B’y) ¢ + (y'a"—y'a’)B + (a/8"—a" Ba 
A.M’ = (6"y —By")e + (y'a—ya)B + (a8 —a8")a 
A.NB"= (By —B’y)e + (ya —ya)B 4+ (a@’ —a’B)a 
mee = (B'y"— B’y/)b + (y'a"—y"a’)a + (a’B” —08’)C 
A. = (B"y —By")b + (y"a—ya")a + (a’B =| 
A.Ny’ = (By —B’y)b + (ya —ya)a +(aB’ —a’B)O 


Making the substitution above referred to he derives the 
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4 corresponding results which are obtainable from the first set 
of six, viz.: 


AW a = (py ” —B’y ‘) 7s (ya — —y"a’)cos 7 af (a’B” ag ‘YCos mu 
g A.a =(6"y —By’) + (ya —ya")eosy + (a”B —aB’)cos u 
— Aa” = (By —f’y) + (ya’ —y'a)cosy + (a8 —a’B)cos » 
te A. B = (By — fox ‘y’) cos y + (ya ree yy" a’) + (a’B” sted a’ B’)cos Xr 
- A.p = (B’y — By’ “cosy + (ya — ya’) + (a’B —a®’)cos 
_ AB’ = (By —B’y)cosy + (ya’ — ya) + (a8 —a’B)cos X 
P A. Y —* = (0'y"- ee y’)cOs uw + (ya a ‘= ya “)eos r + (a’ B’— a’Q’) 
, A. % = (B’y — By")cos uw + (ya —ya")cosr + (a”B — a8”) 
if 
A.y" = (By —B'y)cosu + (ya’ —y'a)cosA + (af’ —a'B) 
He then takes each of these nine equations along with the one 
of which it is a special case, and by subtraction obtains nine new 
equations, which he groups as follows :— 
SS aes Ce soe al al ale et etd 
0 = (L cos vy —c)*(B’y" — B’y’) + B): (y , a= 7” a’) + eens a)* (a ‘BY — a'’B’) 
0 = (Leos u—b)"(8’y” —B”y’) + (L es a)* (ofa —-y"a!) co (L-C):(a’B” —a’’B’) 
) 0= (M-A)-(p"y - By’) + (Meosy—c)*(y"a — ya") + (Leos u—b)*(a"B - 08”) 
0 = (Mcosy—c)*(B'’y — By”) + (M-B):(y"a - ya”) + (M cos —a)*(a’’B — a8’) 
_. 0=(Mecospu—b)*(B’y - By”) + (M cos a)" i aye) + (M-C)*(a’B — a8”) 
= 0= (N-—A)*(By’ - B’y) + por c)*(ya’ — ya) + (Ncosp—b)*(ap’ — a’B) 
7 0= (Neosy—c)(87 - py) + — (N-B)'(ya’ - Ya) + (Neos —a)-(ag’ - o/2) 
- 0= (Ncospu—b)'(ByY’ Cy OR ee a)*(ya’ — ya) + (N-—C):(aB’ — a’B). 


Now from the first of these groups of three it is possible to 
eliminate 0'y"—6"y’, y'a"—y"a', a’B’—a"®’; from the second, 
B’y—By’, y"a-ya’, a’B—a"; and from the third, By’—f’y, 
ya —y'a, aB’—a’B; and this being done there is obtained the 
set of three equations 


9 = (L—A)(L—B)(L—C) + 2(Leos\ —a)(L eos w« —b)(L cos »—c) 

_ —(L—A)(Lcos\ —a? —(L—B)(Leos «—b?—(L—C)(Leos y—e), 

) = (M—A)(M—B)(M—C) + 2(M cos A —a)(M cos w—b)(M cos y—c) 

~ —(M—A)(Mcos\ —a)?—(M—B)(M cos u—b?—(M—C)(M cos yp —c)’, 

) = (N—A)(N—B)(N—C) + 2(N cos \—a@)(N cos « —b)(N cos y—c) 
—(N—A)(N cosA —a)?—(N —B)(N cos w« —b)?—(N —C)(N cos y—c)?; 
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from which it is clear that the unknowns L, M, N are the three 
roots of the equation in x, . 

0 = (x—A)(x—B)(x—C) + 2(x cos —a)(x cos u —b)(x cos y—C) 
—(x—A)(x cos\ —a)?—(x — B)(x cos « —b)?—(x—C)(x cos yc)’, 
and therefore may be considered as expressible in terms of the 


nine knowns, A, B, C, a, b, ¢, X, pm, v. 
To obtain the remaining unknowns—which, be it noted, are not 


Ge bey 
i Cre © RSG 
fio 

ou By —8 yy." By aby 2 ay oe 


PORT, 


Y Ge ya, ya a ya", ya as ya = 
a" — a’ is a’ _— a", af om ab, 
—recourse is had to the two original sets of six equations. In 
the first equation of each set a? occurs, in the second 6, and 
in the sixth a8. Eliminating these in succession we have 
(L—M)a? +(L—-N)a? =L-A, 
(L—M)6” +(L—N)@”? =L-B, 
(L—M)a’B’ + (L—N)a’B” = Leosy—e; 
and thence 
(L—M)(L—N)(a’B"—a’B’Y = (L—A)(L—B) — (Leosy—e)?; 
so that one of the nine unknowns 
a See — (Leos y—c?? 
‘To (L—M)(L—N) 
the others being like it, and indeed derivable from it, although 
Jacobi does not say so, by cyclical permutation of triads of 
letters. 
The solution thus reached we may formulate as follows :— 


The Cartesian equation 
Ax® + By? + Cz* + 2ayz + 2bea + Lexy = 0, 


where the axes are. inclined to one another at angles d, mw, v, 
may be transformed into 


Lé? + My? + NE = 0, 


7 
- 


3 
2= 
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where the axes are rectangular, by means of the substitution 


(L=B)(L~©) - (Leosk—a)\#- | ((M-B)(M—C) — (Mcos A—a)*)\3 
{ A?(L—M)(L—N) } g +{ Gage - } ” 


(N-B)(N-C) - (N BAN 2) 4 
+{ AX(N— Ne i are 


y = {2=OL—A) — (L See Oy 
A?(L—M)(L—N) 


7 {a =A)(L—B) — (Lcos Bee 


» 
: 

4 
rd 


A?(L—M)(L—N) 


where L, M, N are the roots of the equation 


e—A “COSy — ¢ # COs w — b 
xecOS y—C a—B xcosAX—a | = 0, 
xcos u — b x cosrX — a x—C 
and 
) 1 COS y COS 
A’ = | cos p 1 COs A 
| COS uu cos 1 


The paper closes with a reference to the case where 


_ COSA = COS u = Cosy = 0, and to the case where a = b = ¢ = 0; 
_ the equation for the determination of L, M, N being in the 


former case 
— (A+B+C)x? + (AB+BC+CA —a?—1?~—¢?)x 
— ABC + Aa? + Bl? + Ce? — 2abe = 0, 
and in the latter case 
A’*x® — (A sin?) + Bsin?« + C sin?y)x? 
+ (AB+BC+CA)a — ABC = 0, 


“welche beide Gleichungen schon sonst gegeben sind.” 


JACOBI (1827). 


[De singulari quadam duplicis integralis transformatione. 
Crelle’s Journal, ii. pp. 234-242; or Gesammelte Werke, 
ili, pp. 55-66.] 
Although the title of this paper is quite unlike that of the 
preceding, it will be seen that the two are in essence most closely 
related. 
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The double integral referred to is 


|= yr. ow. op 


p 
where 


p = a+a'cos*y +a’ sin? vy cos?¢ +a’ sin? sin? 
++ 2b’cos y+ 2b” sin yy cos 6+ 2b’ sin yy sin 
+ 2c’sin*vVy cos ¢ sin ¢ + 2c’cos w sin sin ¢ + 2c’”’cos sin vy cos ¢, 
—that is to say, where p is a quadratic function of cosy, — 
sin Y cos @, sin sin ¢; and the purpose of the paper is to show 
that the integral can be transformed into 


sin P.oP.0@ 
| | G+G’cos?P + G’sin?P cos?6+ G” sin?P sin?9’ 
where the denominator is a quadratic function of -cos P, 
sin Pecos @, sinPsin@, but contains only the squares of these 
quantities. The transformation is avowedly suggested by Gauss’ 
solution of a simpler problem of the same kind, viz. the 
transformation of 


0) 


J[(A—acos EP + (B—bsin EY + CF 
into the form 


oP 
a/(G+G'cos? P+ G’sin?P)’ 

As in the preceding paper, Jacobi does not begin with the 
substitution which is really sought, but with the reverse sub- 
stitution,—that is to say, the substitution necessary for the 
transformation of 

it sin P.oP.0@ teh |= 
G+G’cos?P+ G’ sin? P cos?6+ G’” sin? P sin26 ahs p 
—knowing that from the latter substitution, when found, the 
former will be obtainable. This substitution he takes in the form 
Rte le i a cos wy + a sin yr Cos p a sin yy sin | 
6 + 6 cosy + 0” sin ycos @ + 6” sinysin d 

Pees B+ Scosy + B’sinycos¢ + B”’sin sin ¢ 

d+ J cosy + 6” sin cos ¢ + 6” sinysin ¢’ 

Sit Pe One ycosw + y"sin ycos 6 + ysinysin ¢ 

d+ 0 cosy + 6” sinyy cos ¢ + 6” sin sin ’ 


~ 
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the three new facients, cos P, sin P cos 6, sin Psin @ being ex- 
Pressible as fractions whose numerators and common denomi- 
nator are linear functions of the original facients. It rests with 
him therefore to prove that the sixteen quantities 

a, a, a » a 

BB, BY, B” 

(Ea gay Aaa 

Fis hy oe 
and the four 

S Gln 
are so determinable that the performance of the substitution 
may bring back the original integral. 

By reason of the fact that 
cos?P + sin?P cos?@ + sin?P sin?@ = 1 

for all values of P and 6, it follows that the expression 


(a+q’ cosy+a” sin cos +a” sin yy sin ¢)? 

+ (8+ 'cos y + B’sin vy cos $+'sin y sin ¢)? 

+ (y+y'cos y+ y’sin Wy cos pt+y’sin vy sin ¢)? 

— (6+ 6’ cos +6” sin yy cos # +8” sin yy sin d)* 
must vanish for all values of y and ¢, and that therefore a 
number of relations must exist between products of pairs of 
the coefficients. These relations Jacobi might have obtained by 
giving special values to y and ¢: for example, by putting y-=0 


_ and Y=7 he might have obtained 


(a+ B+ y'— 8) + 2(aa' + BB+ yy’ — 68’) +(a?+B?+y?-82) = 0 


- and 


(a?+ B+? — 5?) — 2(aa' + BB+ yy —66') + (a?-+B?-+y2-82) = 0 
and thence 
aa +BB'+yy —d0 = 0 


- and C+ P+ y— & = —(a2+8%+ 42-95%), 


/ 


As a matter of fact, however, taking a hint from Gauss, he con- 
cludes that since 

cosy +sin*y, cos’g +sinrysin’d = 1, 
the expression must be of the form 


k(cos*y+ sin?y, cos’ +sin2yy sin?¢ — 1) 
M.D, 2D 
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and that therefore by equalisation of coefficients 


eo +8 +7 -? = —k, 
Oo 4p ay oe ee 
ad? +8 447% —§?% = Kk, 
ft +h py" 9 =k, 


aa + BR +yy7 — 60 0 
aa” + BB” +yy" — 6d" 0 
aa” + BB” +yy" —66” = OO, 
0 
0 
0 


I 


aa” + kile® + yy” = 68" pa 

a’ a + 6. & = yy = wou = 

aa’ + jemem +- vy = O36" = 
where k is arbitrary.* Again, since by making the substitution 
in the denominator 


G+ G’ cos?P + G” sin?P cos?6 + G” sin?P sin?0 


a multiple of the original denominator p must be obtained, it 
follows that the expression 


G’ (a +a’ cosy +a” sinv cos¢+a” sin sin ¢) 
+ G’ (6+ 6' cosW4+ 0" sin Y cos $+ 6” sin sin ¢)” 
+ G’(y +7 cosw+y’ sin vy cos $+ y” sin yy sin ¢)? 
+G (6 +0 cosw+o” sinycos $+6” sinysin ¢)? 


must also be a multiple of p. Putting it equal to kp, and 
equalising the coefficients, we obtain another set of ten equations 


Go? 4G"? +6” 466 = ak, 
Ga? +G’B2 +G”y? +4 G6? 
Ga? 4+G"@" +G6%y2% +6” 
Ga’? +G0"B"? 4+G”y’? +662 = a’"k, 
Gaa’ . + GBB’ +G”yy’ + Géd’_ = Uk, 
Gaa” + GBB" + @”yy” + Gds” = bh, 
Gad” + G’BB” +G”’yy” + G6s” = bk, 
Gla’a” + GB" BY” + Gay” + GS's” = 
Gia"a’ + OMB" BY = Gly y = Gag re 
Ga'a” + GBB” + Oy” + Ges” = ch, 


*'The fact that these equations imply | a@’y’d’”| = +? is not alluded to. 


1 ll 
ae 
= 


| 
Q, 
SS 
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We have thus a score of equations from which to determine the 
score of unknowns, a, Perea od tex GC) CY. hs Ce 

From this point onward the procedure closely follows that of 
the preceding paper. 

Noting that the specialising substitution 


—Ge G= G@’ = @”=1 


— a = rl = ar = rite = 1 
b’ = b” = pre = 0) 
foe = (oh = oo — ) 


changes the second set of ten equations into the first, he confines 
himself at the outset to the second set. From this four sets of 
four equations are selected, e.g., the set 


aGa + B.G’B + yG’y +6Gé6 = ak; 
a.Ga + B.G’B + VY.G’y +6.Gd6 =k 
a’.Ga + B’.G’B + y G’y + 8’.Gd = b’k 
a’.G’a + B’.G’B + VY G’y + 6”.Géb = bk) » 


and solved as sets of linear equations, the results being put in 
- the form 


3 


Aa + AD + Ab” + AO” = Gra, 
Ba + BY + BY” +B”) = GB, 
Ca + OB + C8" + 0%") = Oy, 
kDa + Db’ + D's” + Db”) = Gs; 
WE 4+ Bal + Ae” 4+ Ae") = Qa, 
KB’ + Ba’ + BYe” + Be’) = GB’, 
k(Cb’ + Ca’ + 0%" + 0%") = Gy, 
DY + Da’ + De” + Dc”) = Ge’; 
WARY + A’e” + A’a” + AC) = Ga’, 
K(Bb” + Bie” + Bra” +B’) = GQ", 
MO + Ce” + Oa" + CO") = Gy”, 
Di” + De” + D’a” + Dc’) = Ge"; 
WARY + Ale’ + A’ 4 AG!) = Gla”, 
k(Bb” + Bie’ + BY’ + Ba”) = G"B”, 
MOB + Ce" +O’ + 0a”) = Gy”, 
MDS” De 4 Die + Da”) =_068"; 
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where it is readily seen what is denoted by A, B, C, D, A’, Be 
_.* The corresponding results from the other set of ten 
equations are 


o = —kA 8 = SEB ee ee 
a = kA ff = yf = Re 2 = ae 
3S’ = BAN B= RB” oy = CO 8 = ee 
a” = RAM! B= BM of Oe ee 


these being most quickly obtainable by means of the specialising 
substitution just referred to. By taking each result of the 
former collection along with the corresponding one of the latter, 
four new sets of four are deduced, which on rearrangement 
stand thus :— 


A(a+G’) + Av + A’b" aA = 0, 
Av’ + A(a’—G) + A’e” Ae = 0, 
Ab” ee + A"(a"—G’) + A” = 0, 
a i es +A’ + A"(a”—G) = 0; 
B(a+G") + BY + BO’ + BD” = 0, 
BU’ + B(a’—G”) + B’e” + BM" = 0, 
BO" + Be” + B(a”—G") + B’e = 0, 
BUY + Be" + Be + Ba” —G”) = 0; 
C(a+@”) + CD’ + 0" +O" = 0, 
Cv’ + O(a’ —@") + Oe” + 0%" = 0, 
Cb” + Ce" + 0"(a"—@") + Od = 0, 
Ch” + Ce" +O’ + 0a” —G”) = 0; 
D(a-G) + Dv + Db” eu = 0, 
Db’ +D(a+G) +D’e” + De" = 0, 
Db’ + De” +D(a"+G) + De = 0, 
Db” + De" + De +D’(a"+G) =0. 


The elimination of A, A’, A”, A” from the first: set of four; 
B, B’, B’, B” from the second set of four; and so on; gives 


* Observe A is not the cofactor of a, viz., | B’y'’5’”| , but 

| Biy'"8””"| ast | aBly’5”" | ‘ 

Attention has been drawn elsewhere to the fact that at this point a passage 
occurs which contains Jacobi’s first printed reference to determinants. The words 
are “Valores sedecim quantitatum A, B, ... supprimimus eorum prolixitatis 
causa ; in libris algebraicis passim traduntur, et algorithmus, cuius ope formantur, 
hodie abunde notus est.” 


| 
| 
| 
| 
i 
} 


wi ee 


=~" 


s 


f 
: 
4 
y 
: 
f, 
a. 
4 
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rise to four equations, the first of which is a quartic in G’, 
and the second, third, and fourth differ from the first merely 
in having G”, G’”’, —G in place of G’. This, of course, is the 
same as saying that G’, G”’, G’’, —G are the roots of a certain 
quartic in #, which would nowadays be written 


a as x b’ b” gees 


| by’ ata Ce” oe 
| b 4 Pie a’ +a Toi = 0, 
Bes ce’ oe en ty 


but which Jacobi writes in the form 


(a—a“)(a’ +a)(a”" +2x)(a” +2) 
—(a—a@)(a’ +a)c2—(a—2)(a" +a)ce?—(a—2x\(a” +a)” } 
—(a”+a)(a” +2)b?—(a” +2)(uw +2)b?-(a' +a)(a"” +a)b" 
+ 2¢'c"e"" (a — a2) + 200 (a' +x) + 20°R' D(a" +22) + 20”0'O"(a"”" +2) 
+2024 b%0"2 + B02 — 2B'b" Ee" — 200" — 2b" 


just as if he had expanded the determinant according to eres 


_of the elements of the principal diagonal. 


Interrupting the process of solution for a moment Jacobi 
draws attention to the fact that elegant relations between the 
sixteen quantities a, a’, a’, a’”,... and the sixteen A, A’, A’, 
A”... have been handed down by Laplace, Vandermonde, 
Gauss, and Binet,—an interesting remark as showing what 
writings on determinants were then known to him. Upon the 
subject of these relations, however, he does not enter, contenting 
himself with giving two sets of equations derivable from them 
with the help of the sixteen results 


a= —kA, B=—kB 


The first set resembles the half-score of equations obtained near 
the outset, being 


—-a@ +a? +a? +a”? =k, 
= 8 + «e ae b'B4 + 08" = 0, 


= ae | ye +. , 8" 4 + na = 0. 
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The other set consists of sixteen of the type 
af’ — dB = — (xf 0" -Y"O)e, 
where e= +1, and is in effect a prolix way of stating the fact, 
nowadays familiar, that any two-line minor of |a6’y“d| differs 
from its complementary minor only in sign, if it differ at all. 
Further he inserts at this stage the reverse substitution of 
that with which he started, viz., 


_-& + deosP+ aya y sin P sin 6 
CO SGT arenes BsinPcos@— y sin Psin@’ 


: _ — 6" + a’ cosP+ 6B’ sin Pcos#+ y’sin Psin 0 
Bee got 6 — acosP— BsnPcos?— ysinPsin@’ 


: --,  — 6” +a” cosP + 6” sin Peos@ + y” sinPsm@ 
a ane moe yar rea B sin Pcos@— y sin Psin@’ 


to which is added the fact that the common denominator here is 
the quotient of & by the common denominator in the original 
substitution. These results, he states, are easily proved,— 
doubtless by solving the three equations of the original sub- 
stitution for cosy, sinycos g, sinysin g, or by taking the 
results as already found, and verifying them by substituting the 
values of cos P, sin P cos 0, sin P sin @. 


On returning to the main line of investigation, viz., the 
solution of the set of twenty equations, Jacobi unfortunately 
does not proceed with the same fulness of explanation as before 
the interruption. In fact, the values of the remaining sixteen 
unknowns are merely put on record without any indication of 
the mode in which they have been obtained, “brevitati ut con- 
sulatur,” the first four of the sixteen being 


a2 af (a’— G’) (a”— G’) (a”’— G’) ph ¢2 (a’- (ev ) 4 Bis 2 Ca G’) ¢'2 (a — G’) ave | 


k (G a G) (G’- @’) (= qr 
a/2 = Ch G’) (ES G’) (a aE G’) = p'””2 Gige= G') - b’’2 (@”— G’) - 2 C2 (a aE G’) fe | 
(+0) -G)@_-@" 


q/'2 2 (a — G’) (a ai G’) (a'— G’) pee 6/2 (a — G’) ne 02 (a a G’) nes 62 (a’-G’) ab oH")! 
k (G’ ak G) (G = G"\(G@ =s be i 
o/2 = (a tt G’) (a’— G’) (a”— G’) - Cc 2(G ae (eu _ b"2(g'— Sie (i CG) ae one's 

k (G’ oe G)(G = (GZ )(G' ar 


= 4 


Fr 
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and the others obtainable therefrom by the change of 
- ; a’, a’?, a’, rr ies G, Gy, G", Ge 
| into 
. Lo fel ses is G, Le as Gs qe” 
zi ¥", 0 ; il J ihe 2 G, Ge. GQ”, Gs 
— 6, — 62, — 6"? — 3", —G, —G, GQ", Ge 
4 The difficulty of the double sign which appears in every case is 
| got over by merely fixing at will the sign of a, 8, y, 6,—the 
i reason being that there are rational expressions for 
; eae Pie 2 5 NY FO 6 ng OO po es. 
and indeed also for 
, aa’, aa’, aa”, BAe’ 
4 
: similar to those just given for a?,.... For example 
i. 
aa’ c- b’ (a” a G’) (a’” Bs G’) =e dy (a” = G’) = CHONG ue ) = b'¢/2 3s bec" Je We ol! 
; k me (G’ ae G) (@ Sa G”) (G’ i GC") * 
There is nothing to suggest that the numerators of all these 
' expressions are determinants, and still less that in the case of 
a 
4 aad aaa” 
3 ie he’ Ke k 
y alt a ane 
; ie.” Be? h 
: y ae dt 
ZA ieee 
4 a k 
» 
i al’? 
7 
E the numerators are* the ten principal minors of 
4 
:, * For the modern reader the following substitute for the missing demonstration 
7 will suffice :— 
‘” If the cofactors of the elements in the four-line determinant given at the top of 
next page be denoted by [11], [12], ..., then from the equations 
; — (a+G@’)a + ba’ + bY” a!” + bal” = 0 
; =) oa ue (a’ —G’)a’ aS cl! gl! £ cal’ =0 
= pee a 4. ca’ ~ (a” -G’)a” ae ce al” = 0 


Sa or a e” a’ d= c a” + (a’”’ —G’)a’” = 0 
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ar Bh a 
b a = (eu ie (ole 
he ee ac = ‘Ge é 
b” a’ Cc a! fe (eu ’ 


The next and concluding paragraph of the paper is of course 
occupied in showing that by making the substitution whose 


coefficients have just been obtained, the given integral can be 


transformed as desired. 

It is worth noting here that although this paper and the 
previous one are contiguous in the original volume of publication, 
and the problem solved in the second is in essence quite similar 
to that solved in the first, there is not a word to indicate that 
the author viewed them in this common light. 


we have 
tt 4th 
a a 


a a’ i ie 
Ne) Vis) Gai ~ ay 
a’ 


Multiplying in these lines by a, a’, a”, a” respectively we see that 
a2 a’2 ql2 qi2 


[11)~ (22) ~ [33] ~ [44] 


and therefore that each of them is equal to 


2 2 1112, 


a®§—g'?—q/2_q@ 


[11] — [22] =[33] - [44]’ 


and thus equal to 
—k 
[11] -[22]-[33] - [44] 
But by the rule for differentiating a determinant the denominator here is the: 


differential-quotient of the determinant with respect to G’; and this because: 
of the theorem 


a 
| Sellen )le—rylrry oe ] =n ah) Ane 
is equal to —(G’=G")(G'— G”"\(GGh- consequently 
k a? 


(G’=G")(@’- G”) (G46) = fll] SS son 


So 


= 
“~ 
AS 
A 
r 
co 
§ 
t 
: 
= 
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CAUCHY (1829). 


[Sur l’équation & Vaide de laquelle on détermine les inégalités 
séculaires des mouvements des plandtes. Exercices de Math., 
iv. pp. 140-160; or Huvres completes, 2° sér. ix. pp. 172-195.] 
The equation as it arises with Cauchy would be more fitly 
described as the equation whose roots are the maxima and 
minima of a homogeneous function of the second degree with real 
coefficients, and with variables subject to the condition that the 
sum of the squares equals unity. 
Denoting the function by 
At? + Ayy? + Anz + ... +2A,07y + 2A,oz+ ...., 
or for shortness’ sake by s, he of course begins with the 
known equations for determining the extreme values in question, 
viz., the equations 


es 
On oy oz in 
x y Zz 


An elementary algebraical theorem gives each of these ratios 


Os Os Os 

and, therefore, by the fundamental theorem regarding the 
differentiation of homogeneous functions and by the above- 
mentioned condition, 


? 


= 2s. 
He thus obtains the set of equations 
(e) os Os 
1 = se, Raa te HET 9 "ss 
or 
(Ag, —8)x “1% Any + Agee Pa ow 4 
Aygt + (Ayw—s)y + Ape +... =0{ 
Awe + Any t(Ag—-s)@+...= 4 


and therefore concludes that, on eliminating a, y, z,... from the 


set, the resulting equations in s, 
S=0 
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say, has for its roots the maxima and minima values of s. The 
third chapter of the Cowrs d’ Analyse is then referred to and 
taken as warrant that 


“S sera une fonction alternée des quantités comprises dans le Tableau 


Tale cae, se Tah, 
Ae Ayo: A 
De Ye 


” 


A, A, -—8 


and the developments of the function are given for the cases 
n=2,n=3, n=4 exactly in the form adopted by Jacobi. 


The question of the particular values of the variables #, y,2,... 
which correspond and give rise to each of the m extreme values of 
sis next taken up, the equations for the determination of them 
being clearly the set from which the equation S=0 was obtained 
(a set, be it remarked, which of itself can only give the ratio of 
any two) and the additional equation 


e+yt+et+. ll. Sl. 
A series of identities connecting these n? values is however first 
obtained. Denoting by «,, Yr, Zr, .-. the values of a, y, 2, ... 


which corresponds to the extreme value s, of s, he has, by a 
double use of each equation of the set, the n pairs of equations 


(Ave — 81), + Any, + Ane +s. = 
(Age 82) + AayYo + An%y +... =0 
Any®, + (Ayy—8,)y, + Ay% +... = = 
Anyity + (Ayy—83)Yq + Ay%, +... =0 
Agét, + Ayy, + (Ayg—8)%,+...= a 


Ages + Ay + (Az—8)%, +... =0 


From the first pair Az, can be eliminated, from the second 
pair A,,, and so on. Consequently there is in this way obtained 
the 7 equations 
(Sq — 81) @ 2 + Ary(@yY— Ys) + Are(@_2— Wy) +. . 
Any (Yo, = Yy%) + (82-81) YyYo + Aye(Yo%1—Yi%) +... = 0 
Are (Z9it — 2 yy) + Azy (ZY, — 2,4) + (S2—8)2% +... =0 


0 
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and from these by addition 
(Bylot YYotm%e+t . ~~ )(%—8) = 0, 
the conclusion being 


“Done, toutes les fois que les racines S,, 8), Seront inégales entre 
elles, on aura 
Thy + YY, + 2+... = 0; 


et, si l’équation S=0 offre pas de racines égales, les valeurs de 
2, ¥, % ... correspondantes & ces racines vérifieront toutes les 
formules comprises dans le Tableau suivant : 


re +... = 1, oat 7+... = 0, me... , Ul, + Vint... = 0 
Pa oe =O, Tt 42+... = 1.20. 9 Vein + Yon +... = 0 
C2 + Uy +... =O, 8+ tot --. = 0, ..... Se Pay? a a 7 


This interlude over, the fundamental set of equations is returned 
to, and, the first of them being deleted, there is got from the 


remainder 
x y Zz 


por ao es Oe mR oe 


where the denominators are seen to be what we now eall certain 
‘principal minors’ of S; or, as Cauchy says, where P,,, is 


“ce que devient S, lorsqu’on supprime dans le Tableau les termes qui 
appartiennent 4 la méme colonne horizontale que le binéme A,,,—s, 
avec ceux qui appartiennent a la méme colonne verticale que A,,—s, 
ou bien encore les termes compris dans la méme colonne verticale 
que A,,,—s, et ceux qui sont renfermés dans la méme colonne hori- 
zontale que A,,—s.” 


The ratios w:y:z:.... having thus been got, there only 
remains, for the determination of w, y,z,...., to use the 
equation 

Pye ., = 1. 


But before doing so it is temporarily convenient to introduce an 
alternative notation, viz., denoting the signed minors 


| eee Sollee —Px, 
A 


so that the values of these corresponding to #,, Y,, 2,...., and 


by 
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therefore to s,, may be denoted by X,, Y,, Z,,... We thus 
have from the additional equation 
SE Ue sp kg ad 
NB 
and therefore 
2h ae 
xX, Y; Z, Yi X P+ Y7+Z7+ .. 
a ee ae ee z 
X, Y, ZL, SX 2EV EELS . 
Bn Yn _ 2n _ aoe 1 
). rr Mate Se a V6 Oe i 


Of course this supposes that the special values of X,, Y,, Z,, 
occurring in the denominators do not vanish ; and Cauchy: S$ con- 
clusion therefore is 
“les expressions 

OS Sane eas 


Lo > i» Bon 6 oO.) 


seront, aux signes prés, ceiicenete déterminées ...., & moins que 


des racines de l’équation S=0 ne vérifient en méme temps la formule 
E eeeee ae! Pg 


The next step is to prove that the roots of the equation S=0 are 
all real so long as the coefficients of the quadratic s are real. If 
the contrary be supposed, viz., that one of the roots s, is of the 
form A+ /—1, this will of course entail the existence of 
another s, of the form A—p/—1. Also, X, being the same 
function of s,, that X, is of s,, it will follow that X, and X, will 
be of the form 
M+NJ=-1 ,M-NJ-1 
and therefore that 


Xp,X_ = M?+N?2, 
This means that X, X, will be positive or zero, and similar 
reasoning would prove the same regarding ¥gVona whys ... None 


of them, however, can be positive; for since 
LpXy + YpYg t...=0, 
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it follows from the values obtained for Ly, Ly, «s+, that 
X,pX,+ Y,Y,+...=0. 


And since they are all zero, and each the sum of two squares, 
we are forced to the conclusion that 


X= Sy. = 0, 
ees 0; 


NS 
my 
iss 

i 


0, 


which is the same as to say that the roots Lp, Ly Satisfy the 
equations 
oe eS eee ee 
Vln, 

ae ie ae Pee = « 
The supposition therefore that the equation of the n™ degree 
S=0 can have a pair of imaginary roots leads us to assert that a 
perfectly similar equation, P,,=0, of the (n—1) degree, will 
have the same pair of roots. It is thus seen that the supposition 


- and reasoning, if persevered in, will ultimately land us in an 


absurdity, when we reach, as we are bound to do, one of the 
equations of the first degree 
Aw e=0, Ay — 8 = G, . ox 


“Done I’équation S=0 n’a pas de racines imaginaires.” 


The next object being to fix the limits between which the 
roots of the equation S=0 are comprised, a theorem necessary 
for the accomplishment of this is first attended to. Formally 
enunciated in modern phraseology it is :— 

S being any axisymmetric determinant, R the determinant 
got by deleting the first row and first column of 8, Y the deter- 
minant got by deleting the first row and second column of 8, 
and Q the determinant got from R as R from 8S, then of R=0, 

SQ —¥4 
As the mode of proof employed by Cauchy applies equally well 
when §S is not axisymmetric, let us take |«,b,c,7,| for the given 
determinant, and write the proof as it would nowadays be given. 
To begin with, if A,, A,,... be the complementary minors of 
the elements a, @, ... in |a,b,c,d,| we have 
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a,A, — dA, + a,A, — a,A, = | a,b,¢.d, | 
b,A, — 6,A, + b,A, — 6,A, = 0 
c,A, — ¢A, + oA, — ¢,A, = 0 
d,A, — d,A, + d,A, — d,A, = 0 


Putting A,=0, and leaving out one of the last three equations, 


we obtain 
— dA, + dgA3z — aA, = | a,b,c50, | 


— GAs + ¢,A, — €, — 0 
— d,A, + d,A, — d,A, = 0 : 
from which by solving for A, there results 
— | Oboes, | . | cad, | 
| @a05A, | 


Lue 


that is, 
| aCg@, | .|b,e,d,| = — | ab oc3, | . | G0, |," 


and this, when the original determinant is axisymmetric, becomes 
| b,c, |? = — | aybac,dl, | . [egy], 


or, as Cauchy writes it, 


— Y2 = SQ. 

The first four cases of S=0 are then considered, viz., the series 
of equations S,=0, S,=0, S,=0, 8,=0,.... or, as at a later 
date they would have been written, 

Aaa -s=0 ? 
A,—s <A 
4 8 RU i 0 : 
2s Am—8 
Ay—s Ay. Ay, 
ae a 8) Boy = 0 ry 
As ge, Ayy—8 


Aw—s A, 
Ay Ay =8s AG. A 
A A 
A A 


LZ 


aU Age ae) 


eU 


*“We know from a later theorem (Jacobi, 1833) that when A, is not 0 the 
identity is 
| A,B, | = | Aybecsdy| « | Cady |. 
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where each determinant is the complementary minor of the 
element in the place (1, 1) of the next determinant. The root in 
the first case is evidently A,,. In the second case the solution is 


2S ${A,+ 1s EASA. a LN ef (2A aay fs 


where the reality of the roots s,, s, is manifest; and as their sum 
is A,,+A,,, it follows that s,—A,,, may be substituted for A,,—s, 
in 


An— 4 As | 0 
1 Dey 8; | je 
with the result that we have 
(Ags — 8)(Aws— 81) me Ae 


and are able to conclude that the roots 8, 8, of the equation S,=0 
lie on opposite sides of the root A,,, of the equation 8, =0. 


Coming now to the case of S,=0 we proceed differently, 
the three roots being localised by observing the changes of 
sign in S, as we pass from one value of the variable s to 
another. Four values of s which suffice for the purpose are 
—2, 8, 8, +. No reasoning is necessary to show that, 
when s is =—wo, S, is positive, and when s=+o, 8, is 
“negative. When s=s, we have S,=0, and therefore know from 
our auxiliary theorem that S, and S, must have different 
signs,—a fact from which we deduce that S, is then negative. 
Similarly, when s=s,, it is seen that S, is positive. We thus 
have the set of values 

8=—0O, 8, 8% +0, 
and mee te =, + 
which shows that one value of s which makes 8,=0 lies between 
— and s,, another between s, and s,, and the third between 
s, and +0. In other words, the roots a, s, &” of S,=0 are 
such that between each consecutive two of them there lies a 
root of S,=0. 

The case of S,=0 is treated similarly, the five values given to 
s in S, being 

—o, §, 8%, 38”, --Fo. 
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As before, there is no difficulty about the first and last of these, 
the value of S, being seen to be positive for both. When s 
is put = s’ we know that S, vanishes, and that therefore S, 
and S, must have different signs. The sign of S, is settled 
from recalling that s’ lies between —oo and s,, and that for these 
values of the variable S, is equal +0 and 0 respectively: 
consequently the putting of s=s’ makes S, negative. Similar 
reasoning enables us to complete the set 


7 A iit 


So Ae. Be eS eee ee 
S= +, -, +, -, +) 
from which we learn that one value of s which makes S,=0 lies 
between —oo and s’, a second between s’ and 8", a third between 
s” and s”, and the fourth between s” and —oo. 
Having reached this point Cauchy adds— 


“Les mémes raisonnements, successivement étendus au cas ou la 
fonction s renfermerait cing, six,..., variables, fourniront évidem- 
ment la proposition suivante : 


THEOREME I.—Quel que soit le nombre n de variables X, y, Z,... Péquation 
S'= 0 
et les équations de méme forme 
R=), Q=0, 
auront toutes lewrs racines réelles. De plus, si l'on nomme 
Sy is) oe” ae yee 
les racines de Véquation 
R= 0 
rangées par ordre de grandeur, les racines réelles de V'équation S=0 seront 


respectivement conprises entre les limites 


/ Ww ur 


= 100K. 8 SS Samesan we 


—1 
icy) ce Sparco 


Considerable space (pp. 188-192) is next given to extending 
this theorem to the case where several values of ¢ satisfy at 
the same time two consecutive equations of the series S=0, 
R02 Bee ee oe 

Then follows a series of noteworthy deductions, which bring 
us round to the solution of a general problem of a quite 
different character, viz., the problem of transformation which 
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we have seen Jacobi attacking in detail. Denoting, as before, 
the extreme values, all different, of the quadratic function 

Art + Ayy? + ... +2A,cy+ .. 


by 8,,8,...,8n, and by 2,, y,,2,..., the values of the in- 
dependent variables which give rise to s,, we know that we have 


(Age —8,)@, + Agyy, + Kees ey = 0 
Aryl, + (Ayy— 81) + Ay%+ ... =0 
Age, + Ay, +(AZ—8)2, + ... = 0 
a2 + yet gee eo = I 
(Age — 82)®_ + AgyYo + Delo 2k. = 0 
Aay®, + (Ayy—82)Y2 + Ay~, +... =0 
Agdily + Ayy + (Az—%)% + ... =0 
Ma + Ys + By? + =1 
(Azz —8p)€q + AryYn + Age, t ... =0 
Behn + (hy — U5 + Ayfnt .. = 90 
Aggln + Ayn a (Az, — Non eee = 
Ln? + Yn? + ee rr — a | 
and that, further, when 7 and s are unequal 
yl, + YrYs + 2+... = 02 
Recalling this, Cauchy says that if a new set of n variables be 
taken 
é; > ki tn 18 


related to the old by the equations 
= ME+aynt+ e+ .. | 
Y= YEH Yntyst.-- 
2=2E+2yt+26+.. | 
it is at once verifiable that 


e+ytet... = S+Pt Ot. 
M.D. 25 
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In the second place, if we take any one, say the first, of the set 


of equations connecting s,, 7, Y,;, %,...+, the corresponding 
equation of the set connecting 8,, %,, Yy, %, ..., and so forth, 
writing them in the form 

Agdt, + Amy, + Acme t+ 15+ = Fhe 


Azle + AsyYo + Anka + .. + = &My, 


multiplication by € 7, ¢, ... respectively, followed by addition, 
gives 
Art + Agyy + An®+t ... = &0,E + 8o%oq + 80,64+ .. | 
Aayt + Ayy + Aye + . YE + 8:Yon + Syye6 + . . .| 
Ape + Ayy +Anwe+t... 812,€ + 89% + 8s%,6 +... 


In the third place, if the equations giving x, y, z, ... in terms 
of €,7, ¢,... be taken, multiplication by «,, y,, z, ... respec- 
tively, followed by addition, gives 

E=un+yytazt.... 

NF Ugo YoY + Woz... 

C= H+ Yysytezt.... 


In the fourth place, if we take the second of these derived sets of 


equations, multiplication by w, y, 2, ... respectively, followed 
by addition, gives 
Argt® + Ayy +... +2Aney to... . 


= 4? + soy? + 8,07 4 .. 
With these results before him Cauchy is led to formulate the 


following proposition previously given “dans le dernier volume 
des Mémoires de ? Academie des Sciences” :— 


‘““THEOREME II. Etant donnée une fonction homogéne et du second 
degré de plusieurs variables 2, y, z, ..., on peut toujours leur 
substituer d’autres variables €, 7, ¢, ... liées & @, ¥, 2... par dee 
équations linéaires tellement choisies que la somme des carrés de 
@,Y, 2, ... soit équivalente & la somme des carrés de £..9; G ooo 
que la fonction donnée de x, y, z, ... se transforme en une fonction 
&,7, ¢, ... homogéne et du second degré, mais qui renferme seulement 


les carrés de £, n, -¢, ... 
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The validity of this rests on the supposition that the equation 
R=0 has all its roots unequal; but Cauchy is careful to point out 
that even if this were not the case, the requisite inequality could 
be brought about by giving an infinitely small increment ¢ to 
one of the coefficients A,y,, Ag, ...; and as e could be made to 
approach indefinitely near to zero without the theorem ceasing 
to be valid, the validity would remain even at the limit. 

After a reference to the special case of three variables, the 
paper closes with the announcement that Sturm had arrived 
independently at the theorems marked I. and IL, and had offered 
his paper on the subject to the Academy on the same day as 
Cauchy’s.* 


JACOBI (Decr. 1831), 


[De transformatione integralis duplicis indefiniti 

Op OY 
A+Bcos#+Csin ¢6+(A’+ B’ cos $+ C' sin ¢)cosy + (A” + B’ cos¢+ C’ sin¢)siny 
On 00 


in formam simplici G— G’cos7 cos 0—G’ sinn sin 0 
a p 1ciorem lo rs G Cos ” Cos 0 a Qe sin n sin Q 


Crelle’s Jowrnal, viii. pp. 253-279, 321-357 ; or Geswmmelte 
Werke, iii. pp. 91-158.] 


In his previous paper with a similar title to this Jacobi 
confined himself strictly to the consideration of his double 
integral, without saying a word as to the purely algebraical 
problem of transformation which lay at the root of it. Had he 
acted otherwise he would have been forced to note that this 


*A short account of Cauchy’s memoir is given in the Bulletin des Sciences 
Math., xii. (1829), pp. 301-303, by C. S(turm), who says, ‘‘M. Cauchy a bien 
voulu observer, en terminant son article, que j’étais parvenu, de mon cété, a 
des théorémes semblables aux siens, sans avoir connaissance de ses recherches. 
Le Mémoire de M. Cauchy, et le mien, dont je donne plus loin un extrait, ont 
été offerts le méme jour 4 l’Académie des Sciences.” A few pages further on 
in the same volume we come to an article entitled ‘‘Extrait d’un Mémoire 
sur Vintégration d’un systéme d’équations différentielles linéaires, présenté a 
l’Académie des Sciences le 27 Juillet. 1829, par M. Sturm.” The abstract occupies 
nine pages (pp. 313-322), and though it does not contain explicit statement of the 
two theorems referred to by Cauchy, the theorems themselves are evidently 
implied. There can be little doubt, therefore, that the memoir here condensed is 
that which was presented on the same day as Cauchy’s. 
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algebraical problem differed from that dealt with in the earlier 
paper of the same year merely in having four independent 
variables instead of three. Using modern phraseology, we may 
say that the one paper dealt explicitly with the transformation 
of a ternary quadric into the form Lé?+M7?+N¢%, and the 
other implicitly with the transformation of a quaternary quadric 
into the form Gé,?+G’é?+G’é2+G’é,?; and such being the 
case, it is a matter for some surprise that the consideration 
of the corresponding problem for an n-ary quadric was left to 
Cauchy. 

In the lengthy paper we have now come to, the algebraical 
problem is no longer kept in the background, but forms one 
of the three parts into which the subject-matter naturally 
divides itself. The first is the “Introductio,” occupying §§ 1-9, 
pp. 253-264, and containing a brief account of previous related 
work, followed by an indication of the new results reached. 
The second is headed “Problema I.” and occupies $§ 10-15, 
pp. 264-279, its subject being an algebraical transformation pure 
and simple. The third and longest is headed “Problema II.” 
and concerns the closely related, not to say dependent, problem 
of the transformation of a double integral. With this clear-cut 
subdivision there is no need for any process of sifting: we turn 
at once to Problema I. 

It is stated by Jacobi as follows :—Proponitur, per substi- 
tutrones lineares 


X=as +a’s + a's” w =at +bu +ev 
y = Bs + 6's’ + 8's" w=at+bu+ev 
Bs ys at y's a y's" j w” — at “k b’u as ev 


quae identice efficiant 
P+ y+ 2 =s% +492 +4 9% 
Ww? + w? + Ww = t? +-u? + v2, 
transformare expressionem 
(Ax+ By+Cz)w + (A’x+ By+Cz)w’ + (A’x+ B’y+C"z)w” 
im hance simpliciorem 
Gst + G’s'u + G’s’v. 
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Among the problems of the previous papers its closest relative is 
the first of all, the relation being that of general to particular. 
In modern symbolism the expression now given for trans- 
formation is 


Yaw 
AD By Cee 
ASE Gol ep 


“ a a A 
ee ae Gr ay", 


whereas in the first paper of 1827 it is 


Cauchy’s extension was from one set of three or four variables 
to one set of n variables; Jacobi’s from one set of three variables 
to two sets of three variables. 
The preparation for solution begins with the reminder that 
the condition 
a+y?+ 22 = s+ 82+ 8” 
associated with the substitution 


Ua 


x= as+as + a's 
y = Bs + Bs + B's" 
e=ys+ y's + y's" 
entails the six relations 
az +- fee as y — an xe BB" ae yy" = 0, 
a2 + & + a” = aa + BB + yy — 0, 
a? + [shes 1 of"? — ils aa a8 BE’ + yy a 0; 
that from these and the given substitution we obtain the reverse 
substitution 


ee 


ac + By + y2 
et ax ae By a A 
gl = aa ae B’y + AE : 


w 
I 


438 HISTORY OF THE THEORY OF DETERMINANTS 


and that this latter substitution when taken along with the 
original condition gives the second set of six relations 
a =: rk = a’? = i By ae By 2% B'y’ ne 0, 
og aS B? ae Bb” = 7 ya ae ya ie ya" = 0, 
y" ae y? a y? = i a de a’ a. a3” aS 0. 
Further, it is pointed out that if we put 
€ for a( By” — B’y’) = B(y'a"— ya’) + y(a’B’ — a’ B’) 
the ordinary solution of the given substitution results in 
€8 — e(B'y” ah By) + Yy (ya — ya’) + z(a’ RB” ate. a GO) 
es = a(B’y — By’) + y(y"a = ya") + 2(a’B — a’) 
es” = a(By — By) + y(ya’ — ya) + 2(a8' — a8), 
and that a comparison of this with the reverse substitution 
as already obtained produces 


ea = By” pees B’y’, ed’ = By = By’, ea’ — By’ ae B’y, 
63 — ya" rt ya, om = ya — ya", 6” ya’ —— y'a, 
ey = a B" ie a’ Q ey’ = a’ in a", ey” = als’ ee a’ B. 
In the next place it is noted that with the help of these the 
left side of the identity 
(ya ya")(a(8' — a’) — (ya—y'a)(a’”B— a8") = ae 


becomes first 


ll 


e(By” — B’y’) 


€".€Q; 


and then 


and that consequently 


e=i. 

Lastly, attention is very pointedly drawn to the fact that if the 
nine quantities a, a’, a”, B, B’, 8”, y, vy” be such as the fore- 
going results imply, and any three quantities X, Y, Z- be 
connected with other three P, Q, R by the equations 

x = aP + aQ + @’R 

Y BP + BQ + BR 

Z yP + y¥Q + yR 


II 


I 
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then it follows that 


P = aX + BY + yZ 
Q= aX + BY + yZ 
Bs ak + SY +72 
and 
4+ Y°4 2 = P?+ Q?+ R2* (0) 
The next preliminary step is to formulate the equations 
which result from the identity of (Aw+By+Cz)w+ .... with 


Gst+ G’s'w+G"s"v. These aret 

=Gaa +G’a’'b +C’a"c B =GBa +G’p’b +G"B"c CC =Gya +G’y’b +Q"yc 
=Gaa’+G'a'l +Q"a"c’ BY = Ga’ +G’p'b' + Gp" O = Gya’ + G'/0" +. "ye 
= Gaa’+G’a’b"+G"a"e” BY = GBa" + G’p'b” +G"B"C" CO” = Gya" + G’y'b" + "ye" 
Along with the twelve relations previously obtained, they give 

in all twenty-one equations for the determination of the three 
G’s and the eighteen coefficients of the substitutions. 

The actual process of solution consists in a long series of 
deductions from the last-obtained set of nine equations, the 
repeated use of the twelve other equations being disguised by 
employing the theorem above called (0). Thus from the first 
column of equations this theorem gives 


Ga =aA+aA’+a’A” 
efi = bA - b’ A’ as bY A” 
Ga” == cA + a A’ + CON : 
the second column gives similar expressions for G8, G’B’, G’B 


and the third column for Gy, G’y’, Gy”. The whole set is in 
later notation 


Wan 
d 


CO. ) ( ac a bbe b" ca. ) 

ol Ded A A | AA 
fsa 7), Meee 6 bbb" é C~e 

| G8 Ge G’e"| = |ERB BRB’ BEB’ 
cd 2 wo a) a’ a” b b’ (i C c rol 

poe oy coy cor cco’ |, 


*In leaving these preliminary deductions, it may be worth remarking that the 
like results which flow from the second given substitution and its associated 
condition are not taken entirely for granted by Jacobi, but are given with equal 
fulness, the two series indeed appearing in parallel columns. +v. next page. 


Ik ey (Oy 
A’ Be Gt 
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Geek 


where 


is used to denote ya +ha+kr. Similarly by taking 


the Bue moat nine equations in rows there is obtained 
a a ea 
oy ob ont, |e 
waver] |thn Che £ ee 


From these two sets of equations it is clear how the coefficients 
of one of the substitutions may be obtained when the G’s and 
the coefficients of the other substitution have become known. 

Separating the latter of these new sets of nine in a similar 
fashion into column-sets of three, but solving this time in the 
ordinary way, Jacobi obtains a further set, which, if only to save 
space, we may write in the form 


( Aa Ad a) ( 
a Aa Waid Tad a2 
Cw @& | |aB’C"| {bBC’| |eB'C*} 
A A ij A a 7 4; / 4, 7 My 
3 = |{aCA”’| |bO’A”| |cC’A”| 
Ay Ay’ A < 7p a BYZA 7D 
eo Te a |aA’B”| |bA’B’| |cA’B”| : 


where A =| AB’C”|, or, as Jacobi of course writes it, 

A = A(B’C’—B’C’) + B(C’A” —C’A’) a C(A’B’— A”B’). 
From a set giving the Italic coefficients in terms of the Greek 
coefficients we have thus got a reverse set. The other reverse 
set obtainable in the same way need not be given; but it is 


easily seen that the two have the same practical value as the 
two from which they are derived. 


tJacobi writes the nine equations in one column: they are better arranged 


in three, however. Cayley at a later date would have preferred to write more 
luminously 


(G, G, Ga, a’, aha, b,c) (G, @, GB, p’, B’Ma, b, o) 
(G, cere aa, a’, a! Sa!, bv’, c’) (G. Gs, age, Q', B'Sa’ , b’, c') 


oN Sy ae 


pBc) (Ca"| fap) ~ (ona ac fa Bb pe ya 
A A A G 
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To make another advance, either of our latest sets of nine is 
taken and separated into row-sets of three, and theorem (0) 
applied. The result which Jacobi gives in nine separate 
equations of the type 

BC” —B’C’ ad ab ac 
ee a ie anare'g 
may be written more compactly and more instructively in the 
form 


A gg al Ma Be yore 

G + @& + Gy G nore +@ G + @ + 

| BYC | | C’A / | Ace | = aa’ a’b’ a’e’ Ba’ Bo! B'e’ ya’ 7b! yc! 
a a A G’@'’*@ Gie'@e Ggte'te 
eee oe) LA eee Ee ee ye 
A A A G#sG G GG G GsG G 


Any one of the nine here, however, may be matched by one 
deduced directly from the set of nine which we obtained at the 
very outset. Thus* 


BC" —B'C = (GBa’ +G’B'0' +G"B"c')(Gya" + G’y/b’ +G"y'c’) 
- (GBa" + O/B’ +G'B'e')(Gya! + Gry’ +G"y’¢), 
= GO'(B'y’—B’y)(Ve’ — be) 
+ G'G(B’y — By’ eu" —e'a’) 
+ GG (By —B’y (ab’—a'b’) 
= G’G’aa + G’Ga'b + GG'a'c. 
With this we have to compare 


a at + a ab +h ea 


the result being that we obtain 
Ga@’‘G” i A : 


and thus reach the first resting-stage on our journey. 


* Nowadays we should rather put 

| BC? | = GBa’ + G’p’b’ +. G’B’c’ GBa" = G’B’b" nfs Gg’ Mi 
Gya' + G'y'b’ +G"y/"c’ Gya"+ G’y/'b" + Gly" ’ 
Te Gp G's’ G4 Wa a b’ ce | 
- G ¥ G’y/' G’y’ Ks q"’ b” cl’ A 
= |GQ@’. | By’|. | a’b”| ae GG”. | By’ |. |a’c"| -f G’G". | B’y"|. | b’c"|. 


442 HISTORY OF THE THEORY OF DETERMINANTS 


At the outset of the next stage it is found desirable, for 
brevity’s sake, to introduce six additional letters to denote 
certain functions of the known quantities A, A’, A”,.... viz. 

p for A? + B® + C2, q for A’A” + BB” + CC’, 

p for A? + B? + C%, gq for AYA + B’B + C’C, 

p” for A’? + B’? + C”, q’ for AA’ + BB’ + CC. 
These are said to entail the six identities 


— 9 as (EC Zs Bee + (C’A” aoe C’A’? + (A ae AB’), 


ppg? =(BO=-EBC YT CA-CA 7 eb Abe 
pp —q7? =(BC —BC 2+ (CA’ —C’A )? + (AB’ —A’B 2, 
qq’ —pq = (B’C —BO”)(BO' —BC) + (C’A —CA” )(CA’ —C'A ) 


+ (A’B — AB’ )(AB’ — Aaa 


Yq -py = (BC —BC )(BC’—B’C) + (CA’ —C'A (C.A”—0'A) 


+ (AB’ —A’B )(A’B”— A"B’), 
ae py’ a eC: a BCE — BC” ) =e (C’A” zi C’A’)(C“A an OA” ) 

+ (A’B” — A”B’)(A”B — Abe ), 
and 


4 12, 


AY = ppp’ — py — pg? — p’q'? + 299". 

The original set of nine equations, giving A, A’, A”,... in terms 
of the three G’s and the coefficients of the substitutions, is then 
returned to, and the following equations derived,— 

p =Ga +G°D? + G2, 

p = G2q’2 + G’20’2 + eee 

p — G2q/’2 + G’2b”2 + ere, 

q = Ga’a’ + G’b’b” + G’2c'c” , 

y = C2a”’a + (ey 26") + G26" 6, 

gq” = Gada’ + Gbb’ + Gece’; 
the first three being got by use of the second part of theorem (0), 
but all of them readily verifiable by merely substituting the said 


values of A, A’, A”,... In exactly the same way from another 
set of nine equations, viz., those beginning 
Aa 


q = (B’C”— B’C’)a + (B’C— BO”)a’ + (BC’— BC) a’, 
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there is obtained 


A G2 =f G2 + G72? 
p p—-q? ¥ a’? b/2 ¢’2 
A? = G2 ot G2 + (Nez2 


pp — ie QQ”? ie ce’ 2 
~ mw — a tqet qa 


Gy —pq aa’ b’b” Jc’ 
at Ge gat ae’ 
q qd —p¢ “e. aa b’b eG 


we eT eet Ge 
jw tee aa’ bb’ CC 


Then, by mere addition, half of the first derived set gives 
G?+G24+G"=pt+p' +p’; ; 


and the corresponding half-of the second set 


ho a ep tp pare gg 7 
Gt Get G we 


which on putting GG’G” for A becomes 
G2qQ”2 xfs G’2G2 =. G2a’2 a pp" + pp + pp’ a ¥ ay g? a gq”. 


Lastly, by taking all of the first derived set and using the first 
part of theorem (0), there is obtained a reverse set of nine,— 


AT he foeh 


Ga =pa+qa+qa, 
Ga =qatpa + qe’, 
Ca” =dat+qv +p’, 
Gb =pb +g + q0", 
G2 = qb + pd’ + gb", 
Gb" =q7b +qb +p'b’, 
Ge =pe +q’¢ + 9", 
Gd =q’c+pc + Qe", 


4 tt 


G’2¢" Le Yc a qe +p ce”, 
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and by the second part of the same theorem 

p +q2+9? = Gta + G4? + Bc, 

pr +g +72 = Gta? + Gb? + O%c?, 

p? + qe + ig a G4q/2 <b G4b”2 + G42, 
The existence of similar results obtainable from the second 
derived set is pointed out, but separate investigation of the 
two sets is shown to be clearly unnecessary in view of 
the following theorem :— 


“EF qualibet formularum propositarum deriwari posse alteram, st m 
locum quantitatum 


Ac ERO 
A’ B (Oy G, Gs G 
INE Bp’ C’ 


substituantur respective sequentes - 


BC’ wx BC C’A” bss CM’ A‘/B’ = A’B’ 


INE Ee: ee ee 
BO BG UAS CA a bea east i 
hoe Moe ae G GF G4 
BC'— BC CAC =abeae 
Ala Me? De ae 


unde, e.g., eam pro A ponendum SS Quod patet reciprocum esse, id est, . 


A 

ubi illa in haec abeant, sinvul etiam haec in illa mutari.” 

The reason for this dualism is at once perceived on noting that 
the original set of nine equations is matched by a derived set, 
perfectly similar in form, but having (B’/C’—B’C’)/A, ..., in 
place of A,.... Of course, as Jacobi notes, the dualism extends 
to the transformation which is the object of the whole memoir ; 
that is to say, the equation 


(Acv+By+Cz)w + (A+ By+Cz)w’ + (A”’a+ B’y+C’z)w” 
= Gst + G’s’'u +G’s”v 
is necessarily accompanied by 
[(B’C” —B’C’)a + (C’A”—O"A’)y + (A'B’— AB) z]w 
+ [(B"C — BC”)a + (C’A — CA”)y + (A”B — AB”)z]w’ 
+[(BC’ — B’C)a + (CA’ — C’A)y + (AB — A’B)z]w” 
= G'G’st + G’Gs'u + GG’s’v. 
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This means, in modern phraseology and nomenclature, that the 
linear orthogonal substitutions which change 


Si ays 
A Es oN Ure! . 

t Gst tA. fd pea f) 
N’oB Oly’ ato Gst+G’su+QG’s’v 


Ae B’ Ge wa 
will at the same time change 


x y Z 

[BC] [CAa”| [AB” 
/B’C | |C’A| [AB | 
(BC | {[CAa’ } [AB | 1w” 


In parallel columns with these results regarding the p’s and 
qs Jacobi places a series of others perfectly similar to them, the 
twin series originating in the fact that in squaring | AB’C”|, as 
we should nowadays put it, the multiplication may be performed 
either row-wise or column-wise. The chief points in the second 
series we may state rapidly in modern compact form as follows 
By way of defining the new letters introduced we start with 


Ww 
= into G’G’st+G’Gs'u+ GG’s’v. 


1 n m’ ) ( A2 -f AZ “pb A”? AB+ AR AR’ ACEA'C A'C” ) 


n’ m i = BA-+P’A’+ B’ A” B2 te B2 Lf RB” BC CBC 4-B’C” 
m ik n (AEG A CAP CBh+CER+0°R” C2 ae C2 ae Cc” 


whence it follows that the determinant of either matrix is equal 
to | AB’C” |?, and the secondary minors equal to 


|C’A")24 |C’AP + |CA'|? =| C'A"|| A’B’|+ . 


{ BO" /24+|B’C|2+|BO'|? | B’C’||C’A”|+|B’C||C’A|+|BC'||CA’| | B’C”||A’B"|+ ... 
| A’B" P+ = 


Then from the original set of nine equations we have 
) 


( 1 n' m’ ) ( G2q2+ G/2q’2 + Ga? G2aB+ G’2a'p’ + Gap” Pay +G/a'y! + G2a"y” 
n’ m “ == GB? is Gp” +G"e2 G2By + G2p'y ae G’2B"y" 
mm’ ii n Gy? ++ G/2y/2 + Giey/”2 


and from this, in passing, by the addition of diagonal elements, 


l+m+n = G+ G?2+ 6%. 
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Next, as the matrix on the right 
( Cea G2q/ Gq” ) ( a B 
G?8 G28’ El « $4 a’ ist vA 
G?y G?y’ Gy” a B y 


there follows 


(G2 G2%q’ Gq”) Lb. He eee 
G6 elon G73” a nv Mm U 8B ss Bg’ 
G?y G?2,/ Gf my ifs n y y a a 


( la =e vB + my la’ + n B + my La” + n’ 8B” + my" ) 
Na + mB + ly n'a + me + l'5/ Va’ + me” + U4” 
ma ate UB ae ny am a + lB’ + ny m ad’ + UB’ + ny” 
whence, by summing the squares of the elements of each row 
separately, we have 


G’a? + Ga? + Ga? =? +n? + | 


G’ 8? + G48? + G“4g =, m2 + [2 + WV, 

Gy? “ Gy? + G"ty’2 = n2 = m2 “fe 2, 
Among the results obtained up to this point, there are sufficient 
to determine the twenty-one unknowns, and to this Jacobi now 


definitely devotes a section (§ 14). First the G’s are dealt with. 
There having been obtained 


G+ G?+ G®=l+m+n=ptyp +p", 
G°G’? + GG? + GG? = (mn—l?) +... . = (p'p”—q"®) +. <> 
GeG2Gq’2 = A?, 
it is perceived at once that G?, G2, G” are the roots of the 
equation 
“e—-el+m+n) + a(mn-+nb-+lm — U2 — m2 —n/) 
— (mn+2l'm'n’ —U?—mm?— nn?) = 0, 
or 
a — O(p+p' +p") + a(p'p’+p'p + pp’ —q?—q?—q’?) 
— (pp'p" +299'¢" —pq? —p'q? —p’q’”) = 0; 


>> 
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which respectively are the same as 


(x—l)\(x—m)(«@—n)—1?(x@—1l)—m2(@—m)—n(a—n)—2m/v’ = 0, 
(e—p)(x@—p')(a—p")—G(aw—p)—9(w- p')- 7 (a—p")— 297" = 0; 
and either of which is 


a8 —a?(A2+ B?+C24+A?4B24+C24A24B24 0) 
(B’C’ = B/C’ P+ (C’A” a C’A’?+(A’B” ae A BY 
+a +(B’C rans BC’ P+(C’"A Ber CAG P+(A”’B =A Rp” 2 
+(BC’ —B‘C j?+(CA’ —C’A )?+(AB’ —A’B ? 
ath { A(B’C”—B’C’) + B(C’'A” = O”A’) + C(A’B’— AB) }? == 0. 


As an alternative to this, however, it is pointed out that we 
might, by putting the equations 


2a =la +n/B+m'y 0 = (L—G?)a+ nw B+ m'y 
78 = n'a +mB+l'y ; in the form 40 = Wa+(m—G)B+ ly 
2y = mMatlB +ny lo = mMa+ VB+(n—G?)y, 


eliminate a, 8, y and obtain a cubic in G?; then by similar 
action obtain the same cubic in G? and the same cubic in G”. 
In this way the left-hand side of the equation, whose roots are 
G?, G2, G”, would naturally recall determinants, although 
Jacobi does not say so; and after Cayley (1841) it might have 
been written 


iA / 


p-x 4g q 
q pe ¢g 
q Gi -f —£ 


l—-x 1’ m 


vW m—-a« or 


m U n—a« 


In the next place, four equations having been found in a’, a’, 


a’, viz., 
9 
a2 } a2 + a 2 = ih yaa 


G2q? + Gq’? + Gq"? = Ll, 


1 be, 72; mn —l? 
qa + qa? t+ quae” = ar ’ 


Gta? + GQ’ 4q/2 ae GQ4q/"2 = 24+ m’2+n'?, 
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if the first three be taken there is obtained for a? the value 


(G2—m)(G2—n)—-1? | 
(P= )(C= 9’ 


and, if the 1st, 2nd and 4th, the alternative form 


(1—G’2)(1—G@"2) + m24-n? 
(2—G2(G?-G")_ 


where the identity of the two numerators is readily verifiable. 
In the same way the expressions for the squares of the six other 
coefficients of the first substitution may be obtained. The 
difficulty of the double sign resulting from the extraction of the 
square root is readily got over, because rational expressions 
similar to those for a?, a’,... are given for the nine binary 
products a8, a’Q’, a8”, ay, ..., from which, when the sign of 
one of the coefficients is fixed, the signs of the others at once 
follow. It is not noticed, however, that the numerators of these 
eighteen values are the principal minors of the three eliminants, 


l—-G@ ww mv [=Car mw L—-G’2) ov’ mM 
vn m—G IL n m—G? (L vn m—G2 i 
m Uo n—G?i, m UY n—G’?}, m E n—@! 


above referred to, the corresponding unknowns being 


az a 8B ay | a’ 2 a’ ca a’ y ae 2 ae 7 ay” 
B By B* By B By’ 
y , y’ 2 2 y” 2 ; 


and the corresponding denominators, 
(Gt—Gy(@—@), (G2-G")(G2—G), (G”"—G)(G”"-G", 


As an alternative to this process for finding a?, a,... there is 
given another, which in some respects is the more interesting of 
the two. Beginning with a different set of equations, viz., the set 


(L—G?)a + VB + my = 0 
Wa + (m—G?)B + y= 0 
na + VB + (n—G*)y = 0 


ll 


? 
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Jacobi drops out the first and finds a:@8:-, drops out the second 
and finds 8:-y:a, drops out the third and finds y:a:6. Then 
since these three sets of ratios are the same as the three sets 
@:aB:ay, 6: By:Ba, y?:ya:yB; and as the expressions 
found proportional to a8, ay in the first set are respectively 
equal to the expressions found proportional to the same un- 
knowns in the other sets; it follows that 


a’, af, ay 
&, By 
y 


are proportional to 
(m—G?)(n— G?)—1?, Um’ —n'(n— G?), nl —m'(m—G?), 
(n—G?)(L— G?) —m”, mn —V(l—G?), 
(L—G?)(m—G?)—n”?; 
and therefore that 
2a or ee eee or 
(m— G?)(n — G2) —1?’ Um —n'(n—G*)? i 
= ae oe £ =e y” . 
~ (m—G?)(n— G?)+(n— G?)(L— G?) + I= G*) (m — G2) — 12 — m2 — 1?" 
Here, however, the numerator is equal to 1: and the denominator, 
_ being obtainable by differentiating 
(a—l)(a—m)(a—n)—1?(x—l)—m?(a—m)—n?(a@—n)—2'm'n’ 


with respect to «, and substituting G? for « in the result, must 
be what is obtainable in the same way from 


(2—G?)(a—G”)(a—G’”) 
and therefore must be equal to 
(G?—G”?)(G?—G’”), 
There thus result the same values for a?, a8,.., as before. 
The values of a, aa’, ... are throughout given side by side 


with those for a’, a8,...; thus— 


G?—m)(G?—n)—-l? Peer Oe ae 
2 OL a aa tah ) 
ae o-G Ge -6) 7 (OG -a 


; M.D. 2F 
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At this point “Problema I.” stands fully solved: one or two 
interesting addenda, however, are given in a concluding section 
($ 15). From the equations 


Ga = ka SBS HE Cy, s = ax + By + y% 
Gb = Ad + BO +Cy, and s =ar+PBy + v4 
Gc = Aa” + BB” + Cy’, S=datByty, 
Ga= 


by multiplication and addition* there are obtained 


Ac +By +Cz =Gas + G’bs’ + Ges", | 
A‘e + By + Cz = Ga's + GU’ + G'ec's", 
PNG wv + Bey =| Cz = ss Ga’s ae (eu b's’ ae G’e’s it 


and then from these by the second part of theorem (0) 
(Av+By+Cz) + (A’vw+ By+C'z? + (A”2+ B’y+C’2P 
= Ge? + Gg" Gos 
which may also be written in the form 
la? + my? + nz? + 2’yz + 2m'za + 2n’xy = Gs? + Gs? + G's. 
To this of course may be appended the derivative from it by | 


the substitution of — Sve LOPS Aggracee eevee 


{(B’C’—B’C)a + (C'A”—C"A))y + (AB’— AB) 212 
+ {(B’C —BC’ )w + (C’A —CA”)y + (A”B— AB’) 2} 
+ {(BC’ —BYC )w + (CA’ —C’A )y + (AB’ —A’B)2)2 
= GCs? + G’2G2s’2 + G2G/2s”2, 
*We may formulate for use here the following theorem in modern dress :— : 


If |.a@'y’| be an orthogonant, then 


AY BS Cord, Casa AG Das Cc. Ohs (35 abs 
. at 
a, 8, y xX, ys Z a’, Bic 7° Xx, y, Z a 


GO a B" vine A, B, G 
vy X, y> 2 x, Y, 2 
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Further, it will be observed that only one substitution is 
- here involved, and that consequently in connection with the 
other substitution there must be analogous results, beginning 


with 
put pw? + pw? + 2quw'w’ + 2q'w"wt 29’ ww’ = Gt? + G2u2+ G22, 
All of them, manifestly, may be described as transformations 
simultaneous with the main transformation, and, like one 


which appeared earlier in the paper, may be usefully enunciated 
in modern form as follows :— 


The linear orthogonal substitutions which change 


aK: Soe 
A B C w - oF ST. 
ere eM ay unto Gst + G’s’u + G’s’v 


iA? BR’ (Oe w’ 


will at the same time change 


eo y s 
Lom ; - 12.02 12/2 2.019, 
; : into Gs? + Gs + G's"? 
nm 1 
m Ut m=1 2 
Zz 
am — Ll’? nT —mWv 40 F LOKI WIND 2 2N/20//2 
oo, bape into G?G’s? ++ G”’2G2s’2 + G2G2s8”?, 
m —nv n—-m? mv’ —ll 
V—mm’ mn’ —ll ln—n? |\2 
w w aw” 
g q aw 
. “79 » 
~P , wmto Gt? 4+ Gv + Gr, 
Mt / w 
GS Pod 
, ur It 
Co Poe aly 


The second result, however, is seen to follow from the first, 
and a fourth from the third by the previously enunciated 
theorem of this kind. 


452 HISTORY OF THE THEORY OF DETERMINANTS 


JACOBI (1832). 


[De transformatione et determinatione integralium duplicium 
commentatio tertia. Crelle’s Journal, x. pp. 101-128; or 
Gesamvmelte Werke, iii. pp. 159-189.] 


This memoir, although classed by its author with the two 
others of which we have given an account, is of much less 
interest on the purely algebraical side. In fact it consists 
almost entirely of the transformation of integrals like 


[[VBsin g dg dy, leer are A WN, 
by means of substitutions like 


m co . 7 sin ¢ COS ain 
COS 47 = ore s1n 4 COS (a sin y sin @= _psin gd siny 


ae 


R = m’cos*d + n*sin?¢ cos? + p*sin’¢ sin’. 
When, however, an advance is made from R to U, ze. to 
a? cos? + b? sin? ¢ cos*yy + c* sin’ sin? Y + 2d sin?¢ cos vy sin 
+ 2ecos ¢sin ¢ sin + 2f cos g sin ¢ cos Wy, 


the underlying algebraical problem becomes of more importance ; 


x 


for example, such a problem (p. 122) as the finding of the 


coefficients of the substitution 
w=ge thy +7, 
vegethy +72, 
w= Fath y+v2 
which transforms 
aa + by? + c2* + 2dyz + 2eze + 2fay, 
aa? + b’y? + c'2 + Qd’yz + 2ezx + 2f’ay, 


into 


pe’ 


respectively, Still there is nothing calling for more than this 


passing mention. 
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JACOBI (1833). 


[De binis quibuslibet functionibus homogeneis secundi ordinis 
per substitutiones lineares in alias binas transformandis, 
quae solis quadratis variabilium constant: una cum.... 
Crelle’s Jowrnal, xii. pp. 1-69; or Gesammelte Werke, iii. 
pp. 191-268.] 


This memoir, the general plan of which has already been 
indicated (see above, p. 354), naturally divides into two main 
portions in accordance with the title, these being prefaced by an 
introduction referring to both. The first portion, now to be 
dealt with, is the natural outcome of a thorough re-examination 
of the author’s own previous work viewed in the strong light of 
Cauchy’s memoir of 1829. 

In the ‘ Introduction’ (pp. 1-7) the general problem is at the 
outset concisely stated and shown to be determinate. The 
opening words are (p. 1): 


*“ Propositis inter variabiles 


My Bigs ese, By OF YoueYos sree Yn 
m aequationibus linearibus huiusmodi 


= gi» (m)» (m) 
eet in a ia ae i 


(m) 


facile patet, coéfficientes a””, quorum est numerus nn, ita deverminari 
posse, ut data functio quaelibet homogenea secundi ordinis variabilium 
@,%, +--+, %, transformetur in aliam variabilium ¥,, ¥,..., 4, quae 
solis earum quadratis constet, simulque summa quadratorum variabilium 
non mutet valorem, sive fiat 


Mh, + Uoflig + vee + Ulin = WY + Yon + ove + Yndns 

Nam haec altera conditio sibi poscit aequationes conditionales numero 

n(n +1) 
2 . 

producta e binis variabilibus conflata, accedunt aequationes 


, porro cum de functione transformata supponatur abiisse 
n(n—1) , 
aa 


ita ut habeas aequationes conditionales numero mm, qui est numerus 
coéfficientium substitutionis adhibitae. Unde problema determinatum 
est.” 

Referring shortly to Cauchy he next intimates the chief of his 
own new results, and illustrates it in recounting the contents of 
his previous papers. 
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Problem ii. is then attacked, the direct consequences of the 
condition 
C+ tO RY Ee Pe tye 
being first noted, namely 
al a ee ata" eS ae aa 23 0) 
a o + aa oes aca? =] { 
from which comes 
= a4 SF AY Fee. + ay, 


and thence 

APA 4 dO? 4... + oa m= 0) 

aa. + aa? +... + aa = 1), 
In the second place it is recalled that if the determinant of 
the coefficients of the substitution, 2 +aja;... a”, be denoted 
by A, the cofactor of a in A by 6, and the determinant 
2+) 6, ... 8% by B, there are at our disposal three results 
independent of the conditioning equation, namely, 


Ax, a Bath ts BY Fis + Bes 
B — Aaa t 
DAB, ... Sel = AM. Drainainis ah; 


m+1 ~m-+2 
and it is then pointed out that a comparison of the first of these 
with one already obtained gives in our special case 


Bb = Aa Ned 
from which follows by substitution 
Deiee 26 Ge, By ee = ee ta, a, eats an = Atte: 
that a comparison of this with the second general result gives 
Pa ie 


and that a like substitution changes the third general result into 
A. Pa ea > Oe ne 


In later language these are the propositions: The square of 
an orthogonant is wnity and The product of an orthogonant 
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and one of its coaxial minors is equal to the complementary 
minor. 


The other conditioning equation is next utilized, namely, that 
the homogeneous function of the second order 


es 
Dj GenBrdlr or 4V, 


Ky 


where @,,=(,,, shall be transformable into and from 
Gy a Gyys” i na we: a Gi 


The latter transformation at once gives 


— ke Nes (nm) (2) 
a,, = Gya,a, + Gag, +e. + Go, 0) 
Taking from this set of ? equations the sub-set in which 
m=, 2, .....,.0, namely, 
! AY Pe (nr) _{n) 
Moke oat See: Ae er ae G0. 4G, 


u” 


, , ” (n) (n) 
» = Gya,. d+ Gate cee Gdn Ao 


, , ” ” (xy (n) 
@,, = G,a,.a, + Gia,.@, Foo. > Ga,» a 


and using the result (0), so strongly insisted on in his paper of 
the year 1831 (see above, pp. 438-439) and here again spoken 
of as something “quod maxime tenendum est,” he deduces the 
n (or n”) equations 


(m) __ _(m) (m) (m) 
Ga ry Ay 45 ao Woy ba or ay TN 


and the equation 
at + a8, + ose +, = (Ga, + (0) ow Gay, 


pointing out however that from the former a more general result 
than the latter is obtainable,* namely, 


Ay yy St Cy, a + eae 3 Dynan 


= (Gyai)(Gyas) + (Gya)(Gya,) +... + (Gye (Gyay”). 


* The mode of deduction is not given, but evidently 
/ N ) 
(Ga) (Gray) + (Gao) (Goa) + eee + (G,,0))(G,,aX”) 
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From the same source and in the same way he derives 
Gia, + Gea, Yo teeee + Gd? ig, 
= Ayy©y + Ag, By Hove F Ay Ly» 
= W, say, 
exactly as Cauchy did (see above, p. 434): but taking \=1, 


2,...., and using the second part of the theorem (0) he steps 
ahead of Cauchy with the result 


(Gy) + Gay.) + «.. + (Gaga = >) [arnt + Meytta + woe Onan |* 
A 

and, what is more important, he notes that the equations on 
which (0) has just been used, viewed as connecting 

Gifs Gato acu Gan, ald 220 ee aoe 
are exactly the equations originally connecting 

Y> Yo, nea SS. Yn and xy, Xo) see, Un; 

and thus draws the important conclusion that any relation 
between the y’s and the x’s will still hold when y» is changed 
ito GuY¥m and x, into a,X,+-a>.Xo+ ... +a,,X, For example, 
corresponding to and deduced from the relation 


UP ene Sap = ie ea! ee SNP 


we have the result just obtained by means of the theorem (0). 
Further, any new relation derived in this way may be treated in 


by 2n substitutions becomes 


, , , 


/ / 
Ay, Gay seeey a, Ao A, «eee y a, 
Wir Wer +++ +9 Une Bn» Wr +++, Sn TTN 
Wd ” ” uw u ” 
Coe Go, eeeey an Ay» Go» Sc eyelaifs a, 
Mier Wey +029 Ung Mp» Any -+ ee Ar 
as . - 
(n) (n) (n) n nv 
Gy’, Gy» --+-, an al) Pid ee , al”) 
Wes Won» Secrecy Anke Ay» Won» weeny Gr 


which by the proposition already formulated by me (see above, p. 450) 
<J Cie) Won, 200, nk 
Oy, Opyslh «sy Op 


In the case of the next deduction n of the 2n substitutions would be for y’s. 
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the same fashion as that from which it was obtained; con- 
sequently it is seen that for any positive integer p 


Gr aw, Fe + Gly, 


may be expressed in terms of the @’s. 
Returning now to the set of » equations 


Ayn % + Chay. +... $F Anan = Wy 


where the w’s are known as linear functions of the y’s, and 
solving for the 2’s we have, on putting b,, for the cofactor of 


Gig WD 2 yng, «<< nas 


Un» a E1092». Inn = Dar + b.sWs +...+ Den'Wn: 


Should we now substitute for the w’s in this the appropriate 
expressions in terms of the y’s we should have a set of 
equations corresponding and in a sense equivalent to the original 
set 

ee at A Pe eM Py ee ay. 
By doing this and comparing the two sets there is obtained 
n GLb.” 47 GaGa na hea 2 Den” 


(im) 
Qe”. Dy Ay Ming --- D, 


(m) 
a. bea (m) bo (m) Dns (m) 
or G Sq % aie Pieciy ta tm? 


m 


a result distinguished as a “formula memorabilis” because of 
the fact that on comparing it with the previously obtained 
equation 


(m) 
G ee = Wigs a cP W2~ * oe a OU a Bn a,” 


m* "K 


we are led to the result that all equations involving the a's, 
the QG’s and the a’s will still hold if a, be replaced by Da+A, 
G,, be replaced by 1+G,,, and the a’s be left unchanged, For 
example, having already found that 

On = Gyaia, + Gaara, +... + G,a™a” 
and 


Gyan 2 Gyayyo So pap AS ial ys = Hy am Apy%g =f C0 ++ Anr®n > 
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we conclude at once that 


/ / 1 Sees ff (n) (n) 
Bex aay aA, Et re ay ay 
NBG Ga ; G,, 
and 
CATA i anYo He - ay, Dy 58, + Opty + oo. FO nen) 
a Se Shs tet = *} 


and similarly, from another previous result, that 


2 2 
Pues Yn 
qt qt + @ 
can be expressed in terms of the ws. From the n equations 
embraced in the second of these we obtain by multiplying 


by 2%, &,....%, respectively and by adding 


2 2 2 
a Y2 Yn = b aN 
ee er +... Ge DaPraitdlr + é 
a result which may also be viewed as a fourth example of 
the efficacy of the general theorem. Lastly it is noted that 
the same second example teaches that all relations between 
the x’s and y’s will still hold if for ym we substitute yy+Gy 
and for x, put 
DiX1 + ba,Xet «++. + DaaXn 
7m : 

The next section (§ 8) concerns the equation IT'=0 for 
determining the G’s, and need not detain us because the set 
of 1 equations from which the said equation is derived by 
elimination of al”, a”, ..., a has already been more than 
once referred to, namely, the set 


Gy. ale = ,. are fg a” 4. deh 


an » 


or, as it may also be written 


0 = (a, —G,,)a™ + Og Ge ot Ud 
0 oa ,,ay" — (Qog Ter Ga er = oe ie 55 AygGty,” 


ath (m) (m) 
0 a Gn 9 Asn Ay + cana te (Gin os % Os) a 
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The only addition to be made to what has been said above 
(see p. 229) is that in T the term involving the highest power 
of x evidently comes from the determinant-term 
(Gj, — ©) (gg @) «++» (Lan =); 
and therefore is (-1)"x”. Consequently we must have identically 
Tl = (G,—«)(G,—2@) .... (Gz—*), 
which on putting «=0 gives 
26. G5. Or BD = GG, «5. Ge 
The ninth section (§ 9, pp. 15-19) deals after the manner of 


Cauchy with the finding of the values of the coefficients a,,, 
and the character of the roots of the equation [=0. Denoting 


by BY what b,, becomes when a@,—G,, Gog — Gin» ++» are sub- 
stituted for a,,, ds, -.-, & consequence of which is that 


BM 725 13a 

Kini K? 

Jacobi leaves out the \* equation from the set used to deter- 
mine the G’s, and derives from the rest 


(mm), ,@™) . . mm) _ pry. PM. ae XCD) 
rot, wont Oe Be Be ee B 


nmr? 
and thence a 
af™ — a. ee 
© AERP + ORY +. +R 
exactly as Cauchy did. He also however supplies an alternative 
procedure and result. Writing the above chain of equal ratios 


in the form 
Lb sa: sa? = BPD: BE? 


whence it is evident that B,+aa is independent of «x, 


he puts ms i 
4 UG ne 
E a : a dy = Ba ? 


thence derives of course 
10 de? = BO 


m (m) 
and consequently oY Gee Bes 
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In other words, he proves that the ratio is independent of r 
also, and may therefore be denoted by P™. Knowing this, it 
only remains to use the equation 


(alm? + (alm? +... + (amy = 1 
as before, and we obtain 
pel By Bea Be 


whence immediately we have 


(m) 
(in) m) Br 
Ce (m) (7) (m)? 
By + Boo a a 48 Be 
and finally 
(m) 
a™ 48 uf B KK 


© VBP +BO + 2. + BM) 

Although the solution is thus complete, Jacobi takes the 
opportunity to add that from the value P,, found for the ratio 
it follows that 

Bo Be = Be Bo 
kK. Kk PONE baer Np 
and therefore also that 
Be B™ = (B®? 

Not only so, but he gives another mode of investigating the 
value of P™ itself. This consists in noting that if of the 
coefficients of the original function V, namely, the coefficients 
41, Aon) +++» Inn, all receive the same increment €, the correspond- 
ing increment of V will be 

Eat abt... +08); 
and that consequently when V by substitution alters its form 
into Gyit Gye +...4+ Ge. 
this increment may, by reason of the relation 

a ne aie he te 

be written EYL YS Fo +P), 
—a result which shows that G,, G,, ..., G, all receive simul- 
taneously the same increment ¢ Now knowing this, and 
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applying it with the increment —G,, to the previously established 
result 


ad, aa, ‘at, 
Ga 
we see that the left-hand member becomes Be and that the 


terms of the right-hand member all vanish except one, namely, 
the term 
a™ (im) 
G,G,... Gr.4,*> 


which becomes 
(G,—Gin)(G,—Gn) - «+ (Gn1—Gn) (Gn gt Gn) -«- (Gn Grn) - of”. 


The new value obtained for the ratio lgbee + eu is thus the 


product of the differences got by subtracting G,, from all the 
other G’s in succession. Nor is this all, for since 


T = (G,—2z)(G, — x)... (Gm — @); 
it follows that if we differentiate [ with respect to x and 
subsequently put w=G,,, we shall obtain this very new value 
changed only in sign; so that the equation with which Jacobi 
legitimately closes § 9 is 
B™ 
ae 
r. 


m 


rl ie a fee 


We now come to the section (§ 10, pp. 19-21) containing the 
notable result to which in his introductory pages Jacobi, as 
we have indicated, specially directs attention. Using the fact 
that 0% r is transformed into 

KA 


Gy; oe GY na ay Gi, 
by the substitution 
e = ay toy, +...+ ay 


he deduces the results 
=) (m) (mv) _ 
ne at =< 0, 
KX 


Ga (m),(m) __ 
Dan mr =G 
KA 


m? 


the latter of which is more clearly comprehended and easily 
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remembered by writing the original function V in the modern 


notation 
Ly Wa es 


Ay, Ay2 Ay Ly 
Oo, Ago Aye vere | Bo 
Oy. Beg ag are 
and noting that-G,, is what this becomes when a”, ai, ..., a™ 


are substituted for the w’s. Then, preparatory to differentiating 
the second of the two results, he points out that the variation of 
the a’s on the left-hand side of this result may be neglected, 
because, if it be not, the sum-of all the terms involving 
differentials of the a’s will be 


Dit  O(APa), 
KA 5 
and that this 
= 2a on 
Kr 
= 25) [oat”. Dia,.al|* = 2>7[eal”. Ga], 
IN e 
= 2G, > a ea, 
r 
= Gn O{(Qh? + (QP? +. + AP}, 
== Oy 


Thus prepared and differentiating with respect to dg, we 
obtain at once 


OG, 
QaMag™ = m 
Se Ober’ (eer) 
and AM) _ OG 
Se OG. 


—results which Jacobi deservedly styles “ formulae perelegantes.” 


As, however, we have another expression for Gin namel 
OG y 
KX 


“In the original \ is incorrectly placed below the second 3. 
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where the numerator is an abbreviation for 


Gra) 


A” 2=Gm 


it follows that 


co) A aes 
Oa - Oa, 
rT Nar og Ee = and oa. 1) =e — 


m m 


and thence with the help of the last result of $9, 


Ve ew Oh a OL, 
2B = a and BM = —™ 


ber Ober 


—a verification of a ease of the general theorem regarding the 
differentiation of a determinant (see above, p. 212). The section 
closes with an extension of the result of $7 regarding 

Gry? + Gry? + .... + Gry. 

In §11, the last which concerns our present subject, Jacobi 
brings himself into touch with Cauchy's starting-point, namely, 
the problem of finding the extreme values of Dav, The 
other sections ($§ 12-16) deal with special forms of Y. 

Passing over these and the 17 pages devoted to Problem i. 
concerning the related subject of the transformation of multiple 
integrals, we find a return made to the original purely-algebraical 
subject, the new problem (iii.) being more general than the first 
in that for the condition ; 

tet. FRAY YT +s 
there is substituted 
Datanar a Hy; + Hey; el Hy. 


The investigation (pp. 51-57) does not, however, so far as deter- 
minants are concerned, contain any new departure. 


LEBESGUE (1837). 


[Théses de Mécanique et d’Astronomie. Jowrn. (de Liouville) 
de Math. ii. pp. 387-355. ] 


Of the two parts into which Lebesgue’s memoir is divided 
+t is the first which concerns us, the sub-title being ‘ Formules 
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pour la transformation des fonctions homogeénes du second degré 
a plusieurs inconnues.’ The authorities cited are Cauchy, Sturm 
and Jacobi, and little credit is taken for novelty. All the same 
the exposition is singularly clear and elegant. 
The given function > A,,.”,a, is written in the form 
@(Ay%, + ApyG.+ .... + Amn) 

+ (Ag @ + Age ®et .... + Aon ®n) 
ae Bn (Any an Ange ar aenes + Ate), 
where A,g=Ag,; and the substitution 

Lp = Ay Yy + ApgYot -++. + AnnYn (C=12 cae) 

being made, the result is necessarily taken to be of the form 


Y(Buyit Beyot .... +BinYn) 
+ Y2(Butit Bryot -... +BonYn) 
of Yn Buy t Bryo+ soe + BrrYn)- 
As for the values of the B’s, if for shortness’ sake there be put 


Cg. fore wMags. cha eee 


va nna? 


it is found that 


Be = yar, = Bega sw tie ie ie Gg igs 

Bea = AypC 14 “+ Argo, ce ato = an Oe 

Bog = Cig + Os,Vag + ..-. + OnaOng, 
and, that, because of A,g and Ag, being identical, 

Bug => Bae. 
Should it be desired to have the result of transformation in 
the form 
Oy? + Ugyo? +... + sg, 

it is necessary to put 


Res) 
ll 
S 
Ree) 
| 
=) 
fee 
| 
= 
ioe) ive) 
eek 
aS 


Ww 
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a set of equations of which only }(a?+7) are distinct, but in 
which are involved double that number of unknowns, namely 
the n? a’s and the » U’s. “On doit done,” says Lebesgue, 
“encore se donner $(n?+7) équations entre les inconnues, afin 
d’oter au probléme son indétermination. II est bien de manitres 
d’obtenir ces nouvelles relations.” Taking, first, for this purpose 
the condition 
a, a st? a ee pe <= Be beet avs ay We 


and deducing the said relations, he then shows how by partition- 
ing the thus completed set of n?+7 equations into n sets of n+1 
equations each, it is possible to find the values of the unknowns 
n+latatime. The passage is (p. 341) :— 


“Par exemple, si l’on veut obtenir le systéme qui donnera la valeur 
des n+1 inconnues 


Ug Bay Arq, +++y Ana 
on prendra les équations 
By, = 0, Ba, = 0, ees Big = Uy Oe | Bu, = 0, 
auxquelles on joindra l’équation 
ile i ee A ea 
Les n premieres équations reviennent a 
dyCiq + dayCog + ++. + OniCra = 0, 


Ay2C1q + M220 oq +... + Angra = 9. 


AgC14 ok gaC2q foe ache MTs GpaCna = Lap 


MpC1a + Ae»Coa + +++ + OnnCna = 9, 
d’ot' lon tire trés facilement 
Cre = Maa, Can = GaaUay 15 Cre = MnaUa; 
la premiére, C,,=%4,U., s’obtient en multipliant les équations pré- 


eédentes par di, diz, --+, “i, (coefficients de Cy.) respectivement, et 
en faisant la somme des résultats. Les autres s’obtiennent d’une 


M.D. 2G 
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maniére toute semblable. Remplacant Cy,, Cra, ---, Cn. par leurs 
valeurs, on aura done définitivement le systeme 
(An = Ua)Ma + Ajotag + .-- + Arrdnae = 9; 
Aoi, + (Az2— Ua)den + +++ + Acnfina = 9, 
Asidig + Agottag +--+. + Asnlna = 9, 
Aj =k A, 22a get po Ceo (Ann aa U,) Ona = 0, 
aka ae +a =] 
iat COgas te ke aces 9 


dont la solution woffre d’autre difficulté que la simplification des 
résultats auxquels conduit ’élimination.” 


Here a digression (§ ii.) is naturally made into the subject of 
determinants (see above, pp. 301-303), after which (in § iii.) the 
reality of the roots of the equation in U, or wu (namely, U=0) is 
considered, this being done in three steps: (1) when n=2; (2) 
when all the A’s vanish except A,,, Ay), .--,Ann» Ains Aan +++ 
An-s.n; (8) when n=”, the previous case n=m—1 having been 
already established.* 

The differential expressions for the coefficients of the substi- 
tution are then found, the starting*point being the equation 


Ona ne [TUK 
from § ii, By putting [nn]. [64] for [ni]? and using the 
equation 
aj tat. ta = 1 
there is obtained 
2 [n, = 
> (+ B+... + leap 


Ct, 


and aya 
Ik, oe 
= f+ Belt. Eel 
Since, however, § ii. gives us [”, «] as a differential-quotient, and 
since by reason of the special form of U we know that 
dU dU dU dU 
“de 3. Oke ge rae 


* Lebesgue says this proof is essentially the same as Poisson’s for the case n=3, 
reference being made to the latter’s memoir of the year 1834 in Mém. de lacad. 
roy. des. sci. ... (Paris), xiv. pp. 275-432. 
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it follows that 


a, ,@U0 . dU 
Ona a dA. : hAsen 
and ea aU, dU 
Ka nA. de 


467 


in the latter of which w is to be changed into U, after differenti- 


ation. 


The remaining section (§ iv.) concerns a second mode of 
obtaining 4$(n?+7) equations to make the original problem 
determinate, namely, from laying down the condition 


a +a,t.. ah a eA RE ae 


It has no present interest. 


CATALAN 


(1839). 


Y: 


[Sur la transformation des variables dans les intégrales multiples. 
Mémoires cowronnés par V Acad. .... de Brucelles, xiv. 2° 


partie, 47 pp.] 


After his introduction on the solution of a set of linear 
equations (see above, pp. 224-226) which he writes in the form 


Aye, + die, +O, + . 
Ay + fs + Cyl3 + 


ea tbat ae; 


» ae hy -1 as Ly 
. a hyn -1 a Ly 


+ nln Inn 


he sets himself to consider the special case where 
efficients are connected by the $7(7—1) relations 


_ yb, + dgby + dgbg + «.- 
B10, + Ugly + gly + «+> 


Al, + Ogle + Agly + -.- 


bic, + by¢, + O5¢3 + 


bd, + bed, + dys + «.. 
bl, + Dlg. + Bglg +. 


OE a ty Ae 


+ G0, = 9, 
pe 
Scale = 0, 
» + bnen = 9, 
+ Daly = 0, 
ee 30 
6 FE 


ay 


a) 


An 


the n? co- 
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with the object “de trouver d’autres relations entre ces ¢co- 
efficients.” 

In the first place, following, as he says, Poisson and Lacroix, 
he squares both sides of each of the given equations, and adds, 
thus obtaining 


Sia? = Ant + Bat-+ ... + Lat, 
iT 
if for shortness’ sake there be put 
A= Sia, B23 ee 
1 1 1 


In the second place, multiplying both sides of each equation by 
the coefficient of , in it, and adding, he obtains in succession 
the equations 

Aw, = dyay + Agag + 06. + Anan, 

Be, = bia, + body be ne Dati 

la, = La, + Gay bee bias 
which constitute of course the solution of the original set. 
In the third place he treats the derived set as the original set 
was first treated, save that he divides by A, B,..., L respectively 
before performing the addition, This enables him to put his 
result in the form 

b? 


n 2 I? 
Aa? + Ba? +... +La? = wi 2 2) o? 
Byte aaa DGtEt-ty)4 


Sy (att; , dd, Ll, 
aig: toRt  + yay 
In the fourth place, taking advantage of the fact that the first 
and third results have a member in common, he equates the 
other members, and thence concludes that 


on ee ee 
tpt el 
drat 4 Ooh 4 Cal i," 
ax b Ce Lj? 


2 2 
A BS ede ee ee 
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and 


Un Ss 
Ass bib, bls 
Og oe ae a ea a at 
Lyn, baby, a 
GAs te Gite ee Leer : 
On-1n byb Cn 1 Ln 


= 0]. 


These are additional relations of the kind sought, the number 
of them being n-+-3n(n—1), that is, 4n(n+1). At this point 
opportunity is taken to effect contact with the work of previous 
writers by means of the sentence “Ordinairement, dans les 
problémes de mécanique, on suppose les quantités A, B,..., L 
égales 4 lunité: et alors les formules ci-dessus se simplifient 
considérablement.” 
In the fifth place he takes the ordinary solution of the original 
set of equations, that is to say, denoting the determinant of the 
coefficients by A and the cofactor of a, in A by D,, he obtains 

= a,D, + aD, +... + a,,D 

A 

This he compares with the first line of his second result, and 
deduces 


n 
. 


Deen, - VW, _ & 


—_—- => = Soe = aes eg Tr! 
ay Ay Os hy, A 
and thence 


D? + Di+...+ D? = (a? +a2+...4+4)- 


alle 


9? 
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Lastly he devotes four pages to establishing in an uncon- 
vincing manner* an immediate result of Binet’s multiplication- 
theorem. Thus, according to Binet but in a later notation, 


Oe “dg Oc- Oe 6s x 1 ay d; Ze, Bd; 
Bil Wy Mea AG, or. Dd, , Ler Def 
fi iE ts Ss ts Zdaf; Zehr pals 


= |dyeofs|? + [Creo fal? + --. + |dseafs|?- 
Should it be given that 
ade, te de td ge, +-..+d,e, = 0, 
dy f, + defo +... + d;f; = 9, 
ah + fo +... +¢sf; = 0, 


the product-determinant reduces to its diagonal term, and we 
have an instance of Catalan’s result, namely, the sum of the 
squares of ten (C,,,) three-line determinants equal to the product 
of three sums of five squared elements. A special case of the 
result is of course 

KO eae DY Cie as 


which permits a previous theorem to be changed into 


DPD wie eas eee ore 


POSTSCRIPT. 


Le ‘dernier volume’ referred to on p. 434 turns out to be the 
ninth; and the title of the memoir, which does not extend to 
three pages (pp. 111-113), is“ L’équation qui a pour racines les 
moments d'inertie principaux d’un corps solide, et sur diverses 
équations du méme genre.” As it was read to the Academy on 
20th November 1826, and therefore preceded all Jacobi’s papers 


* The so-called property of general determinants which Catalan uses as his 
foundation is, when accurately stated, a truism. The ‘démonstration’ is vitiated 
by an oversight, in regard to signs, similar to that made in connection with a 
* permutation tournante’ in the opening portion of the memoir, namely, he takes 
Bs \& Fo93| + eal Aigods| + Sal frdees| + 94|dyenf3| 
as the equivalent of : 

| ses fogs|- 
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on the subject, it deserves very special attention. The second 
theorem enunciated in it is: 


«Si Pon nomme s la somme des carrés de n variables indépendantes 


&, Y, 2, U, ... et r une fonction homogeéne du second degré, composée 
avec ces mémes variables, et si l’on cherche les valeurs maximum ou 


mse 7 , : : Q 
minimum du rapport -, la détermination de ces valeurs dépendra d’une 
s 
équation du n™ degré dont toutes les racines sont réelles.” 


To this Cauchy adds the remark that the method followed in 
proving it had led him to other propositions, and he quotes one, 
namely, that given above on p. 434, adding: 


“Le dernier théoréme entraine évidemment plusieurs relations 
entre les coefficients des équations linéaires par lesquelles les variables 
& », & ... sont liées aux variables 2, y, % .... Ces relations sont 
semblables & celles qui existent entre les cosinus des angles que forment 
trois axes rectangulaires donnés avec les axes des coordonnées supposés 
eux-mémes rectangulaires.” 


CHAPTER XVI. 


MISCELLANEOUS SPECIAL FORMS FROM 1811 TO 1841. 


THERE now only remains to deal with those special forms which 
prior to 1841 had not excited much interest, and whose properties 
had consequently been little investigated. The most fertile 
originator of such forms was Wronski: unfortunately he had 
only one follower, and still more unfortunately the work of this 
follower, Schweins, was almost immediately lost sight of and 
remained of none effect until 1884 (see above, p. 175). Others, 
whose similar contributions fall to be noted, are Scherk, Jacobi 
and Sylvester. The writings will not be grouped according to 
subjects, but will be taken in order of date. 


WRONSEI (1812). 


[Réfutation de la Théorie des Fonctions Analytiques de Lagrange. 
Dediée & l'Institut impérial de France. 136 pp. Paris.] 


As has already been pointed out (see above, pp. 78-79) Wronski’s 
first mention of ‘sommes combinatoires’ was in connection with 
a special form of them. The form was not the product of fancy: 
it made its appearance, like so many others, when a set of 
linear equations called for solution in the course of an attack on 
a seemingly unconnected problem, This is important to have 
noted, and it is made quite clear by a note appended to the 
highly controversial ‘ Réfutation’ and bearing the title “Sur la 
démonstration de la loi générale des séries, servant de principe & 
cet ouvrage.” The law itself is stated as follows (p. 15): 


“Or, si Fa est la fonction qu’il sagit de développer en série, z la 
fonction arbitraire qu’on prend, dans la série, pour la mesure algorith- 


MISCELLANEOUS SPECIAL FORMS (WRONSKI, 1812) 473 


mique de la fonction proposée Fz, c’est-d-dire, pour la fonction 
génératrice* du développement; et si, de plus, on considére les séries 
dans leur plus grande généralité, @aprés la forme donnée plus haut, 
savoir, 


Fe = A, + A,. de + A,. far + Ay. fi +..., 


qui procede suivant les facultés progressives pz, px7/*, x3/*, etc., de la 
fonction génératrice, Vaccroissement € étant arbitraire, on aura, pour 
la détermination des coeflicients A,, A,, As, ete., exprimés généralement 
par A,, » étant un indice quelconque depuis wn jusqu’a linfini, la loi 
Race wlAcda . Arparié , Acpadlé .... A’patm-D/E, Amy] 

BM Dada, Abparlé , Acpaslé ,... Abpalm-DIE , Amegulé ? 
en observant de faire égal a & V’accrvissement dont dépendent les 
différences, les valeurs 


Ge B= 2 6€= 3, G=_4, 7. /, b= p—-1, m= p 


et a la variable z, une valeur telle que dx =0. Quant a la quantité 
A,, il faut savoir que, suivant la loi de continuité de ces fonctions, 
on a A, = Fz, en donnant toujours a la variable x la valeur qui résulte 
de la relation ¢z = 0.” 


No demonstration of the law was given in the original 
communication to the Institute. That supplied in the ‘Réfu- 
tation’ (pp. 131-133) proceeds as follows : 

“Prenant done, des deux membres...les différences des ordres 
successifs 1, 2, 3, 4, etc., et donnant ensuite 4 « la valeur qui réduit 
a zéro le facteur ¢z, nous aurons, en vertu de l’expression (91) 
[i.e, Anpre/é =0], la suite indéfinie d’équations 

AFz = A,.A¢z, 
A2Fs = A,.A’par + Az. A*darl, 
A3Fx = A,. A'da + A,. Abort + Ay. AXpatié, 


La premiére de ces équations donne immédiatement 
ABs 
Ada’ 
En second lieu, puisqu’en vertu de l’expression (91) on a Apz/f=0, 
les deux premiéres des équations précédentes sont identiques avec 
celles-ci 

AFa = A,. Ada + Ay. Apart } 

A2Fx = A,, Apr + A. A*pa?!*}, 


A, = 


*In Wronski’s own use of the word. 
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équations qui donnent de méme immédiatement 
_ _ wlalda. A?Fz] ,, 
~ wl Alda. A2pa2/t] 


In similar manner A, is found from the equations: 


A, 


A Fa = A,.A gx + A,.A ga?® + Az. A gail | 

A’Fa = A,.A’da + Ay. A?gpa?® + Az. A?pxlé 

A’Fa = Ay. A®gu + A,. A®gaé + Ay. A®dx?/f, | 
and the proof is considered complete when it is pointed out that 
“Ja somme combinatoire formant le dénominateur se réduit a 
son premier terme.” 

On leaving the matter it may be as well to note that this first 
special determinant-form of Wronski’s is not only specialized in 
having differences for its elements, but in having zeros in all the 
places included between the diagonal and the last column. Also, 
attention may be called to the fact that on page 33 he has an 
instance in which ‘differentials’ take the place of ‘ differences’ as 
elements. 


WRONSKI (1815). 


[Philosophie de la Technie Algorithmique. Premitre Section, 
contenant la loi supréme et universelle de mathématiques. 
Xli + 286 pp. Paris. } 

Instead of the “loi générale des séries” we have now the 
much more extensive “loi supréme,” which Wronski writes in 
the form 

Fe = Ay.Q; + ALO, + A, Pee 

and which appears inscribed on the pedestal of the androsphinx 

adopted later by him as an authenticating stamp for his works. 

Notwithstanding the increased generality, the ©’s being now 

any functions of « whatever,* the law of formation of the A’s is 

expressed by means of the same kind of ‘schin’ functions as 


*The interestingly guarded report of Lagrange and Lacroix on Wronski’s first 
memoir to the Institute (see Gazette Nationale for 15th J une, 1810) shows that the 
statement : 

F(x) = ApQ + A,Q, + AQ, +... 
however vague and undefined occurred in that memoir. 
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before. In the short exposition (pp. 175-182) given of the latter 
functions preparatory to the treatment of. the “loi supréme” 
there is therefore little new to be expected; and as a matter of 
fact it is only the last sentence that is worth transcribing, the 
reason being that it brings out a conspicuous width of view in 
connection with the functions. The words are: 

“T] faut enfin observer que si la caractéristique A, au lieu de 
désigner les différences prises sur les fonctions X,, X,, X;, ... dénotait 
tout autre systéme de fonctions algorithmiques prises sur les mémes 


fonctions X,, X,, X;, ... tout ce que nous venons de dire concernant 
les fonctions schins, se trouverait également vrai.” 


It may be added that in a later part of the work specimens of 
such ‘ schin’ functions actually appear, e.g. 

w[Q,a, . Qa, . Q3a3 : Quay, 

w(P(ut+ Buri Put Bo)t+2-P(utBs)u+s +--+]. 

The demonstration of the law occupies fifty pages (pp. 188-238), 
and is preceded by the intimation that it depends on a higher 
theory of the ‘schin’ functions and that consequently this theory, 
reduced to a lemma and a theorem and three corollaries, must first 
be dealt with. This is done at considerable length, thirty-four 
of the fifty pages being so occupied. The most important portion 
to be reproduced is the enunciation of the said theorem, which 
stands as follows (p. 198): 

“Soient Y,, Y;, Yo. --- » Y, des fonctions dune variable 2, et soit 
pour cette fois, A la caractéristique des différences prises a volonté, 
suivant la voie progressive ou la voie régressive, par rapport 4 un 
accroissement quelconque de la variable z. Si, avec ces fonctions, 
on construit, d’une part, les quantités 

X, = wlA*Y,. AXY,], 
X, = wlAY,. AXV,), 
Xp = DlAY;: A&Y,], 


ee Ae Y,. AXY |; 
et, dune autre part, les quantités 
T= A&Y, +4. A4Y,, 
T, = AvY, + 26. A%Y, + 7. A®Y,, 
T, = A&Y, + 31. ANY, + 32. AMY, + 78. ASY,, 
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et généralement, pour un indice quelconque p, 


p. p(p-1). 
les = AY, + it a. AY, + Trg § A®Y, 


Re Ne A Loam 


Es 
en faisant = + 1 lorsque les différences A sont prises suivant la 
vole progressive, et 1 = — 1 lorsque ces différences sont prises suivant 


la voie régressive ; on aura la relation d’égalité 
WAX, . AX, AX, ... APoX,] 
= (T,,7,.T,... To-1)-[A"Y,. ASY, (ASV, one 


en donnant aux exposans £,, £,, Pgs 2x+s Bo St 99, 51, Sone eee 


la permutation desquels dépendent ici les fonctions schins, les valeurs 
suivantes 


Sel PB, =1+8,, Pare Bay oaees B.=1+81=v—-1, 
dy) = 6, §=14+6, 6 Lt Spy eng Op = 14 Oy ee 


6 étant un nombre entier queleonque, et v un indice arbitraire.” 


WRONSKI (1816-1817), 


[Philosophie de la Technie Algorithmique. Seconde Section, 
contenant les lois des séries comme préparation a la réforme 
des mathématiques, xx+646 pp. Paris. ] 

The contents of this larger volume are more or less 
methodically concerned with specializations from the “loi 
supréme,” the word ‘series’ being used by Wronski in a way of 
his own which enables him to view all series as being derivable 
from 

A,Qy + A,O,+-A,Q, + .... 
by taking 


Q, = 9(4, a,b, 6... Moan. = ¥(x, a, b, ¢, ++); 
0, = 6(@, a, b, 6... 2b ob = $(&, @,.b, ©, ...) 

-P(@+é, ata, b+B, c+y,...), 
Q, = (a, a, b, 6... 7/6 % Bw = p(x, a, b, ¢,...) 

 $(@+E a+a, D+ B, c+y, ...) 

- Pe+2E w+ 2a, b+2B,c+2y...) 
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This being the case it is natural that the ground covered by his 
earlier writings, namely, by his first paper to the Institute 
and by the ‘Réfutation’ should be partly retraversed, and that 
specialized forms of the ‘schin’ functions which form the 
numerators and denominators of the <A’s should have to be 
considered. Thus we at once come again upon the case where 


Q, = gz, QO, = ox", QO, = par, 


and the sub-case where € is indefinitely small, and where there- 
fore O,=(¢x)". In the latter case it is shown that 


w[ doa. digal. dga?.... d*—par-). deFa] 
(1,11, Tey, (dgx)eu) 
and further that ae A’s are then so related that 


A, = 


A, = U ere . dF a, 
1 ; 
Ag = Bees {d’Fa — A,.d’pz}, 
A, = apap {d3. Fa — A,.d’¢a — A,. dpa’}, 


in all of alifch: a it ieee az is ultimately to be given the value 
a which makes ¢a=0.* 

A little further on (p. 60) but in the same connection, and 
while considering Burmann’s series, the result 


—a\" 
pn(2—") = 
es ye OLS ht got gee 
{@-D)A dak} [@-DA, [u-2V1, an, (dpa mur) 
is reached, 


*In a foot-note (p. 13) it is curious to find the identity 
[00M .... POPP FO]. wlAMAM .... of=P) 0] 
DAM... o-PAe=~PAM]. wl... af RO-?] 
+ DW[AMAM.... L-Poe-Y RO]. wl... =P 0-7}, 
namely, the ‘extensional’ of 
at | Dy | — by | Co | + 1 | Cub2| = 0 


reached two years later by Desnanot. This should have been noted in its proper 
place. 
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Still later (p. 399), when another form of ¢ is being dealt with, 
a quite different form of determinant makes its appearance, 
namely (p. 421) the determinant 

w [(1,0)(2,1)(8,2) .... (@, o—-1)] 
where (p,c)=0 when o>p. But although Wronski notes 
that it 
= (1,0). w[(2,1)(3,2) -.. (oo—-1)] — (1,1) wl(2,0)(3,2)(4,3) ... (e0—1 

and evaluates it in a number of particular instances, he does not 
appear to have gone further. 


WRONSKI (1819). 

[Critique de la Théorie de Fonctions Génératrices de M. Laplace. 
iv+136 pp. Paris.] 

In this his last work on pure mathematics Wronski comes 

across (p. 67) still another special form of ‘schin’ function, viz. 


> 


w[ninn,.... nie] 
WHETC S05 05 Wey en are indices of powers. Again, however, 
in working with them he does not get beyond the use of the 
identities Roe. An oe i 
|aybocgd, ...| = a,|Dyegd, ...| — @y|dyeqd, ...| + Ag |bycod, ...| — a,ldye,d, ... 
0 = b,|b,csd, ...| — b,|d,cgd, ...| + b,|bycod, ...| — b,|dyegd, ... 


SCHERK (1825). 
[Mathematische Abhandlungen. iv-+116 pp. Berlin. (pp.31-66),] 


The second portion of the appendix (§ 8) to the ‘second of 
Scherk’s memoirs (see above, pp: 150-159) concerns the solution 
of the set of equations 


8 = aa, 
sf LEY 

1 2 
S= Ae + aa, 
2 21 22 


1 2 3 
8=dax+ax+ az, 
31 32 33 


wo 


1 2 3 n 
8 0 OO Boi ae, 
n1 


n 2 n 3 mn 
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This, it will be observed, is exactly the kind of set which 
Wronski obtained for the determination of his coefficients in the 

- Third Note of the ‘Réfutation.’ As a consequence Scherk is 
led to seek for the final expansion of a special determinant, 
which we should nowadays write in the form 


1 

a see 8 
1 1 
1 2 

a a s 
2 2 2 
1 2 3 

a a a. s 
3 3 3 3 
1 2 3 

a a G ws... § 
k k k k 


His result is (p. 60)— 
“Folglich ist der Zihler von 2, das Aggregat aller der Glieder, die 
entstehen, wenn man alle Derivirtatipnsioruian aus den Cresson ily 
, A-1, h+1,. k, die so gebildet werden, dass nur 1 in lee 
Graton, 2 nur in den “beiden wet) 3 nur in den 3 ersten, .. . Stellen 
steht, bildet, diese nach einander unter a! a?..,a*> sett, mit s, 
multiplicirt, und h nach einander die Werthe k, k-1,..., 2, 1 giebt.” 


To provide a check on the calculation, he draws attention to 
the fact that the number of terms in the development is 2*'; 
and to establish this, he considers (p. 61) in succession the cases 
where h=k, k—1, k—2, k-3, k—4. 
As an illustration both of the law of formation of the ex- 
pression for «, and of the check upon it, he takes k=4, giving 
__ Ay Ag lb384- Ay A glb48y + A, Ugh 8o— Ay Ly Vg8o— Ug g(t 481 F Daly gS, 1 Ugly 481 — Uggs 


‘a AA lay 


and then specializes by finding the 4‘ Bernoulli number and the 
4 eoefficient of the secant-series. 


SCHWEINS (1825). 
[Theorie der Differenzen. und Differentiale, ..... vi+666 pp. 
_ Heidelberg. ] 


There can be little doubt that Schweins was one of the few 
men who were not daunted by the egotistic. and exhaustingly 


(n) 
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wearisome style of Wronski’s works. This appears not only 
from the fact that Wronski is repeatedly referred to by Schweins, 
but from a striking coincidence which occurs in connection with 
their study of determinants. As we have seen there are four 
special forms of those functions which are to be found in 
Wronski’s writings, three of them having appeared there and 
nowhere else previously: and these four are exactly those which 
receive attention at the hands of Schweins. Therefore, while 
refusing to accept the estimate of the ‘loi supréme’ which its 
author in season and out of season insisted upon, let us not 
forget that some of the concepts which sprang from the hot 
brain of the poor Polish enthusiast provided material for 
exercising the industry of an exemplary German professor. 

Taking the forms in the order in which Schweins deals with 
them, we have, then, first of all, Wronski’s 


w(1, 0)(2, 1)(8, 2)....(a,@-1)], (p, ees, =0 
or, in modern notation, 


Gd, Ud, Ug 
by bp dbs by 
C, Cs Cy 

d,; dy 

4 


This Schweins treats of in a portion of his treatise which we 
have called the fourth ‘chapter’ of the first Abtheilung (see 
above, p. 173), a chapter headed “ Auflésung der Producte mit 
Versetzungen, in welchen einige Factoren verschwinden, in 
Producte bestehend in gedoppelten Verbindungen.” His solution 
of the problem set for himself, namely, the finding of the final 
expansion of the determinant, is complete though clumsy and 
unpleasing in form, being stated as follows :— 
(n-+1) (n-+m) ) 


M+14An+2 eee8 ntm+1/ __ 
(nm) (n+1)  (n-+m) < D[’n, (n+1, n+2, TOs Te} n+m), n+m+ 1] 


n n+1 n+m 
— D[’n, (n+1,n4+2,...., n+m)yr, n+m+1] 


(=)"D[n, (n+1, n+2, rene MEM), N+M+1], 
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(n) 
(n) 
where D,.., = Ants The notation on the right may be under- 
A 


(n) * 


stood from the example 
DPOC, 2,3, 4,5)',6], 

which stands for the ten-termed sum 

Ort 2 3 ek 2 8 DL ao 0 3 4 6 

D,D,D;D; + D,D,D,D; + D,D,D;D, + .... + D;D,D;D,, 
the first part of the symbol, ’0, indicating that the upper index 
of the first D is always to be 0, the second part, (1, 2, 3, 4, 5)’, 
that the last three upper indices and the first three lower 
indices are to be those of a set chosen from 1, 2, 3, 4, 5, and 
the third part that 6 is to be always the lower index of the 
last D. Thus, taking the determinant of the 4th order, we 


have 
My, , Gon oz Ua 
Ay Ay Ag Gu} . 
ere Ay hy Aq233 
Ag, sg Clog 
; 33 gq 
ike a: 012 01% 023 
= ddyid, —(dyddZ> dydyly + dydlgd,) 
0 3 


QO 2 0 2 
+ (dd, + dy, + dyd, 


0 
a dy, 


Ay VyoAaa(ba (Costas Apr Ay3hg4 , Ay ee) 
Ayo hyAoobs3 Ago berts3  — by Ayy433 Ago hy Lae 


( Hogs, , Aooles , on = 
Ck Othe ete: 


Coy . 
‘ae eee 
og 


and therefore the determinant 
= Ap Ay 2Ao3b34 = Oy . pg hog a4 com yay 
The forced introduction of a. should be noted, and the object 
gained in doing so. The form is really the same as Scherk’s. 
The next special form taken up by Schweins is that to which 
the name alternant has since been assigned, and his contributions 
M.D. 2H 
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to the theory of it, occupying all the five chapters of the second 
Abtheilung, have been already recounted (see above, pp. 311-322). 

The third form occupies similarly the whole of the third 
Abtheilung, but much less space is given to it, there being only 
one chapter of four pages. The title at once recalls the ‘loi 
supréme’; it is “Producte mit Versetzungen, wenn die oberen 
Elemente hdhere Unterschiede angeben.” Beginning with the 
expression for the A of a product in terms of the A’s of the 
factors, he deduces from it the A of the special determinant 
form in question, his contracted mode of writing the result being 


A || A*A,. APA,. A°Ag. A*A, ) 
=~ | A*A,.2°A,. A*A,. AtA, ) 
a b @22 liad 
a b6+1 e al 
a+l 6 c d 


+ | AvA,. APA,. Ac#A,. A*#1A, ) 
a b+1 c d+1 
a CE) ert ad 
at+l 0b c d+1 
a+l1 b c+1 d 
a+l1 b4+1 c al 
+ | Ava, APH, AHA, AMA, ) 


a+ b c+1 d+l1 
a+1 b+1 c d+1 
a+1 64+1 c¢4+1 d 

+ | APA, AHA, AHA, AHA, i 


where there has of course to be noted the large number of 
determinants which vanish when b=a+l1, c=b+ L, sas0 ie 
only other matter is an investigation of the A of the Wronskian 
quotient 

| re , Nest Ag ene Pah eis Ss Me ; PA dl hnis See ) 


PAA Ae po 
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The mode of procedure is perfectly straightforward, the results 


used being 
P\ —QAP—PAQ 
A (q) ~ Q(Q+AQ)’ 


the expression just obtained for the A of a determinant, and a 
theorem giving a product of two determinants as a sum of like 
products (see above, p. 171, result xiv. 2). Putting Aj,, in place 
of A,,,, there is obtained by division the corollary 


Ava, AeA, .... At, Ae, ) 
| A@A, : APA: er Aare : ee ees ) 


A OI ey Ga ee 
z | AeA APPA Tce... Aa: 
A ( AeA, AtHA,.... Av-2A,_, Aate Tera) 

t hek AGHA, se. an Aci, ) 


To the fourth and last special form is devoted the whole of 
the fourth and last Abtheilung, which consists of four chapters 
and occupies pp. 404-431. The title under which it appears is 
“Producte mit Versetzungen, wenn die Elemente das Differen- 
tiiren mit abwechselndem Vervielfachen angeben”; that is to 
say, the subject is the determinant derivable from that of the 
‘loi supréme’ by changing A into Zd, where by Zd is meant 
the double operation of differentiating and subsequently multi- 
plying by Z. The first chapter, which closely corresponds to 
the first and only chapter of the third Abtheilung, opens with 
the expression for the Zd of a product in terms of the Za’s of 
the factors: and thence there is obtained the Zd of the special 
determinant-form under consideration, namely, 


Za| (ZdyA,.(Zdy*A, .... (Zd)An) 
= |\(Zdyn+'A,. Zdy2A,. (Zd yA, --.. (Zi) A.) 
+ | (Zadynd,. (ZdyettA,.(ZdyA, .... (Za) A,) 
a | (ZdysA, (Ld )%Ay.(Zdyst1A, .... (Zd)A,) 


+ |(Zdynd, (Zdy2d, .... Ld) Ann, (Zd)*A,,), 
2H 2 
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the r* determinant on the right being derivable from the original 
by increasing the 7" upper index by 1. When a,=a+7 all the 
determinants on the right except the last evidently vanish, and 
we have 


Zd| (Zd)*A,. (Zdy+"A, ... (Zdye+n-1A,,) 
= | (Zd)*A,.(Zd)*1A, ... (Zd)*+™-* Any. (Zdy'*"A,,). 


The Zd of a generalized Wronskian quotient is next investi- 
gated, with the result 


zal (Zdyth, .(Zd)4A,... (Zd)*"™—A, F 

[| (Zaye, . aa »... (Zdy™-1A,,_,) 

_|[Gaya, ... Zaye-*A,.,) |ZdyHA,... Zaye A, ) 

, [Zayrra, ... Zayerta,,) (Zaera, ... (Zdyra, ,) 

Similarly there is obtained 

a fee (ZAHA, . saa 
| (Zdya,.(ZdyMA, ... (Zdyore-2A,_,. (Zdy"2A,, ) 


¥ ||(ZaynA,. (ZdyHA, ... (Zdyerr- es | (Zd)*A,.(Zdy"A,... (Ld) A 
| (Zdya,.(ZdyHA,... (Zd)*"-1A,, ) | (Zd)*A,. (Zdyrra, ... Za yrrm a 


by a double use of which and by division it follows that 

es { (Zd)*A,. (Zd)**1Ay .... (Zd)+™-2A,,_,. (Zd)rn- ‘Anaa}| 

(2d yA, (Zd yA, .... (Zdy*a,_,. (Zd"A,,_)| 

es | (Zd)*A,. (Zd)A, .... (Ld) A, _,. (Zd)"1A,, oa 

| (Zady“A,. (ZdyA,.... (Zdyra,,_,. (Zd1 4, | 
[(Zayea, (Zd\HA, ....(Zdyr4A, . (Zdyern Ansa) 
“(| Zdyea,. Zdy""A, .... (Zdye—"A,_, (Zalyern A 


The second chapter, which is much longer, is devoted to the 
consideration of the quotient 


[| (Zdy-A%. (ZdPA%.... (ZdyrtAen, (Zd)y"B) 
, or Q, say, 
| (Zayan (Zayas (ZdyrAa) | 
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in other words, to those special cases in which the functions to 
be operated on are all of them powers of one function A. 
Several interesting results are obtained, such as 


Oo Gn—1  bn-1— 1 | Amr — Ae An-1 — An-2 1 
aes 5 


ay An — Cy a An — Os On — An—9 d ( AG@ n— bn - 1) 7 Qn 2 


the last of them being specialized down until 
|| (Zay°A°. (Za 'A?.... (Zd yA") = 1M 12M, 1m (Zaye te; 
and to this is appended the note “Setzen wir noch in dieser 
Gleichung Z=1, so erhalten wir endlich jene_particulare 
Gleichung, welche Wronski Seite 110 findet.” The third chapter 
of three pages begins with the consideration of 

||]a( foy.d®( fay? .... d™-( foy**-2. d*Fex)> 
and ends with the result 
dest) fz 2 : death fr yanatt ie, d"( fry") 
git is ae (eta a te aes ay dt = 
7S mp. PGE a= Uh ere) : Paes fe =0 
and the sentence “Diesen ganz speciellen Fall findet zuerst 
Wronski Phil. d.l. T Seite 60 auf emem ganz verschiedenen 


Wege.” The fourth chapter of like extent specializes in a 
different direction, but ends in quite the same manner. 


JACOBI (1835). 


[De eliminatione variabilis e duabus aequationibus algebraicis. 
Crelles Jowrnal, xv. pp. 101-124; or Nouv. Annales de 
Math. vii. pp. 158-171, 287-294; or Werke, ii. pp. 295-320. ] 

This memoir which we have already referred to (see above, 

p. 214) contains an investigation of questions arising out of 

Bezout’s method of eliminating the unknown from two equations 

of the n degree in «. - If the given equations be 


f(@) = Ant” + Ay"? +... + My 
(x) = baa” + bp -1 +... + 5, 
Bezout, as is well known, reached the desired end by deriving 


from them a set of 1 equations of the (n—1)" degree, and 
eliminating «, «', v”,..., a”-1 from the said set. This process 
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Jacobi explains at the outset, and, writing for shortness’ sake 
the set in the form 


Ay 

0 = aye + aygt) See age 
2% 

O Snaye  -pag@ ee eee 


O = ape? FP Opp ae Ga ee 
that the determinant of the coefficients is axisymmetric.* Then 
he first shows that a,,=a,,, or, as would have been said later, 
denoting the cofactor of a,, in this determinant by A,, he next 
proves not only that A,,= A,. but that A, = A,, in every case 
where r+s=r'+s’. A,, thus depending only on the sum of 
the suffixes he suggests that in what follows it would be better 


to write fe eoriuts 
and he thereupon formulates his result as follows (p. 105): 


“Quo adhibito notationis modo, videmus, eam esse naturam co- 
efficientium a,, quae aequationes lineares afficiunt, e quibus eliminatione 
incognitarum facta aequatio finalis quaesita petitur, ut posito : 


Aog@y FA wee Fyn 1p = Mg 
Ay 9X AOq ty A eee TO a =, 
AgyXo + Gy Fe ee HF Ag yy) = My 
On —1, 0-0 + On—1, 1%) = LO) aR G1, n—ln—1 S Mp1 


“Taking for shortness’ sake the case where n=3, it is immediately evident 
that if f(x)=0 and ¢(#)=0, we must also have 


My Ay + Aye + Agar? s 
b, b+ Dg tibya? |” 
Qo + Ae Ay + Age 

— 0, 
bo + b)% by + dew 
Ay + OH + Ay2%? as = 
by + bye + bow? by | ~.’ 


because the first column increased by a multiple of the second column gives 
in each case a column whose elements are f(x), (x). These are the n derived 
equations in question. Further, by transforming them into 


[Qb,| + | aby | a + | dob3| a? = 0 
|@qbo| + {| @ob3| + |ayby|}a + | a,b; |2?= 0 
[Qbs| + |aybs|a + | agb3| x? = 0 


the axisymmetry not only comes into evidence, but the reason for it is apparent. 
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aequationes inversae, quibus quantitates 2, per quantitates m, ex- 
hibentur, formam sequentem induant 


Lig = Aya, + Ayn, + Ayn, + .... + Ayame 
hee, = Amt, + Ayn, + Aung + oc... + Aum 3 

L.a, = Aym, + Aym, + Aymg + .... + Angi, 
Lh. By = Anim + Aym, + Aypitta + .... + Aggy 


The determinant of the coefficients of the latter set of equations 
here is of the type which Sylvester afterwards distinguished 
by the name ‘persymmetric. Of course L in the same set 
stands for 2b aqity >... G,—1, n=1 


SYLVESTER (1840). 


[A method of determining by mere inspection the derivatives 
from two equations of any degree. Philos. Magazine, 
Xvi. pp. 132-135; or Collected Math. Papers, i. pp. 54-57.] 


As we have already seen (see above, pp. 236-238) the 
eliminant of 
Oy + at + at + wt a,” = | 
b + be + 647+... +4,2" = 0 


arising from Sylvester’s dialytic process is a determinant of 
the (m+) order, in which the coefficients of the first equation 
appear as elements of each of 1 successive rows, and those of 
the second equation as elements of each of the remaining rows, 
each coefficient appearing in any row one place in advance of 
its position in the immediately preceding row. Determinants 
of this bi-gradient form, e.g. 
A GW, ° A, As . 

liga Oh, eg Gy 


by by be 
Og Oe Ope | 
Ge Gy Dat s 


were not long in attracting attention. Up to the year with 
which we close, however, no property of them had been noted, 
although any one able to compare the new process of elimina- 
tion with Bezout’s process had a result ready to his hand. 


CHAPTER XVII. 


RETROSPECT ON SPECIAL FORMS FROM 1772 To 1841. 


A GLANCE over the preceding six chapters shows the extent 
to which the study of special forms of determinants had been 
carried prior to 1841, an extent probably hitherto unsuspected. 
In all, ten different forms had made their appearance, and 
about half of them had more or less engaged the attention of 
several investigators and had had a number of their properties 
brought to light. Of the dozen writers to whom one or more 
special forms had become familiar, by far the most conspicuous 
was Jacobi, to whom six forms were known and by whom five 
of them at least were carefully studied. After him came 
Cauchy, Wronski and Schweins. The only form to which a 
distinguishing name had been assigned was that called sym- 
metric by Lebesgue in 1837. The fruitful era of nomenclature, 
but not of that alone, was ushered in by Sylvester shortly 
after the date with which we close. 
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